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PREFACE 


This book is intended for the student of physics or chemistry who 
wishes to use quantum mechanics. Not much space, therefore, is de- 
voted to the foundations of the subject; in particular no attempt is 
made to present the foundations in their most general form, as is done 
in the classical treatises of Dirac and of Pauli , for example. SchrOdinger ’s 
wave equation for a single i)article in an electrostatic field is shown to 
follow from diffraction experiments; generalizations of the equation 
for the magnetic field, the many-body problem, for the spin, and for 
relativistic velocities are introduced as and when the physical sub- 
jects under discussion make it necessary. This treatment, though it 
lacks the elegance of the more general formulation, has the advantage 
of keeping close to experimental fact. It should appeal to the research 
worker who wants to learn the subject in order to exj)lain new facts of 
physical science, rather than to the man whose interest is in the logical 
basis of quantum mechanics, and in the im])rovements necessary in 
those parts that remain unsatisfactory. 

We are grateful to Dr. A. P. Devonshire and Dr. K. Guggenheimer 
who have read parts of the book in manuscri 7 )t or in proof, and made 
suggestions for its improvement. 

N. F. M. 
I. N. S. 

Afril 1948 
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INTKODUCTION 


Quantum or Wave Mechanics is the name given to a system of equations 
which must be used instead of Newton’s Laws of Motion in order to 
calculate the behaviour of atoms and electrons and other ultimate 
particles of matter. Newton’s laws have proved adequate for the 
mathematical description of a very wide class of phenomena, including, 
for instance, the motion of the planets round the sun and the motion 
of projectiles under the influence of gravity and air resistance. When, 
however, they are applied to the behaviour of electrons, and in particular 
to the motion of electrons within the atom, the answer that they give 
is not in agreement with experiment. Consequently it has been neces- 
sary to invent a new system of equations which gives as completely as 
possible an answer which does fit the facts. These equations, while 
profoundly different from Newton’s laws, give very nearly the same 
results except when applied to particles of extremely small mass such 
as electrons ; this will be shown in Chapter I of this book. Therefore it 
must not be thought that two different sets of equations exist, one for 
atoms and electrons and one for the heavier bodies of everyday ex- 
perience; Newton’s laws can be considered a special case of the more 
general quantalf laws. 

The first step in the development of the new system of mechanics is 
due to the German physicist Max Planck, who in 1 900 made the assump- 
tion that the energy of light was quantized, in order to explain the 
spectrum of black-body radiation. J He introduced into physics a new 
constant of nature, Planck’s constant. In 1905 Albert Einstein made 
use of Planck’s assumption to account for the photoelectric effect. In 
1913 Niels Bohr, the great Danish leader of theoretical physics who was 
working at that time with Rutherford in Manchester, made use of the 
idea of quantization and of Planck’s constant to give a quantitative 
theory§ of the line spectrum of hydrogen. In this theory, the outlines 
of which are given in Chapter II of this book, Newton’s Laws of Motion 
were accepted as the correct equations for the electrons in atoms. In 
the hydrogen atom the single electron was therefore assumed to revolve 
round the positively charged nucleus in circular or elliptic orbits. The 
new assumption was that only certain of these orbits were allowed, 

t The word ‘quantal’ has been introduced oh an adjo(itivo to dos(iribo that wliich 
pertains to the quantum or to quantum mechanics. 

t M. Plank, Vtr. d. Deut. Phya, Oeaellacfiaftf 2, 237 (lUOO). 

§ N. Bohr, PJdl, Mag. 26, 1 476, 857 (1913). 
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those for which the angular momentum was an integral multiple of 
hj2iT, k denoting Planck’s constant. 

In the hands of Mels Bohr in Copenhagen, Arnold Sommerfeld in 
Munich, and a number of other investigators, a fairly detailed theory 
of atomic and molecular spectra was developed along these lines ;t this 
was known as the Quantum Theory. The theory was brilliantly success- 
ful in many directions and its formulation was the work of a man of 
gpnius ; nevertheless it became apparent in a very few years that it, too, 
gave the wrong answer in many cases, and between 1924 and 1927 the 
completely new system of equations which we call Quantum Mechanics 
was put forward. In this system Mwtonian mechanics is abandoned 
completely and the quantization of Bohr’s theory appears as a con- 
sequence of the equations. These developments were carried out under 
the guidance and inspiration of Mels Bohr, by a large number of 
investigators — ^in particular, de Broglie in France,}; Schi^dinger in 
Switzerland, Heisenberg, Pauli, and Bom in Germany,§ and by Dirac 
in England.il The theory was originally presented in two different 
forms, the ‘Matrix Mechanics’ and the ‘Wave Mechanics’. Both 
formulations are mathematically equivalent and lead to the same 
results. In most of this book the methods of Wave Mechanics will be 
used, because they are most suitable for the applications of the theory 
to the simpler problems of physics and chemistry. 

We shall not attempt in this book to foUow closely the historical 
development of the subject. Before introducing the equations of 
quantum mechanics, we shall give an outline of the experimental facts 
which have made the development of these equations necessary. We 
shall then show how these facts force us to invent new laws of motion 
quite different from Newton’s laws. These laws will then be developed 
and applied to a number of physical phenomena. 

t See, for example, N. Bohr, ‘ On the quantum theory of line spectra’, JD. Kgl. Datiake. 
Vid.-Selak, Shrifter, Nat, Mcdh. iv, 1 (1918); Vfher die Quardmtheorie der Linienapektren 
(Braunschweig, 1923). 

X L. de Broglie, Ann, de Physique, 3, 22 (1926). 

§ W. Heisenberg, Zeits, f, Physih, 33, 879 (1926); M. Born and P. Jordan, ibid. 34, 
868 ( 1926) ; M. Bom, P. Jordan, and W. Heisenberg, ibid. 35, 667 (1926) ; E. Schrodingor, 
Ann, derPhyaik, 79, 361, 489, 734 (1925). 

11 P, A,M, I>kB^,Proc. Roy. Soc. A, 109,642(1926); 112, 661 (1926); 113, 621 (1927); 
114, 243, 710 (1927). 
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THE SCHRODINGER EQUATION 

1. The wave nature of matter 

1.1. Interaction of matter and radiation 

Onr of tlie most obvious facts about light is that opaque bodies cast 
shadows, and that in casting shadows liglit appears to travel in straiglit 
lines. It was tlais fact which led Sir Isaac Newton to j)ut forward his 
corpuscular tlieoiy of light, according to which energy is conveyed away 
from a source of liglit in the form of the kinetic energy of a stream of 
particles. The reason why the corpuscular 
theory was abandoned, and replaced by 
the wave theory, wiU be familiar to every 
reader of this book, namely that light 
shows interference. The interference is ^ 
shown in its simplest form in Fig. 1. A 
point source of light 8 is separated from 
a screen CD by an opaque screen EF 
with pin-holes at A and R, 8A being 
equal to SB. The pin-holes will both act fig. i . Intorfoi-onco oxporimont. 
as sources of light. If the nature of light 

were corpuscular, the illumination on the screen CD from the pin-holes 
A and B could be added together; thus the illumination at all points 
on the screen is greater when both holes are open than when one is. 
Since, however, light is propagated as a wave motion, this is not the 
case; the two sources reinforce each other at points P such that 
PA—PB is zero or an integral multiple of a wave-length, but interfere 
destructively if PA—PB differs from this by a half wave-length, so 
that the two sources of light spreading from A and B are out of 
phase. 

All direct ways of measuring the wave-length of light, such as the 
use of the diffraction grating, are based on the interference principle. 
This is true also of methods for measuring the wave-length of X-rays 
by crystal spectroscopy. 

Maxwell’s theory of the electromagnetic field has shown us what it 
is that oscillates in a light wave. According to this theory, it is the 
electric vector 75, defined as the force that would act on a unit positive 
electric charge at any point, and the magnetic vector 11 defined in an 

6072 T> 




2 THE SCHBODINQER EQUATION § 1 

analogous way. A plane polarized wave, moving in the is-direction and 
with its electric vector in the a;-direction, wUl have the form 

= A sin %n{yt—zl\)y Ey — Eg, -= 0, 

= A sin 27T{vt—zlX), Sp = = 0. 

Here v is the frequency and A the wave-length; if the wave is in a vacuum 
the wave velocity is c (= 3 X 10^® cm./sec.), so that 

vX = c. 

We now know that electromagnetic waves can exist with a great variety 
of wave-lengths between several kilometres and that of the hardest 
y-radiation, less than 10"^^ cm. Down to values of the order 10“^® cm., 
measurements have been made by methods of crystal spectroscopy, 
though for shorter wave-lengths there is no direct evidence for the 
wave-nature of the radiation. 

Por radiation of the wave-lengths used in radio transmission, that is 
to say, greater than a few centimetres, analysis based on Maxwell’s 
theory appears completely satisfactory, both as regards the transmis- 
sion of the waves and their reaction on the receiving aerials.f In the 
receiving aerials currents are induced; these can be calculated in two 
ways which are mathematically equivalent; either by considering the 
electric vector E as beiug responsible for setting up an electromotive 
force along the aerial, or the magnetic flux threading the circuit as 
inducing a current m it. 

When we turn to radiation of shorter wave-lengths, that is to say, 
to light and to X-rays, the position of the wave theory in general and 
Maxwell’s theory tu particular is less satisfactory. It appears to be 
correct when applied to problems of propagation such as reflection, 
diffraction, and refraction of radiation; in fact, as already emphasized, 
the facts of diffraction and interference compel the adoption of a wave 
theory. But it does not correctly describe what happens when light 
is observed, or more precisely when light gives up its energy to matter. 
When this happens, phenomena always occur which suggest that light 
consists of a stream of particles rather than a continuous train of waves. 
An appreciation of this dual nature of light is essential for an under- 
standing of quantum mechanics, and we must consider it in some detail. 

Leaving out of consideration the human eye, the most important 

f Quantum effects with centimetre waves have, however, been observed, especially 
ooimected with nuclear qDins. Cf. the report by J. B. M. Kellogg and S. MilLman, Rev. 
Mod. Phys. 18, 323 (1946). 
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ways in which light and radiations of shorter wave-length are observed 
and measured are: 

1. Photography; 

2. Photo-conductivity, or the property that light of suitable wave- 
length has of making certain solids and liquids conduct; 

3. The photo-electric effect, or the property that light and especially 
ultra-violet light has of releasing electrons from the surfaces of 
solids or from gas molecules. 

Modem research (cf. Chap. VIII) has shown that the primary action 
of light on photogi'aphic emulsions is to make the halide grains photo- 
conductors; in discussing the quantum nature of light, therefore, it 
need not be considered separately. The photo-electric effect shows 
most clearly the properties of light which we wish to emphasize, and 
this will be discussed first. 

What happens when Uglit falls on the surface of a metal or of some 
other conducting material is briefly as follows: if tlie frequency of the 
light is too small, there is no emission of electrons. As the frequency 
is increased, emission begins at a definite frequency Vq. If the frequency 
V is greater than Vq, electrons will bo emitted with kinetic energies less 
than or equal to a maxiinuin value given by 

h is hero Planck’s constant. Tliis equation and the oxiierimontal facts 
on which it is based are pcrha])s the logical basis for tlio definition of 
this constant. 

These facts show that, when light gives up its energy to matter by 
ejecjting photo-electrons, it behaves as tliough it wore a stream of 
particles each of energy hv. The energy hi\^ will represent the minimum 
energy necessary to eject an electron from the surface. All this was 
])ointed out by Einstein in 1005; tlic hypotliesis of the quantization 
of light had already boon introduced by Planck to explain the facts 
about black -body radiation. 

The phenomenon of photo-conductivity points in the »same direction. 
All ])hoto-condiicting substances show a lower limit above which 
the frequency of the radiation must lie if the effect is to occur. On the 
basis of Einstein’s liypotliesis liv^^ will bo the minimum energy that an 
electron must absorb in order to escape from the molecules or atoms 
of the solid into a free state in which it can move through it. The 
nature of this free state need not concern ns hero and will bo discussed 
in a later chapter. Tlio important thing to notice is that a lower limit 
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of frequmcy exists below which, the effect does not occur. The existence 
of a lower limit is oommon to all photo-electric and photo-chemical 
effects and in fact to every mechanism whereby light gives up energy 
to matter except that of induoing currents in conductors. Here there 
is no lower limit, as we know from the behaviour of radio waves which 
induce currents in aeriaJs, the energy of which can be dissipated as heat 
or absorbed in a receiver. This apparent escape from the quantized 
nature of light is connected with the existence of free electrons in 
metals. 

We must examine further the nature of these light quanta, and since 
they move with the velocity c, equal to 3x 10^® cra./sec., we must make 
use of the formulae of the Principle of Relativity in discussing their 
properties. According to this principle, the energy of a paiticle of mass 
m moving with velocity v is 



For smaJl values of vfc this reduces to the second term is 

the familiar kinetic energy, the first represents the energy that would 
be liberated if the particle were annihilated. Now, from this formula 
it is apparent at once that since a light quantum moves with velocity c 
and has finite energy, its mass must be zero. A light quantum there- 
fore must be thought of simply as a little bundle of energy, and when 
it loses its energy it has no mass or other measurable attribute, and can 
be considered to cease to exist. 

The question arises whether a light quantum can give up part of its 
energy to matter, or whether it always gives up all or none as in the 
photo-electric effect. The effects associated with the names of Ramanf 
and of Compton^ show that it can. We cannot discuss these fully until 
we have treated the quantization of atomic energy levels; briefly we 
may say that xmder certain conditions hght after being scattered by 
gas molecules may have a component with lower frequency than the 
original. In terms of the quantum hypothesis, part of the energy of 
each quantum is absorbed by each molecule. 

Another formula from the Principle of Relativity is useful, namely 
that connecting kinetic energy (W) with momentum {p). This is 

W = 

For light quanta, for which m vanishes, this gives 

W = cp. 

t C. V. Raman and R. S. Kriahnan, Natwe, 121, 501 (1928). 

t A. H. Compton, Phya. Rev. 21, 483 (1923); P. Debye, Zeits. 24, 161 (1923). 
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Therefore the momentum of a light quantum is hvjc. This formula 
gives an easy way of calculating the pressure of light, since it shows 
that if light falls on a totally absorbing surface the momentum trans- 
mitted is equal to the energy absorbed divided by c. Thus 

c X pressure = energy absorbed per unit area per unit time. 

Also tlie al)ove formula for the momentum of a light quantum has been 
applied to explain the Compton effect. 

A beam of light can thus bo described in two ways: (1) as a beam of 
particles, each of energy W and momentum p; (2) as a wave of frequency 
V and wave-length A. Instead of the wave-length it is often convenient 
to mtroduce the wave-number iT, eqilal to the reciprocal of A, 

K = 1/A. 

Like the momentum K is a vector; for the wave amplitude can be 

SO the quantity is scalar; that is to way, it is iiido- 

l)endont of the coordinate axes chosen. Thus since {x,y^z) is a vector, 
so is 

Now since the same beam of liglit can bo described alternatively by 
two vectors, p or K, the nioniontum or the wavo-nuinbor, it must 
iiooessarily bo assumed that 

p const. K. (1) 


From the I’onnulao already given [q) — - hvIr^K ^ I /A - - r/r) it follows 
that the constant is h. 


We may go farther; in the principle of relativity the inomentum p 
and tlie energy divided l)y c form together what is known Jis a 4-vector; 
thus components of a vector in the space-time 

continuum. Ko are {Kj.,Ky,K„,vlc), the four Jiumhors specifying the 
state of a wave. If the same physical evcMit is to hav(^ a particle and 
a wave description it follows that each component ol* the ojie vector 
must 1)0 proportional to the coiTcsj)onding component of the other. 


Thus 


11' : //r, p ^ : AK, 


where h is sonu^ (constant. These an^ (Mjuations which w(^ have alrcjidy 
established on expcrinumtal and theoretical grounds, with A (M]\ial to 
Planck’s constant. 

This curious dual property of light must now bo defined more clearly; 
if wo wish to calculate the 'pafh of a light beam, tlirougli any series of 
slits or gratings, wo must use the wave tlioory. The wave theory giv(‘.s 
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US at all points of space a value for the electric and magnetic vectors 
E and H and predicts that the energy density there will be 


Stt 


( 2 ) 


But when we come to investigate how light reacts with matter we find 
that it usually gives up its energy in quanta hv, and always acts as 
though it were a stream of particles. Formula (2), in fact, gives only 
the energy density averaged over a long time m a steady beam. In 
other words, the average number of light quanta per unit volume in 
the beam is E^+H^ 


hv Stt 


In general, whether we are dealing with a steady beam or not, we can 
say that the probability that a light quantum is at a given instant in 
the volume element dxdydz is 

1 J02+H2 


hv Sn 


dxdydz. 


This dual nature of light was quite unexpected, and was forced on 
theoretical physics by overwhelming experimental evidence. It has 
never been ^explained*. On the other hand, it has been found that this 
dual nature is not confined to light, but is common to electrons, atoms, 
and in fact aU material particles. It has then to be accepted as a 
fundamental law of nature, on which any scheme of mechanics must 
be built up. 

1 .2. Wave properties of material particles 

The evidence that cathode-rays consist of particles, the electrons, 
need not be reviewed here. Our whole system of thought about atoms 
is based on it, as is witnessed by the confidence with which such a state- 
ment is made as that the Uranium atom contains 92 extra-nuclear 
electrons. All the arguments of this book will be based on the assump- 
tion that the electron is a particle of mass m and charge e and that it can 
only be created and destroyed under rather special conditions peculiar 
to high-voltage laboratories, steUar interiors, and j8-active nuclei. 

The discovery that, beams of electrons, and indeed beams of heavier 
particles, ions or molecules or neutrons, have wave properties was made 
between 1927 and 1928, by Davisson and Germerf and by G. P. Thom- 
sonj for electrons and later by Stem and his coUaborators§ for particles 

t 0. Davisson and L. H. Germer, Phys. Bev, 30, 707 (1927). 

I G. P. Thomson, Proc. Boy, Soc. A, 117, 600 (1928). 

§ F. Knauer and 0. Stem, Zeits.f, Physik, 53, 786 (1929), I. Estermann and O. Stem, 
ibid. 61, 116 (1930). 
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of atomic mass. The wave effects — ^at any rate the most striking ones, 
were shown when electron beams were reflected or scattered by crystal- 
line substances, diffraction phenomena extremely similar to those with 
X-rays being obtained. These phenomena enabled the wave-length A 
of the waves to be determined in terms of the energy W or momentum 
p of the particles; the latter can of course be determined for charged 
particles from the accelerating voltage or the deflexion in a magnetic 
field. The experiments showed that the relation was as follows: 

A = hjp. (3) 

This is often written 

but (3) is correct even for particles moving with relativistic velocities.f 
It will be noticed that (3) is the same relation as that which holds 
between the momentum of a light quantum and the wave-length of 
the corresponding light wave. 

The magnitude of the wave-length is of the order 10~® cm. or less for 
fast electrons, and thus of the order of magnitude of the diameter of 
any atom. 

In a famous and interesting paper published in 1924 before the 
experimental discovery of the dual nature of electrons, de BrogUeJ 
argued that if such dual properties existed, (3) must bo true. His 
argument was the one already put forward in § l.l ; if K, v are the wave 
number and frequency of the wave, p, W tlie momentum and energy 
of the particle, both form 4-vectors in the spaco-timo continuum. 
Therefore, since all comi)onents of (K, r) must bo known if (p, W) is 
known and vice versa, wo must have 

p - AK, W - hv, 

where h is some constant. Tlie facts already known about light quanta 
suggested that the constant would bo Planck’s constant. 

Wo shall return in § 4 to a consideration of the equation W -- hv. 

We see, then, that just as lor liglit quanta, when wo wish to calculate 
the path of a beam of electrons (at any rak^ through crystals), wo liave 
to treat the beam as a wave. The intensity of the wave will bo pro- 
portional to the density of electrons in tlie beam; more exactly it gives 
the probability of finding an electron at some xioiiit. However, unlike 
the position with regard to light, whore Maxwell’s theory of E and H 

t For tlio oxporimonUil ovi<loii<i(^ for UiIh, of. J. V. Phil. Mat/. 19, 129 (19115); 

BOO alHo S. (!. Curran, ibid. 24, 95:1 (19:17). 

t }j. do IJro^^lio, Diftwrtaiion (Mubhoii, UariK, 1 924) ; hoo uIho Phil. May. 4:1 , 440 (1924) ; 
Afin. de Physique^ 3, 22 (J925). 
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already existed, nothing was known about the electron waves. A theory 
had to be built up from the beginning to fit the facts. 

In the literature the wave amplitude is denoted by iff and is called 
the wave function. As we have seen, the only way these waves can 
make their presence felt is by the relation between the wave intensity 
and the density of electrons. The simplest assumption that we can 
make is that the density of electrons is propoitional to the wave 
intensity. Smce we know nothing a priori about these waves, it is 
simplest to choose the units in which ^ is measured so tliat the density 
is eqv/il to the wave intensity. Thus 

= number of electrons per unit volume, 
or \ip\^dxdydz = the probability that an electron is in the 
volume element dxdydz. 


The wave function ^ is a complex quantity, and may therefore be 


written 




(4) 


where / and g are real functions of position and time. Tlio intensity 
of the wave, and hence the average number of particles per unit volume 
at any point, is taken to be equal to the square of the modulus of the 
wave function, which is written or and defined by 

It is often a stumbling-block to the beginner in this subject that a 
physical quantity, the wave function, should bo rei)rosoutcid by a 
complex function. The reason is as follows. We know a prum nothing 
about the wave function, but we should expect, by analogy with tlio 
case of light waves, that the type of expression wliioh in other wave 
systems represents the energy density would in this case give the ])articlo 
density. But the energy density in any wave systmii is always given 
by the sum of the square of two independent functions whoso magni- 
tudes define the state of the wave. For a light wave tlioy ar(^ K and 11 
and the energy density is For elastic waves th(\y are 

the displacement and velocity of the medium. Thus for the waves 
associated with an electron or other material particles, it is reasonable 
to assume that the state of the wave is defined by two c|uantities / and g 
at any point, and it is convenient to combine them into a single luno- 
tion iff by means of equation (4). 

It may be noted that Maxwell’s equations for the eloeti-omagnetic 
field in free space may be treated in the same way; the ocpiations are 
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and if iff is written for both equations become 

ccurl^ = i 


It will bo convenient at tliis stage to make a further assumption 
about the form of a plane wave. A plane wave travelling, say, along 
the a;-axis lias, for any type of wave motion, the form 

A sin 2TT{Kx—vt+€), 

where K is the wave number and v the frequency. In a plane polarized 
light wave IS and U are in phase; thus the energy density is proportional 

sin^ 27T{Kx—vt-\- c) 

and fluctuates with time at any point. There is no reason to think that 
any such fluctuation occurs in the wave associated with an electron; 
it would in fact be difficult to understand what physical significance 
could be ascribed to a rapid fluctuation of the probability that an 
electron would be found at a certain point. It is therefore reasonable 
to suppose that / and g are 90° out of phase, so that 

f = A cos 27T{Kx—vt), 
g = Am\2TT{Kx—vt), 
and = A^, 

which keeps a steady value iiidopondoiit of time. Making use of the 
complex function we see that a plane wave is roiiresontod by 

VVe shall re])rosent. a wave going in the other directiou by 

In the reinaiiidor of this book wo shall follow the accepted convention 
and use always the complex wave function and shall not refer again 
to the real and imaginary parts, /and g. 


1.3. Thv co7inrxion with Newtonvm rnechfmic^^ 

W(^ have seen that when wo wish to calculate the path of a beam 
of electrons or of any other .material particles, we must ])ostnlato the 
existence of a train of waves ^ of wave-length h/p; the intojisity 
giv(vs us the average Jiumbor of electrons per unit volume in any part 
of the wave. The necessity for this procedure is shown by the behaviour 
of electrons in passing through crystals, where scattering centres (the 
atoms) have diameters comparable witli the wave-length. In the 
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ibsenoe of crystal diffraction, however, Newton’s Laws of Motion have 
been entirely successful in accounting for the behaviour of beams of 
sharged particles, in particular their deflexion by electric and magnetic 
SLelds. It would be very unsatisfactory if we had to assume that 
Newton’s laws were valid in the latter case and wave mechanics in the 
former. Actually, wave mechanics is perfectly general and includes 

Newtonian mechanics as a special case. In 
this section we shall show, for the case of 
deflexion of a beam of electrons by an electric 
field, that wave mechanics gives the same 
result as classical Newtonian mechanics so 
long as the field remains sensibly constant 
over the whole width of the beam. The case 
of magnetic fields is treated in § 8. 

The electron beam is supposed to enter the 
field at 0 in Fig. 2, whore the kinetic energy 
is W. The field is supposed to bo conserva- 
tive, so that at any point of space a potential 
energy function V(x,7/,z) can bo defined, 
equal to the work done to take the electron 
rom 0 to the point (cc, j/, z) considered. The kinetic energy there will be 

W^V{x,y,z). 

Trom the wave point of view the wave-length of tlio do ]h*oglio waves 
Qust be Jhj'p, Since at any point {x,y,z) 

pS = 2m{W-V), 

b follows that the wave-length A at that point is given ])y 

hlyl{27n(W-V)}. (5) 

?he wave-length therefore varies cojitinuously from point to poijit, 
nd therefore the problem of determining tlio ])ath of the beam is that 
f determining the path in a medium of continuously varying refractive 
idex. This can be done quite generally, for any typo of wave motion, 
s follows: 

We require at each point along the imtli of tlio beam the curvature 
f the beam due to the refraction. In Fig. 2 lot AB, A'Ji' be lines 
rawn along the intersection of two successive wave J routs with the 
lane of the paper. They will meet at P, the centre of curvature of the 
earn. 
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If A is the wave-length at any point, say at BB\ then the wave- 
length AA' on the other side of the beam may be written 




where t is tho width of the beam and djBn denotes differentiation 
along BA, Also denoting PB by JB, PA by R+t, we have from the 
similar triangles PBB\ PA A' 


or 



R'^ Xdn 


(6) 


Tliis formula gives the radius of curvature R of the beam in terms of 
the rate of change of A, or in other words, the rate of change of the 
refractive index. 

Ill our case, using formula (5) for tho wave-length, (6) gives 


1 1 dV 

R^ 


( 7 ) 


Bui this is exactly tlie formula that wo should obtain using Newtonian 
mechanics. This may bo seen as follows: according to Newtonian 
iiioclianics, the curvature of tho orbit of the particles in the beam can 
be obtained by equating the centrifugal force mv^jE to the force normal 
to tho trajectory exerted by the field on the particles. This is equal to 
dFjdn, We have therefore 

__ dV 


But since mv^ is ocjual to 2{\V-—V), this is identical with (7). 

Ho long, iilioreforo, as tho field remains sensibly constant across the 
width of the beam, a calculation of tlio patli according to tho principles 
of wave mcclianics will give tho same result as a calculation according 
to Newtonian mechanics. 

A Ix^am must necessarily have a width large compared with the 
wave-longtli. It is Jiot dillicult to se<s therefore, that tho condition for 
the applical)ility of Newtonian mechanics is that tho kinetic energy of 
tho particles should change by only a small proportion in a distance 
comparable with a wave-length. If this condition is not fulfilled diffrac- 
tion effects characteristic of wave motion will occur. These are discussed 
in tho next sections. 
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2. The wave equation of Schr5dlnger 

In this section we shall derive SchrSdinger’s equation for the wave 
function tp associated with a particle or beam of particles, aU with the 
same energy, moving in an electrostatic or other field of force. The 
total energy of each particle will be denoted by W, and its potential 
energy in the field of force by F («, y, z), as in the last section. Therefore 
we have 

kinetic energy of each particle = W—V{x,y,z). 

Now a beam of waves moving in either direction along the a-axis 
has the form ^ 

and both expressions for ip satisfy the equation 

= ( 8 ) 

Conversely, equation (8) means that ^ has the form of a wave of wave- 
number K moving in one direction or other along tlio c-axis, or else 
that iff is given by the superposition of two such waves 

It will be remembered (cf. p. 9) that the time factor is always of the 
form More generally, a wave of wave-number K moving in the 

direction given by the direction cosines (I, rn, n) will have the ibrm 

^ ~ ^g27riA’(te+/wy*|-«s)~27nV^^ 

Eemembering that — 1, it will easily bo voriliecl that 

(9) satisfies the equation 

0 , ( 10 ) 

where denotes the operator 

(Jonvorsoly, the most general solution of (JO) c*.an Ix^ foi-nuul by tlio 
superposition of any number of waves of the type (1)), with the same 
wave-length but different directions and ainplitudi^s. Ecpiation (10), 
therefore, when applied to a wave function, moans simply that the 
wave-length is 1/A. 

Now we know from direct experiment that the relation betwo(ui the 
kinetic energy W—V of a particle and the wave-number K is 

= 2m{W-V)lhK 


( 11 ) 
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If we substitute for K in equation (10) we obtain the well-known 
equation of SchrOdingerf 

= 0 . ( 12 ) 

If V is constant, or varying very slowly from place to place, this 
expresses nothing more than what we already know about the wave 
function. It is, however, a new assumption that ^ will satisfy this 
equation even when significant changes in V occur in distances com- 
parable with A, as, for example, within the atom. This assumption will 
be made; it is justified first because of its simplicity, but ultimately 
because it gives results in agreement with experiment. 

In what follows wo shall write this equation in the form 

W-f ^*(If^-F)^ = 0 (A = fe/277). 


3. Motion of electrons in one dimension 

In this and in the next section we sliall discuss some simple problems 
which illustrate the conditions under which Newtonian and wave 
mechanics give different results, and what the nature of the difference is. 

In particular, our analysis shows that when particles move in fields 
such that W—V changes appreciably in a distance comparable with 
a wave-length, the results differ from classical mechanics. To show 
this wo consider the extreme case of a discontinuous ‘potential jump’, 
where the kinetic energy of the particles changes discontinuously. 
This may be thought of as the limiting form of a very strong field 
acting over a very short distance. We shall show that if a beam of 
particles is incident on a potential jump, some are reflected and some 
transmitted. According to Newtonian mechanics they would bo all 
ti’aiismitted or all rofloctod, according as to whether the height of the 
jumj) was greater or less than the kinetic energy W. 


3.1. Tke ejject of potential jum,ps on the motion of an electron 
Wo consider first the effect of a potential jump on the motion of 
an electron, i.c. we consider the solutions of the one-dimensional 
Schrodingcr equation when the 2 )otential function is given by 



{x < 0 ), 
(a; > 0). 


f 7^. Sclinidin^^cr, Ann. dvr Vhys}!s\ 79, lUM (M)2n). iSoo hIho I?]. Srlinidin^or, Oo/lvdvd 
Papers on Mvdianics (London, 19:28). 
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There are then two cases to consider according as TJ ^ W, where W is 
the energy of the electron. 

Case (i). TJ < PF. The differential equations governing the motion 
of the particle are then 

= o (*<0), 

= 0 (a:>0). 

where «2 = ^(TF-Fo), P^ = ^{W-V,). 


The wave function to the left of the potential step may be taken as 

if, = 0 ), 

consisting of an incident wave of unit amplitude and a reflected 

wave of unknown amplitude A. When a; > 0 we have a solution 

if, = 

representing a wave transmitted through the potential jump. 

The fact that there is a finite discontinuity in tlie potential function 
V occurring in the SchrOdinger equation means that suitors a finite 
discontinuity at a; = 0. The increase in in crossing the origin is then 
€ 

lim C = lime{^''(— 6)+^''(e)} = 0, 

e-->0 e-H) 


so that iji, tfi' are continuous at a: = 0. Thus there arc two equations 

1+-4 = B, 


a(l-.d) = pB 

for the determination of the constants A and B. It follows iininodiatoly 

a — j8 n 2a 


that 


A = 


B = 


^+a’ ” ^+a’ 

Now the velocity of the particles in the incident and tho reilected 
beam is _ f 2(PF-Fo) U ah 




m 


m 


so that in an incident beam of unit amplitude tlic numljor of olc^ctrons 
crossing unit area in unit time is aJbjm = Tho numhor of j)artiolcs 
in the refiected beam is 
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where v' == pJilm is the velocity of the transmitted beam. Similarly 
the number of electrons in the transmitted beam is 

SB* -N 

From these expressions it follows immediately that 




so that, as we would expect, the total number of particles is constant. 

This analysis shows the fundamental difference between Newtonian 
and wave mechanics. According to Newtonian mechanics, it would of 
course follow that Aj = 1. 

Case (ii). PJ > PT. In this case the equation for the wave-function 
if; in the region a; > 0 is ^2 # 



where PF); for the transmitted wave we then take the 

exponentially decreasing solution 

if, = ( 13 ) 

The boundary conditions at a? = 0 give 

1+A = J5, iQj(l — A) = — yB. 

Solving for A we find A = - — 

a-\-%y 

SO that A-4* = 1, 

showing that the amplitude of the reflected wave is equal to the 
amplitude of the incident wave. Thus all the electrons are reflected. 
If the theory had not predicted this it would have needed revision. 


3.2. The tunnel effect 

We have seen in the last section that tlio wave function of a beam 
of electrons reflected by a potential jump does not vanish at the point 
a; == 0 wliere, according to the Newtonian interpretation, the electrons 
should bo reflected. From tins point onwards, according to the formula 
(13), tlio wave function decays rapidly and is proportional to e~y®- 
Wo shall now consider the incidence of a beam of electrons upon a 
^potential barrier’ bounded by sharp potential jumps. Wo shall take 
for the potential energy of the particles 

fO (a:<0), 

1^ (0 < a: < a), 

[0 {x> a). 


V{x)^- 
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and shall suppose that the kinetic energy W is less than 'IJ. The 
Schrodinger equation then assumes the form 

= 0 (x < 0, X > a), ij," {0<x< a), 

where oA = 'J{2mW), IF)}. Then, just as before, the 

solution of the wave equation for a: < 0 will be taken to consist of an 
incident and reflected wave 


and the solution for a: > o, a transmitted wave 


Within the potential barrier, for 0 < a: < a, the general solution is 

tf, = 

The boundary conditions are as before that ^ and tfj' sliall be con- 
tinuous; these conditions at a: = 0 give 

1-1-4 = G+D, ioi{l-A) = y(,C-i:)), 


and at a; = a 


Oeyo-f-De-y" = 7?e*““, 

y((7ey«_i>e-yo) 


Eliminating A, G, D from these equations wt* olttain 
^=V[ 2 cosh ya+ i — -j si iili ya j . 


If we define as iraimnission coefficient, or tranH])aroiu\y, T, the ratio 
of the number of electrons crossing unit area p(U’ unit time in the 
incident and transmitted beams, we have 


T = = 4^ 4c()shV^. + |^ — sinli‘-^/f/, 


If ya is large both coshya and sinhyrr. are approxiinaU^y (^iiial to 
and the transparency of the potential barrier bcHU)in(is 


T = 4e-2ya 


1-f 


llyA\ 

4\q: y/J 


In most cases the amplitude of the wave \vhich ‘penetrates’ the 
‘potential barrier’ between a; = 0 and x =-- a will l)o very sjnall. Never- 
theless these arguments show that, according to wave mechanics, if a 
beam of electrons is incident on a potential barricu* of the typo described, 
a small proportion of the total current will penetrates through it. This 
prediction of wave mechanics has been termed tins ‘tiunKsl ofToet’, 
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The tunnel effect has several important applications. It applies of 
course to protons and to heavier particles as well as to electrons, but 
for heavy particles the proportion that will go through potential barriers 
of atomic dimensions is negligible and the tunnel effect is unimportant. 
For protons and a-particles it is, however, of great importance in the 
theory of the nucleus and of radioactivity.*}* Electrons will in practice 
pass freely through potential bairiers a few electron volts high and of 



Fio. 3 a. Til© rectangular barrier. 



thickness up to about ten atomic diameters. This is the reason why 
an oloctrie cuiTont will flow hotwcon two metals in contact, in spite 
of the layers of oxide or grease with which a metal surface is normally 
contaminated, and the reason why electrons can pass between metallic 
electrodes and ions in solution. 

The wave equation for a triangular barrier can also be solved 

f 0. Oamow, Slnivt'iire. of AUmih NuvJvi, v (Oxford, 1037). 

0 


6072 
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exactly. Consider a triangular barrier defined by the potential function 
(Fig. 36) 

'0 (a:<-Fo/h) 

y. _ To+^ (—K/^ < a: < 0) 

TJ— A* (0 < a: < J^/k) 

^0 (a; > ^/^)' 


The altitude of the triangle is thus TJ and the slope of the 
The Schrodinger equation then becomes 

sides ±Jc, 


(14 a) 

f—(^+2KX)^ = 0 < a: < oj 

(146) 

(jS®— 2Ka:)^ = 0 |o<a:<^j, 

(14c) 

where a® = 2mWl7fi, ^ = 2m(l^ — 1F)/S®, and k — 

If we substitute ^ = (2K)*(a;+]8®/2K) 

in equation (146) then it becomes 



de ^ 

the solution of which may be writtenf 

>/i = CiAi(^)+C2Bi(^), 

where Ai(^), Bi(|) are the Airy integral and its companion function 

00 

Ai(|) = ^J oo8(iz+iz^) dz, 

* 0 


00 


Similarly the substitution 




t H. Jeffreys aiid B. S. Jeffreys, Methods of Mathematical Physics, 447 (Cainbridtre 
1946). 
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reduces the equation (14 c) to the same form. We may then write for 
the wave function 


\js = 

^ - C'Ai(f)+DBi(|) 

lit = 



") 


If we apply tlie conditions that ^ and are continuous at a; = iVJk 
and at x = 0, we obtain six equations for the six constants B, C, 
D, E, F. Solving those equations we obtain an expression for B in 
terms of tlie Airy integrals and companion functions with arguments 
(j372/c)^ and If k is small in comparison with o? and jS^ we 

can replace the Airy integrals by their asymptotic exi^ansionsf 


Ai(i3) ~ oxp(— §08), Bi(s) ~ —s '-i oxp(|08) 

to o])tain finally T = -= oxp(— 

for tlie transparency of tlu^ tria.ngular bari'ier. If we introduce the 
width I of the barrier at the height of penetration, so that 

I _v,-w 


wo liav'o 


2{1(,-Hl) 

h 


3 

K 


and the formula for the transparency beconicis 


T ox])(-P)- 


(1.5) 


3.:{. Tlw. WKli meflwd 
A solution of the Sehrddinger equation 


2 m 


(ir-> 


vyjs 


0 


appro])riato to the ease wherc^ W -Y is (^verywluu'e positive and whore 
W—V changes by a small amount in a distances com parable with tlie 
wave-length //.{2m(ir— 1')} “ ca.n he obtainc'id using a formula due 


t II. *111(1 n. S. .I<ilYr(»yH, 1(1(8. ( 8 il.., p. 17 ( 1 . 
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originally to Jeffreys.'f The Schiodinger equation may be written in 


with/(a:) = 2m(lF— F)/i5® a slowly varying function of x. If we write 
the solution of this equation in the form 


^ = expia(ie), 

X 


then in the case where f(x) is a constant ol{x) is simply f^x or J f^dx. 

0 

If / is not a constant, then a satisfies the differential equation 

ioL'—oi^+f = 0 . 

If we assume that cx is also a slowly varying function of x so that 

aXa", (1^) 


then we have 



For a second approximation we substitute this solution in the term ia" 
in the differential equation for a. and obtain 




Extracting the square root and using the fact that/' is small in com- 
parison with /we obtain the equation 

which may be integrated to give 


a = ± jf*dx+^logP, 

ajo 


^ = (7/-iexp|±j jf^do^, 

Xo 


giving C/-*exp|±j |/*fl{a:), (17) 

where C7 is a constant. 

This solution is of course valid only in those regions for which the 
condition (16) is satisfied. Using the first approximation for a we see 
that this condition is equivalent to 


A 

dx 





<1- 


t H. Jeffreys, Proc, Lmid, Math, Soc. (2), 23, 428-36 (1924); Phil. Mag. 33, 451-6 
(1942). 
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According to equation (17) the total number N of electrons crossing 
unit area in unit time is 

N = = GG^f-i{2m{W-V)}i = GG^, 

which is a constant, as it ought to be. 

In the preceding analysis it was assumed that the function f{x) was 
positive in the range considered. If f(x) < 0 we find that the solution 
can be written in the form 

^ = (-/)"^exp(± J (— 

JeflFreys also gives formulae for connecting up solutions at a zero of 
the function f(x), which we may take to bo at x = x^. Suppose for 
definiteness that 


then the comiocting formulae can be written as 

(/)-iexp[±i(i+j7r)] (-/)-i[oxpilf±^ioxp(— Jf)], (18) 

X Xo 

where ^ ~ j ^ 

0*0 X 

This niothod of approximating to the solutions of a socond-ordor 
linear equation was first ajipliod to iSclirbdingor ’s o(juation by Woiitzol,’j* 
Kramers, J and Brillouin§ and is known usually as tlio WKJ5 inotliod. 
Higher ajiproximations may bo obtained by writing the solutioji of the 
wave equation in tlie form 

if, oxi)|| J X 

O’o 

where x is a power series in (///?’), 


X 


-2 



with cooflioioiitH Xm which arc fiiiictioiiR of .r. liy siilwtitiitiiig in tlie 
differential O(|uation and ocpiating powers of H it is found that 


Xo-{2m(]f-F)}‘, 



V 

4(lV-r) 


t (i. Zvtls.J. I*hyfiik\ 38, 518 21) (I!)2U). 

i If. A. KmiiK^rH, 39, H2K 10 (I02()). 

§ Jj. Jb’iHoiiiii, Cumptvs rrntiutt, 183, 21-0 (11)20). 
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in agreement with the formula (17), and that 

, _ Xl+Xx. W 

2xo ~ 32(2m)»(F-F)* 8(2m)i(PF-F)»’ 

and similairly for X 3 > Xa-- desired degree of accuracy. 

A rigorous treatment of tMs method of approximation has been 
given recently by Kemblef and Titchmarsh. J 

The condition (16) for the vahdity of this method is that 

1 . ( 19 ) 

A further condition is that in the neighbourhood of a zero x = of 
V — W, the function F'(a:)(a5— aii) shall be a good approximation to 
V-W. 

3.4. The transparency of potential barriers by WKB method 
In the theory of a-decay it is of interest to study the motion of a 
particle in a field whose potential is of the form shown in Fig. 4.§ 



From the formula (17) the solution representing a wave going from left 
to right in the region a; > ajj is 

^3 = {5(^— 'f')]~^®xpj^i J j^(iy_F)j^da:J. 

From the connexion formula (18) it follows that the wave function 
for the region x^<x Kx^ which connects up with ^3 at a: = x^ is 

= e-l'-j^(F->F)j"^{e^^»+^-c-^^»}, 

a:a 

where = J (F- lF)j^ dx. 

X 

t E. C. Kemble, Phya, Rev, 48, 649 (1936). 

{ E. C. Titohmarsh, Eigenfunction Expans'ions associated with Sccond-‘Ord-cr Differential 
Equations, chap, viii (Oxford, 1946). 

§ G. Gamow, Zeits.f. Physih, 51, 204 (1928); E. Condon and R. W. Gurnoy, Phys. 
Rev. 33, 127 (1929). 
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Writing Jfefa = I J _ J j )j'^ dx == A-Mj_ 

Xi Xi 

we may put the expression for in the form 

The solution joining this at a; = is 

Xi 

where == J ( TF- F)^ <lx. 

X 

The wave function represents an incident wave 


= -ij^'(iF-F)j'^‘(e^— 

and a reflected wave *//^; tlio wave function ^3 represents the wave 
transmitted tlirougli tlio potential barrier. Tlie transparency of the 
barrier measured as tlie ratio of the cun’ent density on either side is 

If ^ as in tlio case of a higli wide barrier, then 


T -- exp 



( 20 ) 


This differs slightly from a formula given by (JamoWjf who caleulah^.s 
not the ratio of current densities but that of probability densities. 
The derivation given hero is duo to B. »leirreys.;|: 

For a triangular barrier of the type considered in § .‘1.2 w(^ liave from (20) 



where I -- 2%~-\V)lk - ^Ik. 

Thus T - («,.j i/)*! = cx,,( 


in agreement witli ecjuation ( 15 ). 

A comprehensive account of the determination of tlie transparency 
of a potential barrier is givcui in Kemble’s book.Jj Tlio application of 


t G. Oainow, t^truHiire oj At omh'- Nm^tvi, p. 1)4, <Mpuil.i(m (125) (Oxfonl, 101)7). 
t B. JoUn\yH, /Vor. (^nmh. riiil. SW. 38, 401 (11)42). 

§ K. C. Koniblo, b'nmlumvntut I^rlnxlplva of QuatUnm Mvrh<tnirs (N('\v N'ork, 11)1)7). 
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the results of calculations of this type to the theory of a-decay is given 
in the monograph by Qamow, but the treatment of barrier problems 
given there is unsatisfactory since the asymptotic expansions are em- 
ployed at points where they become infinite. 

The penetration of particles into potential barriers in several dimen- 
sions has been considered by Elapur and Peierls.f 


4. Frequency and group velocity of the waves associated with 
material particles 

For any kind of wave motion there exists a definite relation between 
the frequency v and the wave-length A. For light waves in a vacuum, 
for instance, this relation is 

V = c/A. 

In general we may write v == v/X, 


where v is the ‘wave velocity’, which may be a constant, or may be 
itself a function of the frequency, as is the case for light waves m a 
dispersive medium. 

The wave velocity is the velocity with which the crest of each wave 
travels. The group velocity is the velocity of a wave pulse or of a 
wave front. For instance, if a stone is dropped into water, the front 
of the disturbance travels out with the group velocity. The time taken 
for a sound to reach our ears is equal to the distance of the source 
divided by the group velocity. AH direct ways of measuring the velocity 
of light give this quantity, and it is also the speed with which radar 
pulses are propagated. 

The group and wave velocities are equal only if the wave velocity 
is independent of frequency (as for light in a vacuum). In general the 
formula for the group velocity Vg isj 




In terms of our usual notation, K = IJX 



( 21 ) 


Since v = vK this gives Yg = 

d,K 

Formula (21) is most easily proved by considering the velocity of 


t P. L. Kapur and R. Peierls, Proc, Boy. Soc. A, 163, 606 (1937). 
J C. A. Coulson, Waves, p. 132 (Edinburgh, 1941). 
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the wave groups formed when two wave trains of nearly equal frequency 
are superimposed. For lot these two wave trains have the amplitudes 

A sin 2tt(Kx — vt) 
and Asm27T{K'x—v't), 

On adding those wo obtain 

If iT, K' are nearly equal this represents a train of wave groups; each 
wave moves with the wave velocity {v+v)l{K+K'), but each group 
moves with the velocity 

V — v' 

which, if V and v are nearly equal, tends to dvIdK. 

The same formula can bo shown to give the velocity of a single wave 
pulse. 

The application of the concept of group velocity to wave mechanics 
is as follows: suppose that a beam of 
particles is incident with velocity V on 
a screen, in which there is a hole wdiich 
can be closed by a shutter. The shutter 
is closed to begin with, thou opened 
for a time and tlion closed again. 

Obviously a beam of lengtii will 
pass tlirough the hole and travel as a 
whole with velocity F. According to 
the concepts of wave mechanics, how- 
ever, we must describe the whole plicnomenon in terms of the wave 
function A continuous train of waves falls on the screen; when the 
shutter is opened a train of waves of limited length, that is to say a 
wave grouj) or wave i)ackot passes through, and as usual the intemsity 
of the wave is equal to the density of electrons in the beam. This wave 
group must travel with the group velocity of the waves; thus if wave 
mechanics is to give a correct description of obsorve<l phenomena, the 
group velocity of the waves must bo equal to the actual velocity of 
the particles that they represent. 

Up to the present in this book, in considering slmdy beams of 
particles, we have not had occasion to (k^fine the frequency of the 
waves associated with them. Now, however, we must do so. Tlie 



Fiu. r>. 
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group velocity, Ly equation (21), is equal to ivjdK. The velocity V of 
the particles is equal to hKIm. We have therefore 

^ = F = hKIm. (22) 


We can integrate this equation and obtain 

V = ^hKym+comt. 

If we substitute for K in terms of F, we find 

V = const. 


We thus see that, apart from an unknown constant independent 
of F, hv is equal to the kinetic energy of the particles with which the 
waves are associated. 

We have next to consider the value of this constant. It will be 
realized that a steady beam of particles moving for an indefinite time 
through a field of force must be represented by a wave of constant 
frequency. It is natural to take a point where the potential energy 
is zero and to define hv as the kinetic energy there. We see therefore 


that 


hv== W, 


(23) 


where IF is the total energy of each particle. This is the formula which 
we shall use for the frequency. It must be realized, however, that the 
point where the potential energy vanishes is in fact arbitrary; for 
instance that of a particle acted on by gravity may be considered zero 
on the earth’s surface, or at an infinite distance. The total energy of 
a particle, therefore, does contain an arbitrary constant; all that has 
physical meaning is the change in the energy. 

It is rather disconcerting to find that the frequency of these waves 
also contains an arbitrary constant; it suggests that, though the equa- 
tions of wave mechanics are correct in their description of how matter 
actually behaves, these waves have not the same kind of physical 
reality as sound or electromagnetic waves. This view will be confirmed 
by the considerations of the next section. 

The derivation of equation (23) is non-relativistic. A relativistic 
derivation can be given. We know that K = pjh, where p is the 
momentum of a particle; and the relation between velocity F and 
momentum pi. j, = „r/V(l_p./o.). 

We therefore have 


^ = F = c3)/V(m2c2+p2) = ehKI^{m^c^+h^K^). 
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On integrating we obtain 

V = const. 

= c^(7n^c^-{~p'^)/h-\-const. 

== TF/A+const. 

We see that as before hv is equal to the total energy IF of the particle, 
the kinetic energy together with energy of the rest mass, and also an 
arbitrary constant. 

The derivation given here of the formula (23) for the frequency is 
based on exi)eriment, or ratlier it shows that if the equation were not 
satisfied wave mechanics would give an incoiTect description of the com- 
monest facts. It may be compared with the derivation from the principle 
of relativity given in §1.2. This derivation shows that the arbitrary 
constant sliould be zero. 

5. The wave equation for non-stationary phenomena 

The wave equation which wo have considered already, namely 

(24) 

is applica])lo to steady beams of parti(jles each |)articlo having energy IF; 
the particle density does iiot then va.i:y with time. In the pheno- 
mena considcM’od in the last section |«/jr|^ <Io(’sh vary with the time; a more 
general wave equation is therefore requiiMMl. 

This wave function must be of the lirst order in the time, and thus 
linear in the operator dj’dL T\\c reason is that in any form of wave 
motion, if the displacement ariid velocity of th(^ medium are known, 
the fnrtlier jnotion is determinate. In electromagnetic waves the same 
is true of li and //. We have seen that tlu^ real and imagijiary i)arts 
of ifj are analogous to W a,nd II. Thus if i[s is given at any moment its 
future behaviour should lx', (jalc.ulable from the wave equation. It 
follows that this ecjuation must be linear in ()jf)L 

The most general form of the wave equation Ibr a particle moving 
in a iiehl of j)()t(mtial energy V will be made up by superimposing wave 
functions of the ty po 

^ (2r>) 

where ipfy satisfies ecpiatioii (24). This follows from tlio assum])tion 
made on p. 12 about tlx^ Ibrm of the tiim^ facitor, a-nd from equation 
(23) for tlio iVcquene.y. Tlio fuiud.ions wliieli are to be superimposed 
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will have difiEerent amplitudes aud values of W. It will easily be seen 


that 


dtjt 2iTiW , 

dt A 


The equation linear in djdt, from which W has been eliminated and 
which (26) satisfies, is therefore 


h 

ifiri dt Snhn 


W-Ff 


(26) 


This then is the general equationf satisfied by the wave function ip. 

We must now use this equation to show that wave mechanics wiU 
give the same results as classical Newtonian mechanics when the field 
of force in which the electrons move does not vary much in a distance 
comparable with the wave-length. This is almost imphoit in what 
has gone before; we have shown in §1.3 that a continuous beam of 
waves under these conditions follows the same path as a beam of 
particles according to classical mechanics, and also that the velocity 
of a wave packet is the dassioal velocity of the particles. The following 
more formal proof may, however, be of interest. 

If tp represents a wave group or wave packet, the quantity 

» = J xipip* dxdydzj ^ ^*dacdydz 

will represent the average ic-coordinate of the electrons, information 
about whose position is given by the wave function tp. It will be 
sufficient if we show that x, y, z satisfy the classical equations of motion. 
We shall in fact prove that 

which shows that the wave packet follows the Newtonian path as 
closely as its finite size will allow. 

The proof makes use of Green’s theorem in the form 

f (AV^B-BV^A)dx = 0 

if the integral is over all space and A and £ tend to zero outside a finite 
region. 

We first multiply equation (26) by xif/* and integrate over all space; 

t For a disoussion of the relation of this equation to other wave equations occurring 
in physics and of the analogy between wave mechanics and physical optics see Condon 
and Morse, QtiarUum Mechanics^ p, 10 (New York, 1929); K. K. Darrow, Mod. 
Phya. 6, 23 (1934). 
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and then multiply the complex conjugate equation by x»Jt and integrate 
over all space; we then subtract the two equations and obtain 

^ " IS / 

The integral on the right can he replaced by 
J* — ifsV%xi/s*)}dr-\-2 j 

We thus obtain, since the first term vanishes by Green’s theorem, 

dx hi C I dJs* jj 

If we differentiate further with respect to the time we obtain 



by partial integration of the second term on the right-hand side. If we 
now substitute for dtjildt and dtji*ldt from ( 26 ), we obtain for the right- 
hand side 




STihn 


The first term vanishes by Green’s theorem and the second gives 


We thus obtain the classical equation of motion in the required form. 

We shall also verify that the equation (20) predicts the conservation 
of matter; since is equal to the probability that the particle is 

in the volume element dr, it follows that 


/ 

integrated over all space must bo equal to tlio ninnljcr of particles 
described by the wave function; it will bo equal to unity if the wave 
function is used to dosci-ibo a single particle, ft should there fore bo 
possible to deduce from the wave equation that 

( 28 ) 

If this were not so, the prediction of tlio equation would not accord 
with common experioneo, and it would have to be modified. 
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The proof is as follows: the left-hand side of (28) may be written 

J a)*- 

If we substitute for dipldt and from equation (26), we obtain 

{<,p*Vhf,-4,V^*)dr. (29) 

Integrated over all space this gives zero by Green’s theorem, which is 
what we set out to prove. 

If we integrate over a finite volume (29) is equal to 

J (^* grad grad ^*)„di8', 

where is an element of the surface bounding the volume, the inte- 
gration is over the whole surface and the suffix n denotes that the 
component of the vector within the brackets normal to the surface 
should be taken. This suggests that the vector 

(^* grad grad ^*) (30) 

should denote the number of particles crossing unit area per unit time. 
Multiplied by the charge on each particle it would give the current. 

It will easily be verified that if ^ has the form of a plane wave 
A exp(iKr )5 (30) is equal to AA'^Vy where v (= hKjm) is equal to the 
velocity of the particles. 


6. The uncertainty principle 

In § 4 it was shown that if two plane waves of wave-number K, ' 
are superimposed, a series of wave gi’oups is formed, and that the length 
of each group, from one minimum to the next, is equal to the distance 
between adjacent zeros of 


cos 277 


\ 2 



This distance is equal to 1/(A— A'). 


If we analyse a single wave group, the same relation is valid approxi- 
mately. If a wave group of length Ax and apparent wave-number Kq is 
analysed into its Pourier components, that is to say into a series of 
monochromatic waves, the wave numbers of these waves will be found 
clustered about the mean value Kq in a range of order AK given by 


the relation 


AxAK ~ 1. 


(31) 
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This can be shown most simply as follows: we may represent the wave 
group at any instant of time by 

Xjj = ( 32 ) 

the exponential function oxp{—x^/a^) is chosen as a simple and con- 
venient function which tends to zero rapidly as x increases to values 
greater than a. Thus A-t* ~ 2o-. If we analyse this function into plane 
waves it will take the form 

00 

= J A{K)e^‘^^dK. (33) 


It may easily be verified by direct integration that if we take 
^(A^) = 7ri<Texp[~(A~Ao)W], 

(32) and (33) are identical. A{K) is thus very small excejjt in a range 


AA given by 


AA" = 2/7rc7. 


Thus AxAK = 4 / 77 , which is of order unity. Equation (31) is therefore 
verified. 

It will be scon, therefoie, that tlie shorter the length of a wave group 
the greater is the spread in the values of the wavo-ninnbcr, and thus 
in wave-lengtli or iVcuiuenoy. IMiis is of (bourse a well-known and 
important principle in radio rocc])tion whore too selective a receiver 
distorts short pulses or musical notes of high pitch, and also in optics 
where the breadth of a spec-tral line, and thus the spread in frequency, 
depends on the time during which the atom emits the wave and thus 
on the lengtli of the wave train. 

The aijplication of these principles to quantum mechanics is as 
follows: we return to the idealizcnl experiment shown in Fig. 5 in which 
a beam of pa.i‘ti(iles moving with velocity V falls on a soreon with a slit 
in it, which can be opened or closed by a sliuttor; the shutter is opened 
or closed for a sliort time and a cloud of partuilcs of length A.r equal 
to Vt'Q jmssos tlirough. Tlu^ density of particles in this grouj) is 
detenniiiod hy the wave function i/r. Following th(^ ])rinciples de^scribod 
in the last ])aragra|)li, ibis wave function can b(^ analys(Ml into plane 
waves of wave-number lying in a range A/v about that of tlio original 
wave incident on lh<^ senuai, wluu’o A/f ~ I/A;r. Since a wave of wave- 
number K desciribes a IxNim of ])arti(jloH of velocity hKjni, it follows 
that, whereas the b(^a.m ol* partichss falling on tlu^ serc^en had a well- 
defined velocity ]'', the. ves Ioc.it i(‘.s of those that ])ass through the screen 
have a spread of v(doeities AV defined by 


A ['Alt; ~ A/m; 
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or, in terms of the momentum p, 

Ap Ax h. (34) 

This relation is known as the Uncertainty Principle, and was first 
formulated by Heisenberg.f 

The principle shows that, if wave mechanics is valid, and if it is 
always possible to describe a beam of electrons by a wave function, 
then any attempt to form a beam of electrons of finite and known 
length A®, as for example with slits and shutters, will necessarily disturb 
the momentum p of each particle by an unknown amount, the spread 
Ap being given by (34). 

The principle, however, goes further, and leads to a formulation of 
wave mechanics more general than that considered up to this point. 
Let us suppose that at a given instant of time measurements are made 
in any way of the position and of the momentum of a particle, and that 
the accuracy of the measurements are such that its position lies between 
x—^Ax and x-\-\Axt and the momentum between andp+^Ap. 

Then the equations of either Newtonian or of wave mechanics will 
enable the future position of the particle to be predicted, wdth certain 
uncertainties arisiag from the inaccuracy of the original measurement. 
The procedure according to wave mechanics wiU be as follows: we must 
write down a wave-function ^ which embodies the hnowledge which, 
as a result of measurements, we have obtained about the position and 
momentum of the particle. The wave function will have the form of 
a wave group of length Ax and will be made up of waves with wave 
numbers in the range Apjh. The wave equation (26), being linear in 
the time, will enable the form of tj> at any future time to be calculated. 
\i}t\^dx will then give the probability that the position of the particle 
at that time lies between x and x-\-dx. 

If the accuracy of measurement is such that A® Ap ~ h the wave 
function will have the form of the wave group written down in 
equation (33). If A® Ap > A (as is certain to be the case in practice) 
it is possible to imagine a number of these functions superimposed, 
with random phases and values of distributed over the range A^’; 
the form of the wave function will be analogous to that of a wave pulse 
of white light. But if A® Ap is much less than h, it is impossible to write 
down a wave function at aU which represents the results of the measure- 
ment. We must conclude, assuming that wave mechanics will always 
describe correctly the motion of a particle, that it is impossible to 

t W. Heisenberg, ZeUa.f. Physik, 43, 172 (1927). 
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determine simultaneously the position and the momentum of a particle 
with errors less than those given by the uncertainty relation (34). This 
limitation, moreover, must not be one which is temporarily imposed 
by the clumsiness of the measuring instruments now available, but 
must lie deep in the nature of things; for were it possible to overcome 
it, the whole edifice of wave mechanics would fall to the ground, and 
a direct contradiction would arise between the deductions made from 
experiments on electron diffraction and the result of our hypothetical 
experiment. 

It is therefore of gi'eat interest to examine the hypothetical experi- 
ments by whicli we could determine position and momentum simul- 
taneously, and to show that they do in fact yield an uncertainty of 
the predicted amount. The most famous of these demonstrations is 
the 'Gamma ray microscope’ first discussed by Heisenberg. The argu- 
ment put forward is as follows: A beam of electrons is supposed to be 
travelling along the a;-axis with known velocity V and momentum p. 
It is desired to observe an electron and to measure its position; for this 
purpose it is imagined tliat a inicroscoi^e will be used, and since the 
utmost accuracy is required a short wave-length should be chosen. 
The position can tlien bo determined to an accuracy given by 

A.T Xf/a, (35) 

where a is tlie aperture, A the wavo-lcngtli, and / the distance from 
the electron to tlie lens. 

Radiation cannot be scattered l)y an electron without disturbing the 
electron; radiation is scjattorod by free 
electrons according to the rules of the 
Compton effect, according to which the 
momentum lost by the liglit quantum 
when scattered is transferred to the 
electron. Tims if a < |uantum of frequency 
V, and hejico jnonuMitum //r/c is scattered 
through an angle 0, moinentum 

is traiivsferred to tlu^ electron. Thus wo 
cannot observe tlie electron without disturbing it. Moreover, wo disturb 
it by an unknown amount, since owing to the finite aperture oi the 
lens, d is not known exactly. In Fig. 0, 9 may lie botwoon ABC and 
ABC'. There is thus an uncertainty aff in 0, and lienee, since 6 ~ 90°, of 

hvajef 
D 
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in the momentum transferred to the electron. Since A = cjv this may 
be "WTitten 

where is the uncertainty in the momentum of the electron after the 
measurement has been made. We see that 



as we expect. 


Ajp A* = A, 


7. Wave functions for the momentum of a particle 
It is implicit in what we have said already that if at a given instant 
of time a particle is described by a wave-fanction deductions can 
be made about the momentum of the particle as well as about its 
position X. In this section we shall show in detail how this can be done. 
We shall confine ourselves to particles moving in one dimension; the 
generalization to more complex systems is straightforward. 

With regard to the spatial coordinate, we have seen that: 

(a) The probability that x lies between the values x' and x'-\-dx' is 

\tli{f6')\^dx'. 

(b) The mean or most probable value of a: is £ given by 

5 = J x\tj>(x)\^dx. 

We require similar information about the momentum p. We want in 
fact a function g{p) such that \9{p')^dp' is the probability that p lies 
between the values p' and p'-\-dp', and 

is the mean value of p. 

It is clear from the considerations of the last section that g{p) will 
be equal to the appropriate Fourier component of We may thus 

sett 

g(p) = A j e-^^^mp)dx. (36) 

— 00 

The constant A will be determined by the condition that 

l\g(p)\^dp = l. 

This gives A = 1 /.^( 27 tA). 

The proof is as follows. Consider the integral 

\g{p)\^dp. 

t ^ is written for A/Sw. 


f 
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which, on integrating with respect to p, gives 

Integrating with respect to »' and making tend to infinity, and 
making use of the equation 


OD 

/ 


smx 

X 


dx = 


TT, 


we obtain 


The function ex]^{—ipxlfi)l^{27TJi) is kaown as a 'transformation 
function’, by means of which we can transform the wave function 
giving information about x into a wave function giving information 
about p. 

The mean value of the momentum p is given by 


f = j PlSiPWdp. 


(37) 


It is often desirable to express p in terms of the wave-function ift(x) 
for spatial coordinates. We shall now show that 


P 


I J ^ dx 


The proof is as follows: 

The quantity p defined by (37) may be written 

p = JJJ 

We carry out the p-intogration between tlu^ limits ±2>oJ writing 
pJJi = and x~x' ^ this gives 

p = i JJ pP . ?P| - ^» ^ ^{x),j,*{x') dx(h:'. 

After partial integration with rosj)ect to x, we obtain 

» r r sint.(a:-a;') 
vt J J x—x' 'dx 

Carry out the integration with respect to x', wo find as before 


1i 


r 


mx^ 


d^(x) 


/7a* 
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This identification of the momentum p -with the operator {hli)dldx 
has consequences of importance. It enables one to find the average 
value of other quantities, for instance the energy of a particle. Thus 
in classical mechaiiics the energy H{p, x) of a pairticle moving in one 
dimension is given by 

Replacing p by {h/i)d/dx, we see that the mean value W of the energy is 
given by _ 

W == j 

If ^ is the solution of a Schrodinger equation for known energy 

(38) is then a trivial result, obtainable by multiplying both sides of 

(39) by iff(x) and integrating over all x. Equation (38) is applicable for 
systems described by any wave functions. 

It will be noticed that if p denotes the operator (S/i)5/^a;, then 

K 

{px^xp)i/j = 


In some formulations of quantum mechanics'j' the quantum conditions 
are introduced in this way, as 


px—xp 


n 

i ’ 


(40) 


It there appears that for any two dynamical variables /and g for which 

fg-gf == 0 

it is possible to measure them both simultaneously with unlimited 
accuracy. Such variables are said to ‘commute’. If, however, /gr gf, 
the two quantities cannot be determined simultaneously. 

In finding the mean value of any quantity which contains terms of 
the form px, an ambiguity arises, since, if p is replaced by (^/i)a/aa;, 

pxifs ^ xpijj, 

t e.g. P. A. M. Dirao, Qucmtum Mechanics, 3rd ed. (Oxford, 1947). 
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In such cases we replace px by ^{px-\-xp), and thus pxxfs by 

■ w)+®' 


i.e. by 

More generally, a classical term 




is replaced by 


f{x)p>li 


With this convention, operators have the ‘Hermitian’ property; this 
is defined as follows: If ^ and ifj are any wave functions vanishing at 
infinity and L{pfX) any real function of p and q, 

j >/s*I4 dx = j 4,L*4>*dx. (41) 

For terms of the typo the proof is obvious; for terms of the type 
f{x)p we have for the difference of the two sides of (41) 




In the next section it will be shown that the Herinitian property is 
necessary if the predictions from wave mechanics are to bo in accord 
with the facts. 


8. Hamiltonian equations of motion 

In the preceding sections a method has been given whereby the 
wave functions of a ])arti(;lo can bo sot uj), which will give information 
about the momentum p an<l the positional coordinate x. For certain 
purposes it may bo Jieciessary to consider more complicated dynamical 
systems, such as rigid bodies (feu* certain purposes molecules can bo so 
treated) or numbers of interacting particles. Por such systems we shall 
make use of generalized positional coordinates qi, (/».» where n is 
the number of degrees of freedom of the system, and Hamilton’s 
equations of motion. Wo require a wave function ^(?i, ( 729 -**) of all 
the coordinates, the interpretation of whicli will bo that 



is the probability that, at the instant of time considered, the coordinate 
lies between and qi+d^i, between q^ and q^-^-dq^, and so on. 
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We require also an equation linear in the time of the type of (26), to 
determine ^ at ah subsequent times if it is given initially. 

The Hamiltonian equations on which we shall base the theory axe 
as follows: A ‘Hanultonian ftmotion’ {r = of the 

positional coordinates y, and momenta is set up; the equations of 
motion are then f. „„ - arr 

et 8q/ dt~dp; 

The Hamiltonian function and momenta p^ are defined as follows: 
first the kinetio energy T and potential energy V are written down as 
functions of g,, The Lagrangian function is then defined by 

£= T-V 

The generalized momentum p^ is then defined by 

.. dL 


and the Hamiltonian function by 

S = ^Pr4r~L, 

where the g, are to be eliminated by means of (43). 

Where V does not contain the time explicitly H is equal to the energy 
of the system. Thus for a particle in a field of force 

S = ~{pl+pl+pl)+V. 

The generalized Schrodinger equation that will replace (26) is 

= S{p,q)t/), (44) 

where p^, is to be imderstood for This is suggested, first 

because it reduces to (26) for the case of a particle moving in a field, and 
also because it leads to the classical Hamiltonian equations of motion 
(42) for the centre of gravity of a wave packet. This will now be proved. 
The mean value p^. of p^ is given by 

Pr= j 4>*Pr4><k> 

and thus 

on substituting for ijf, jfrom (44) and writing p^ = (^/i)^/^?^. The 
right-hand side gives 
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The first two terms vanish by the Hermitian property (41) and we 
are left with ^ 

Examples of systems for which a wave equation must be deduced 
from a Hamiltonian function are: 


(a) Motion of a system consisthig of two or more particles. If their 
spatial coordinates are 2/i, and (ojg, T/g* ^ 2 )* ^ wave function 
^ 292 / 25 ^ 2 ) will describe the system, and 

1 ^ 1 ^ dxi dyj^ dzi dx^ dy^ dz^. 


win give the probability that the first particle is at the point {x-^, y-^, z-fj 
in the volume element dx^dy-^dz^ and at the same time the second 
particle is at the point {x^, y^, 


(6) Motion of an electron in a magnetic field. In this case there is no 
potential energy function, and so the definition of H given above cannot 
be used. Nevertheless a Hamiltonian function can bo set up so that 
equations (42) are valid. This function is 


2m 




+V, 


where A is the vector potential defined so that tlio magnetic field H 


satisfies 


H == curl A. 


That this is tlie correct Hamiltonian may bo verified as follows: 
Hamilton’s equations give 


and 



dq. 


(45) 


where the suffix r ciaii have tlio tliree values x, ?/, z and is written for 
X. Substituting in the first of those equations, wo find 


Pr 


e . dAff dV 


while the second gives, on difTorontiating with regard to the time 

BA. 


mq. 


^'+11 






c 

c 




£F 

Bq; 
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TMs, in vector form, may be ■written 

m^= — gra(iF+-[vH], 
c 

which. gives the classical equation of motion. 

In most physical applications H may be considered small, and the 
Hamiltonian becomes 

^ ipl+Pl+Pl) F, 

from which the wave equation can be 'written down in the usual way. 
As we saw above, (Ap)^ has to be replaced by 

^ H(Agrad^)+div(Ai^)}, 

and if div A vanishes this gives 

^ (A grad^). 

The Schrodinger equation is thus 
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STATIONARY STATES 

9. The old quantum theory 

It was Niels Bohi* in 1013 wlio first Imuight Forward the hypothesis 
that the energy of an atom is quantized. I'liis hypothesis means that 
the total energy of tlio elocti'ons in an atom cannot have any arbitrary 
value, but must have one of a scries of discrete values, of which one 
is the lowest and is thus the energy of the normal state of the atom. 
Bohr’s hypothesis was made in order to explain a series of experimental 
facts, and a theory (the old qnaatinn theory) was built up in accord 
with many of these facts, based on a few assumptions such as the 
quantization of angular niomontiini. It is, of course, one of the most 
striking successes of Schrodingcr’s equation that the quantization of 
energy follows from it naturally and without tlie introduction of special 
hypotheses. 

The experimental facts on which the (j|iiiintization of energy rests are 
widespread and of very dilfeiciit ty[)(‘.. We may mention first the fact, 
fundamental to crystallogi’aphy and iiulcod to chemistry, that atoms 
and molecules seem to liavc^ mvh a chara.cteristic sizo.f It is useful to 
think of many atoms and ions, especially those liaviiig the ‘rare gas’ 
configuration of cloctroiis sin^li a.s K.'" oi* (I", as behaving much like 
elastic spheres when brought into contact with each other. This 
behaviour seems qnit<^ iiu^oinpatible with tlio i)ictiire of the atom that 
we owe to Rutherford, tliat of a. nuinlxu’ of electrons moving in the 
field of a positiv^e imcileiis; the dimensions of sucli an atom would 
depend entirely on tlu^ specul with which electrons were moving 
and hence on theii’ (Miergy, aiul coiihl very small For largo negative 
values of the energy. 

A second piece oFevideiuuMiFMn^ sa.mo tyjx^ is provided by the specific 
heats of monatomic gases wliic.h a.t constant volume approximate closely 
to |i?. This means that thc5 whole of the th(u-nial energy of the molecules 
of the gas consists of translational (unu'gy, and that the internal degrees 
of freedom do not make any (contribution. It follows that the electrons 
in the molecules cannot normally giv(^ or n^oeivo energy on collision 
with other moloculc^s, and this in its turn implies that the minimum 
amount of internal energy that a molecule can. take up is too large to 

t Soo, for inst;an(?o, tlu^ tabldH of ioni<^ radii l),v Y. M. ( ioldHoliinidfc (Trmis. Fara- 
day Soc, 258, ll)i29) or W. II. aii<l \V. Jj. T/m (JryHtalline j^talc (London, 1933). 
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be transferred in a collision at ordinary temperatures. This shows 
that the energy must be quantized. 

Since the hypothesis was originally put forward, numerous experi- 
ments have been carried out in which molecules of gases have been 
bombarded by electrons and it has been shown that the energy lost 
by a colliding electron must have one of a series of discrete values, 
unless enough energy is lost to ionize the molecule. We may thus take 
it as an established experimental fact that for any gaseous atom or 
molecule of given type there exists a definite state of greatest stability 
(the ‘normal state’), in which the atom will normally be found; and 
that if it absorbs energy, either from light, a colliding electron, or in 
any other way, it will absorb an amount equal to one of the terms of 
a definite series. The atom is then left in an ‘excited state’. The series 
tends to a definite limit, the ionization energy, I. Any amount of 
energy greater than I can be absorbed, an electron being then ejected 
from the atom. 

The energies of an atom in the normal or excited states are usually 

defined with the convention that the 
total energy is zero when one electron 
is removed from the atom and is at rest. 
The energies of the normal state and 
Wi, 1^2,... of the excited states are then all 
negative. They are shown schematically 
in Mg. 7. The ionization energy is equal 
to — TfJ and the first excitation energy, 
that is to say, the smallest energy that 
can be absorbed by an atom in the normal state, is equal to \ W^—W^\. 

Further strong evidence for the existence of stationary states in 
atoms is the fact that the optical emission and absorption spectra 
consist of lines. The mere existence of line spectra proves that the 
energy must be quantized, since we know that when light of frequency 
V receives or gives up its energy to matter, it does so in quanta of 
amount hv. It follows that an atom can only change its energy by one 
of a series of definite values. Further it is found that in the line 
spectrum of a given atom, groups of three lines of frequencies v^, V2, 
such that , 

^ 1+^2 = ^3 

are frequent. In terms of the theory of stationary states, this will mean 
that the three lines correspond to transitions between states 

Tlv^ = Wa—W„, hVi = Wi—We, hv^ = Wa—We. 


-Zero 


-W, 




Fio. 7. Energy levels of an atom. 
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From an examination of the line spectra of atoms it is in fact usually 
possible to determine the relative values of the stationary states, all 
emission lines being ascribed to transitions between a series of states 
as shown in Pig. 7. Absorption lines in a cold gas, where all atoms are 
in the ground state, correspond to transitions between the ground state 
only and the excited states. 

In the line spectrum of atomic hydrogen the frequencies of the lines 
were found experimentally to conform to a simple formula; the fre- 
quencies can bo exijrossed as 



On the left we have the wave-number (the reciprocal of the wave- 
length); on the right and w-o aro integers and i2 is a constant, known 
as Rydberg’s constant. It is equal to 

R == 100,677 cm.-i 

Prom this fact wo can (Icdiico that the hydrogen atom has a sorios of 
energy levels, and that the energy of the ?ith level is given by 

(n ^ 1,2,...), 

subject to the convention already made that tho energy sliould be zero 
when an electron is just removed from tho atom. 

The hydrogen atom is a particularly simple structure, consisting as 
it does of a single electron moving in tho field of a heavy positively 
charged nucleus. According to Newtonian mechanics tho electron ought 
to move round tho nucleus in circular or ellii)tic orbits; tho energy 
could have any value from zero to miinis infinity, Niels Bohr in his 
original theory assumed that tho orbits were in fact Newtonian, but 
that only a restricted scsrics of orbits wore possible. Confining ourselves 
to circular orbits, wc. sha.ll now sliow what this limitation must bo if 
the observed series of (Muu'gy l(n'(*.ls is to bc^ obtained. 

Suppose that an chu^t.rou with eharg<^ e a.»i(l mass w. movers round an 
infinitely heavy nucleus c.a.rrying an idcMitie-al charge of opposite sigTi. 
If the radius of the orbit is r and the velocaly of tlie electron is v, then 
the electrostatic attrac^tion between them, will bo just balanced 
by the centrifugal wo tlnis have 

— = ( 1 ) 

r 

The potential energy of tho system is and the kinetic energy 

adding these together wo soo tliat tho total energy is 
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which by (1) is equal to — |e®/r. But we kuow from experiment that 
this is equal to —hcBjn^, where n is an integer; it follows that 

1 e® _ hcB, 

or that r = n^e^j2hcB. (2) 

It follows that the radii of the allowed orbits ai-e proportional to the 
square of an integer. 

Again, from (1), v = 1 (3) 

\ m ) n 

and multiplying (2) and (3) we obtain for the angular momentum 

me? 

^ - -ovi 

{2mhcR)^ 

Now Bohr’s assumption was that the angular momentum should be 
quantized; and the elementary derivation given here shows that, if it 
is assumed that the electron moves in a circular orbit obeying Newtonian 
mechanics, this can be deduced from known experimental facts. There 
was no a priori reason to quantize the angular momentum in preference 
to any other constant of the motion such as the energy; Bohr’s choice 
of the angular momentum could only be justified by its results. 

Bohr also pointed out that, to within the limits of experimental error 
to which these quantities were known, me^l{2mhcB)^ was equal to A/27r. 
Planck’s constant had the right dimensions and had already been used 
for the quantization of light; there was, however, no reason a priori 
why the multiplying factor should be l/ 27 r rather than anything else. 

The assumption made by Bohr in building up a system of atomic 
mechanics was thus that the angular momentum £i of an electron in 
an atom or of any rotating system should be a multiple of hj^ir or ft, 

Q = nhl2'jr {n = 1, 2, 3,...). 

This assumption had a series of striking successes of which a few will 
be enumerated here. 

9,1. Allowance for the rotation of the nucleus about the centre of gravity 

According to the above analysis, the value of the Rydberg constant 
for an infinitely heavy nucleus should be 

R = 2mh^lmh?c, 
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For an electron of mass m revolving round a nucleus of mass Jkf , it will 
easily be seen that R is given by 

Ji == 

with m* = m 

The change (one pai*t in 2,000) is too small to bo detectable, since 
although It is known sufficiently accurately the other constants ///., e, h 
are not. However, a check on the theory can be obtaiiu^cl by observing 
the lines of ionized heliinn. In ionized helium a single electron moves 
round a nucleus of charge 2e and mass approximately 41f, if M is the 
mass of the proton. Thus the lino spectrum of ionized helium should, 
according to the theory, be given by the formula 

vjc 


where 




4Jf, 


43 / ■ 


Experimental values of tho two Itydborg constants arc 


JBxi„ =--- 109,722, i/ji rn: ]()»,(i77, 

enabling a value oimjM equal to 1/1843 to be obtaiiusl, in I'casoiiable 
agreement with values obtained IVoiu other sources. 


9.2. Structure, of alonifi other than hjjdroyvn 

Although the old quantum theory was not able to yield exact 
quantitative results in agrecunent with experiment for atoms more 
complicated than hydrogen, it was able to give an extremely valuable 
qualitative picture of atomic structure. A tlieory comprelioiiding elli])tio 
as weU as circular orbits was built up, and th(‘- interaction betwecji the 
electrons was taken into account in a (lualitativc^ way. Much of tho 
old theory, in particular tho concept of the inner K, L, and 31 shells 
in a heavy atom, has been incorj)orat(Ml into the new theory, but since 
the concept of orbits lias been completely dis(uu*d(*.d, we shall in this 
book build uj) the whole theory of atomic structure on a basis ol’ wave 
mechanics; this will be done in Oha-pter VI. TIk^ v(u*y great service 
rendered by the old theory must., however, Ih^ stnvsscul. 


9.3. liokiiional enmju IvvvIh of violecnlv.^ 

A diatomic molecule rotating about its (^eiitn^ of gravity may bo 
treated apiiroxiniatcly as a rigid liody of moment, of inertia i, say. 
If its angular velocity is a>, then JJohr's hypothesis gives 
Id) — nhj^TT (?i. == 1,2,3,...). 

The kinetic energy is 
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This formtila was used with fair success to account for the rotational 


terms in the band spectra of hydrogen (cf. Chap. V) and ako to account 
for the drop at low temperatures of the rotational specific heat of 
hydrogen.f The formula has been slightly modified by the wave 
mechamcal derivation (Chap. V) according to which the kinetic energy 


of rotation is 




9.4. Vibrational energy 

It was assumed before the introduction of wave mechanics that the 
quantized energy values of any vibrating system with one degree of 
freedom and natural frequency v would be given by the formula 

W = nhv^ 


it being supposed that a light wave was just a special case of a vibrating 
system, and that the formula valid for light would be valid for other 
systems. This formula was useful in accounting for the vibrational 
terms in the band spectra of molecules, and for the specific heats of 
solids at low temperatures. It is replaced according to wave mechanics 


by the formula 


W = {n+l)Thv. 


10. The concept of stationary states in wave mechanics 


It can be shown as a quite general consequence of wave mechanics 
that the energy of any particle which moves in a limited space, from 
which it cannot escape, must be quantized. Thus electrons bound in 

atoms, or atoms as a whole vibrating 



about fijEed positions in a soKd, will 
have quantized energy values, while a 
free electron in an electron beam can 
have any arbitrary energy. Tliis will 
most easily be seen if we consider a 


Fig. 8. Wave functions for electrons idealized case, that of an electron 

in a box. shut up in a box with perfectly re- 

flecting sides. We need consider motion 
in one dimension only \ we thus suppose that the electron moves along 
the a;-axis from x = 0 to x = a, and at these two extremities, where 
the walls are, the wave function vanishes. The wave function must then 


have the form 


iff A sin(7ma;/a)e”2»riv/^ 


t Cf. R. H. Fowler, Statistical Mechamcs, 2nd ed. p. 82 (Cambridge, 1936). 
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where is an integer and A a constant. Substituting into the 
Sohrodinger equation 


we see that W has the series of values 

w _ 

— ‘ 

We thus have a series of solutions 


2ma^ ‘ 


( 4 =) 


if/^ = A &m{7Tnxla)e-‘^^riiiri> 

which represent standing waves in the box. We also see that wave 
functions only exist corresponding to electrons with energies given by 
(4). If an electron could exist in the box with any other energy, it 
would not be possible to describe it by a wave function. Thus, if wave 
mechanics is to be universally applicable to the behaviour of electrons, 
it follows that the energy of an electron in a box must be quantized. 


Potential 


i 

\ 

^ energy 



A 

\ 

t / 

B 


\r\r 

^ A / 

Fia 

rT7 \7 

. 9. 


It will be noticed that the quantum -number 7i has the following 
physical moaning; n-~l is the number of nodes or zeros in the wave 
function between the two extremities. 

Suppose that we now consider an electron shut up in a box bounded 
not by perfectly reilocting sides but i)y an electrostatic field which 
pushes the electron back when it tries to get out. The potential energy 
of an electron in this field is shown in Fig. 9. Suppose that the electron 
has an arbitrary energy W. The wave function in the neighbourhood 
of the points A and B, whore the ‘classical’ elocti’on would try to get 
out, is as described in Chap. I, §3.2; in the regions where the classical 
electron cannot go ifs will decay exponentially, while within the box it 
win oscillate. If we started to draw the wave function from either end, 
taking the solutions that decay exponentially instead of increasing 
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exponentially, the two solutions will not in general join up in the middle; 
only for a discrete series of energy values will they do so, and these 
will be the quantized values that the energy of the electron must have. 

An electron in a hydrogen atom is held in a box very much of 

this t 5 rpe. The potential energy of such 
an electron plotted along a line passing 
through the nucleus is shown in the upper 
A\ part of Tig. 10: an electron with the 

[ \ / 1 energy represented by the horizontal 

I Ayr 1 line AB can move freely between the 

/r^ points A, By where it will suffer total re- 

\J\j " flection. The wave function will be as 

shown below; it will oscillate in the region 

for hydrogen atom. between and £ and die away expo- 

nentially outside. Clearly, only for a series 
of energies will such a solution of the Schrodinger equation be 
obtainable. 

10 . 1 . Quantisation with several degrees of freedom 

We return now to the motion of an electron in a box with perfectly 
reflecting walls, but now consider motion in three dimensions, .Lot the 
boundaries of the box be given by 

0 <x <a, 

0<y<b, 

0 < Z < Cy 

and let the wave function vanish on these boundaries. Then the 
Schrodinger equation ^ ^ 


has solutions! 


Trn^x . 7m.,y . 7Tn->z 
— sin — ^ sin — 


jI . Vi /&t . * 

^sm — sin- 
a 


for the values of the energy given by 


Tf/ K I , w|\ 

~ 2m 


We see that the allowed values of the energy are defined by three 
quantum numbers that each quantum number (minus 

one) is equal to the number of nodal planes that the wave function 
has perpendicular to the appropriate axis in space. 

t Her© aad in subsequent work we omit the time faotor. 
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It may happen that the wave equation will have two or more solutions 
for one value of the energy. This will be the case, for example, if two 
of the sides of the box are equal. Thus if a is equal to 6, the two wave 
functions with quantum numbers 

(^Ij (^2» ^s) (% ^ ^ 2 ) 

are solutions of the wave equation corresponding to the same value of 
the energy. The solutions in this case are said to be ‘degenerate’. 

It is instructive to consider the energy levels of an electron in a cubic 
box of side a. The ground state (111) is non-degenerate; the next three 
(211), (121), (112) all have the same energy, so the energy level has 
a threefold degeneracy. The next level is (122), (212), (221), and the 
next (31 1), etc., also with threefold degeneracy. After (222) comes (123), 
etc., giving a sixfold degeneracy. 

It will be noticed that when two or more degenerate levels exist, 
and then a linear combination of them 

is also a solution of the wave equation. 


10,2, Electron moving in a closed 'path 

The following idealized problem is instructive, although it does not 
refer to any actual physical phenomenon. 

A particle of mass m is supposed to move with velocity v on the 
circumference of a circle of radius a. We denote by x the distance 
measured along the circumference of the circle from some arbitrary 
point P- The wave function describing the motion of the particle will 
then be ^ 


But clearly this function must be single-valued in a;; on going round 
the circumference of the circle we must return to the same value of 0. 


Thus 


mv(27rr) 1 
h 277 


must be an integer. Thus the velocity is quantized, and has values 

*0 = nhjmr. 

This may be written in the form 

mvr = nh. 

This shows that the angular momentum, in this particular case, is 
quantized according to Bohr’s condition (cf. §9). 

6072 jj 
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11. Wave functions for the simple harmonic oscillator f 
11.1. The simple harrrumic oscillator in one dimension 
One of the simplest and most important examples in the theory of 
stationary states is that of the linear oscillator. A particle of mass M 
is hdd to a fixed point P by a restoring force equal to ~px, where x 
is the displacement jfrom P. According to Newtonian mechanics, it 
will then vibrate about P with arbitrary amplitude and energy, and 
with frequency v given by ^ . 

’’“Ws- 

Our problem is to find the energies of vibration allowed by wave 
mechanics, and the associated wave functions. We shall find that the 
energies are given by 

W^=^{n+:^)hv 1,2,3,...). 

Before writing down and solving the Schrddinger equation we shall obtain 

an approximation to the energies by a simple 
method. The potential energy of the particle is 
This is plotted in Fig. 11. If the energy 
of the particle is W, it can move according to 
Newtonian mechanics between the points A 
and B, that is to say, over a distance 2xq given 

AB = 2V(2Tf/j5) = 2»o. 

The average kinetic energy may be taken to be 
®0 





rt 

V 


Fig. 11. Potential energy 
of harmonic oscillator. 


/ iW~ip3fi)dxl j dx = |Tf. 


— <Bo 

Thus the average wave-length is hl^(^MWIZ). If n half-waves are fitted into 
the length AB, we have 

in^/V(4JlfTr/3) = 2V(2Pr/p). 

This gives W = 0-94n^iv, 

an answer of the correct order of magnitude. 

We shall now write down the wave equation and obtain the solution. 
The wave equation is 


If we introduce a new variable 


-m 


-i. 




(6) 


f Cf. E. Schrddinger, Ann. der Physik, 79, 489 (1926). 
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the equation becomes 




where A = 2 Wlhv. We have to find for what values of A solutions of 
(6) exist which decay exponentially to zero as y tends to oo. 

The solution is obtained by making the substitution 

rf, = e-iyy{y). 

Substituting into (6), we obtain 

^_2j/^ 4.(A— l)/= 0. 

If we now express / by a power series 

/ = f 

we obtain the recurrence relation 

{n+2){n+l)An+i = (2n+l—X)An. (7) 

It is thus clear that the equation has two independent solutions of the 

l+-42y®+'d4j/*+..., ,g. 

y+A3y^+Asy^+..., 

and that the coefficient A^ can be determined from (7) in either case. 

Two cases now arise; first, if 27i+ 1— A does not vanish for any integral 
value of n, then /is given by a power series which is clearly divergent. 
Por large n 49 


Por large n, therefore, successive terms have the same ratio to each 
other as those of the expansion of exp(27/®). It follows that for large x, 
the function / tends to infinity as oxp( 22 /®), and thus that our wave 
function ip tends to infinity as oxp(-5y®). 

If A = 2«+l, (9) 

where « is a positive integer, the series (8) tonniuates and / is a poly- 
nomial. It is only in these cases that our solution tp tends to zero as 
X tends to 00 . 

Equation (9) at once gives us the allowed values of the energy 

= {n+Dhv (« =■■ 0 , 1 , 2 ,...). 

The corresponding wave functions are 
>Ao(y) = -^oexpC— 
fi(y) = ■4i2/exp(-^yS), 

= ^2(%®-l)exp(-iy2). 
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The miiltiplyiiig constants are arbitrary; but it is convenient to 
choose them so that the functions are ^normalized’, i.e. so that 
j It/tj^dx = 1. In that case 

^ = ^x = (4Mi, A,= (1/4^)K 

The functions /^(y) are called Hermitian polynomials, and their 
properties are discussed in a number of text-books, f is defined by 

/n(*) = 

Some of the wave functions are plotted against cc (our original variable) 
in Fig. 12. We plot also which gives the probability that the 
particle will be found in any unit interval. It will be seen that for 
the higher states the particle is more likely to be found towards 
the boundaries of its vibration than at the centre, where its velocity 
is highest. 



Fig. 12. Normalized wave functions of linear oscillator. 


It is worth noting here that, according to wave mechanics, even in 
the state of lowest energy, an oscillator still has some energy, namely 
the ‘zero point’ energy JAv. This is a result characteristic of wave 
mechanics. 

f For instance, Courant and Hilbert, Meihoden der maihematischen Phyaih, Bd. 1 
(Berlin, 1924). Cf. also Appendix to this book (pp, 376 et seq). 
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11.2. The bomdei harmonic oscillator 

In the above analysis we imposed the boundary condition that the 
wave-function iff vanishes at uifibnty. If we replace this condition by 
the one that the wave function vanishes at the walls of an enclosure we 
may obtain the energy levels of a ‘bounded’ harmonic oscillator. This 
problem has been treated by several authors.! It is found that the 
effect of enclosing the oscillator is to displace its energy levels towards 
higher energies, the displacement increasing with decreasing dimensions 
of the enclosure. Thus if we write where = 0 at 

X = ±^l then 

> 0 
dio ’ 

where is the energy of the Tith state. The formula for is compli- 
cated but reduces to a simple form for ^ (tz — J), when it becomes 




and for n—l , when it reduces to 

showing that as -> 0, -> oo. 


11.3. Simple harmonic oscillutor in three dimensions 
Suppose that the restoring force is —p^x for displacements in the 
a-direction, —p^y for displacements in the y-direction, and so on. 
The potential energy V is given by 

V == — ^(jJia:*+2>22/®+2’s2®)- 


The Schrodinger equation is separable; if we write 

^ = <lfi,{x)i/j2(y)t}>3(z), 


then ^ is a solution if 
dVi 


da:® ■ 


f ^(^1— = 0. 


etc. 


and W - W^+W^+W^, 

If »' 2 > *^3 frequencies for vibration in the three directions, the 

energy values are 


t F. C. Auluck, Proc. Nat. Inst. Sci. India, 7, 133, 383 (1941); 8, 147 (1942); F. C. 
Auluck and D. S. Kothari, i^cimee and Ctdture, 6, 370 (1940) ; Proc. Comb. Phil. 8oc. 41 , 
176 (1946); S. Clxandrasekhar, Astrophys. J. 97, 268 (1943). 
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12. The wave mechanical treatment of the hydrogen atomf 

In this section we shall treat the motion of an electron in a central 
field of force, and in particular in the Coulomb field of a charged positive 
nucleus. We shall first treat the nucleus as of infinite mass; the cor- 
rection for its finite mass will be made in Chapter V. Denoting by r 
the distance of the electron from the nucleus, we thus write F(r) for 
the potential energy of the electron in the field of the nucleus. If the 
electron moves in the field of a positively charged nucleus of charge Ze, 

F(r) = -Ze®/r. 

The Sohrodmger equation is 

VV+^(Tr-F)^ = 0. (10) 


In this section we show that, for negative values of W, solutions exist 
which tend exponentially to zero outside the atom if W has one of the 
values 

( 11 ) 




mZ^e^ 


2nW ’ 


This is the same series of values that was given by Bohr’s original 
theory. Solutions hounded at infinity exist for aU positive values of 
W; these correspond to the ionized state of the atom and will be dis- 
cussed in Chapter IX. 

The first step in the solution of equation (10) is to transform it to 
spherical polar coordinates B, <f>. The equation transforms^ into 


r^dr\ dr) 


r*8m0 dd 



This is solved by setting 


= 0 . 


( 12 ) 


ifs = JB(r)©(5)<0(^), 


where @, O are functions to be determined. It can easily be verified 
that 0 satisfies (10) if 0, 0 satisfy the following equations 


= 0 , 


1 d 
wad dd 


(»..g)+(i(r+i)_^)e = o, 


(13) 

(14) 
(16) 


t E. SohrSdinger, Ann. der Phyaik, 79, 361 (1926). 
t C. E. Weatherburn, Advanced Vector Analysis, p. 16 (London, 1944). 
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where and l{l+l) are arbitrary constants which have been written 

in this form for reasons which will appear below. 

Now O must be a single-valued function of the azimuthal angle 

that is to say, when <f> is increased by 2'it or any multiple of 27r, <I> must 

be unchanged. Thus u in (13) must be an integer, and we have for the 

general solution . j , • » 

® <P = cositf+Bsmiupy 


where A and B are arbitrary constants. It will be convenient to ascribe 
to u positive and negative integral values and take the general solution 


to be 




The equation (14) is the well-known equation of which the solution 
is the associated Legendre polynomial Pf(cos0). If I is integral and 

I > Nl, 

then there exists one solution PfiGosd) which is bounded in the range 
0 < 0 < 77. For other values of I no bounded solution exists. 

Values of Pj^(cos 0) are (we write Pp = Pi) 

Po(co8 0) = 1, 

Pi(cos0) = COS0, PJ(cos0) = sin0, 

P2(cos0) = Icos^^—l. 

We thus see that solutions of Schrodinger’s equation can be classified 
conveniently according to tho value of Z. If Z = 0 the solution is a 
function of r only, and thus spherically symmetrical. Tho solution is 
non-degenerate (except for certain special forms of V(r), of which the 
Coulomb form is one). Tho states corresponding to such solutions are 
known as s-states.f It will bo shown bolow tliat the angular momentum 
corresponding to such states is zero. 

If Z = 1, tho function ©<!) can have cither of the throe forms 

cos 0, sin 0 sin 0 


These three independent solutions nocossarily coiTespond to the same 

energy value; therefore any (3ombination of them would give a solution, 

for instance, « . « . • n • ± 

COS0, sm0cos<p, sinOsin<p, 

i.e. zjr, xjvy yjr. 

Thus three independent solutions with Z = 1 have each a nodal plane 
passing through tho origin. The states corresponding to Z = 1 are 
called p-atates. 


f The lotttirH w, ■/;, now uh<mI dowfrilx' with I 0, I, 2, woto origimilly 

introduced boforo tlm mlvcut of tlio (|iiaiitiini theory to (hweribo c(M’tiiiu series of linos. 
8 stands for sharp, p for principal, d for difTuso,/ for fimdainontal. 
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Similarly the states ooiresponding Z = 2 are called cZ-states. 

In general there are 2Z+1 different values of u corresponding to a 
given value of Z; the state corresponding to a given value of I shows a 
(2Z4- l)-fold degeneracy. 

We turn now to the equation (16) for the radial part of the wave 
function. We shall take F(r) to be either a Coulomb field, or a field 
of the type 

F(r) = —Z(r)e^lr, 


where Z tends to unity as r tends to infinity, and to some larger value Z^ 
as r tends to zero. We shall see in Chapter VI that this is a good 
approximation to the field in a heavy atom with one valence electron, 
such as an alkali atom. 

We first substitute in (16) 


B{r) =f{r)/r; 

we then obtain j^(lF-F)-?^Mj/= o. (16) 

This equation is of the same type as the Schrodinger equation for the 

motion of an electron in one dimension. 
The type of solution can be seen by 
plotting against r the quantity enclosed 
in curly brackets. If W is negative but 
I Tf I is small enough, it will appear as 
shown in Fig. 13. Where it is positive / 
will oscillate, where it is negative / will 
tend exponentially to zero. The quantum 
state will be defined by the number of 
nodes in the wave function; four are 
shown in the figure. They will appear 
in the wave-function 0 as nodal surfaces 
of spherical form. 

We denote the total number of nodal surfaces in the wave-function 
iff by n — 1, and call n the principal qv/inVwm number, n is then equal 
to unity for the ground state, which has no nodes. Since I is the number 
of nodal surfaces passing through the origin, n — I — 1 is the number 
of nodes in /(r), i.e. the number shown as 4 in Kg. 13. We would 
expect the value of the energy associated with a given quantum state 
to depend primarily on n. Actually for the pure Coulomb field 
(F = — Z^e^jr), the analysis given below shows that the energy is 
actually independent of I, and depends only on the principal quantum 
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number n according to (11). This is not the case for any other field; 
for the field described above the energy with Z = 0 is the lowest. The 
scheme of energy levels is shown schematicaUyf in Fig. 14. 

Hydrogen Alkali 


71=2 



re-2, M.u— 1,0,1 

re-2, Z-0 


71=1 



Tl-U-O 


Kki. 14. Levels for hydrogen and alkali atoms. 


We turn now to the solution of equation (10) for the particular case 
when V is equal to —Ze^jr. If we set 


the equation becomes 
dx'^ 

where 


r = y(2m\W\)x 






27rh 

W\' 


(17) 


For large x, f will behave like and as we require the solution which 
behaves hke wo sot ^ _ e-^’g{x) 

Wo obtain, substituting into (17), 


(OL 


<7 = 0. 


dx^ dx^\x 
Wo attempt to find a solution of (18) of the form 

gr = a;" f A^x’. 

s=0 

For or this gives ^(or— 1) = Z(Z+1), 


(18) 


(19) 


whence a — Z+1 or —1. Wo require a solution that vanishes at the 
origin since B must I’omain finite; therefore we take the first solution. 
Substituting (19) into (18) we then obtain the following recurrence 
relation for 

^.[(s+Z+l)(H-^)-^(Z+l)] = ^.-i[2(s+Z)-a]. 


t In an actual atom tho lowest levels will be forbidden for the valence electron by the 
exclusion principle. 
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If « is very large, and 2(«+Z)— a does not vanish for any integral value 
of a, then ~ 2/a. 

The ratio of successive terms in the series is thus the same as the ratio 
of successive terms in the expansion of e*®. Thus g tends to infinity 
as e*® and/, and hence as e^. 

If, however, 2(a+Z)— a vanishes for any integral value of a, the series 
terminates. g{x) is thus a polynomial and /(x) tends exponentially to 
zero. The allowed energy values are therefore given by 
a = 2(a+Z) (a = 1,2,3,...), 


ie 

“ 211 * ( 8 + 1 )*' 

We see that the energies depend only on a single quantum number n 
defined by » = a+Z. 


If ji = 1, we must have Z = 0, if « = 2, Z = 0 or Z = 1, and so on. 

The wave functions will be written down in a normalized form below. 


n=l,l = 0, u— 0 
i^z=2, Z=0, u = 0 

7h = I ^ Ij n = “"Ij 0, -f-l 


A very full account of the normalized wave function for hydrogen 
can be obtained firom a number of text-books, for example, Pauling and 
Wilson, Introdmtion to Quamium Medumica (New York, 1935). 

The problem of the hydrogen atom enclosed in a sphere (the proton 
being at the centre of the sphere) has been treated by Sommerfeld and 
Welker| who find that when the radius of the sphere is less than 1'836 
times the radius of the first Bohr orbit, the energy of the system is 
positive, so that the electron is exerting a pressure on the walls of the 
sphere. 


12.1. Interpretaficm, of the tmve furustions 

The wave function for an electron in an atom must be interpreted 
in the same way as for a free electron; \il/{x,y,z)\* dxdydz gives the 
probability that the electron will be foimd in the volume element docdydz 
t A. Sommerfeld and H. Welker, Ann. der Phyaik, 32, 66 (1938). 
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at the point It is here assumed that the wave fonotion is 

normalized, i.e. that 

J \tlt{x,y,z)\^dxdydz == 1. 

An equivalent interpretation is the statement that 

e\^{x,y,z)\^ 

is the charge density in the atom averaged over a time long compared 
with the period of the electronic motion. 

Some further points about the wave functions are worth noting. 
The wave functions of the s-states are spherically symmetrical; it will 
be shown later that they correspond to states of zero angular momen- 
tum. They have a maximum at r = 0, which shows that the electron 
has a large probability of penetrating into the interior of the atom. 

The wave functions of the p-states all have a nodal plane through 
the nucleus and J2(r) vanishes there; this means that the electron has 
small probability of being found near the nucleus. For d-states, where 
two nodal planes pass through the nucleus and R{t) behaves like r®, 
the probability is smaller still. 

12.2. The mom.e7itnm density functions 

We saw in Chapter I that, if the probability that an electron moving 
on a line lies between x' and ic'+da;' is then the probability 

that its momentum p lies between and p'-\-dp^ is 

W)\^dp\ 

where g{q^) == p J dx. (20) 

It is clear that this result may be extended readily to the case of an 
electron moving in tliT’ce-dimonsional space. Thus if »/r(r) is its wave 
function in aw/^-space it follows by repeated application of (20) that its 
wave function in momentum space is 

x(P) = p J (21) 

where dr denotes a volume element and (p . r) denotes the scalar product 
Px^+PvV+Pp^- 

By means of this formula we can evaluate the distribution of momen- 
tum in the various states of the hydrogen atom. Thus for the ground 
state 

^|J{r) ... 
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Thus, using the result 

j ® {ofi+^r 

•we obtain for the wave function in momentum space 

^ (%2+aV)®’ 

so that the momentum density function is 

|y(«)I2=: 80 %®_ 

The density functions for the other states can he evaluated in a similar 
way. Pauling and Podolskyf have calculated the momentum function 
for hydrogen-Hke atoms, but very little theoretical work has been done 
on momentum distributions in atoms. The momentum distribution of 
electrons in atoms and molecules is of importance in electron scattering 
and will be considered later (Chap. VII). 


12.3. The conUmiotts spedrwm 

Solutions of the Schrodinger equation for the hydrogen atom also 
exist for positive values of the energy W. These correspond to the 
ionized state of the atom, and behave at infinity like sin(Ar+e). 
They ■wiU be discussed farther in Chapter IX. 


13. The rigid rotator 


A further problem which can be solved by elementary methods is 
that of finding the rotational energy levels of a diatomic molecule. 
We treat the molecule as a rigid rod, able to rotate about its centre 
of gravity with moment of inertia I. Then if 0, ^ are the spherical 
polar coordinates defining its position in space, the SchrSdinger 
equation is 


2i 




0 . 


We solve as before by setting 


and obtain 


0 = ©(W), 

O = 


hH 1 a / . „0©\ 
2j[sm000\““^aa/ 



t L. Pauling and B. Podolsky, Ph/ya* Bev. 34, 109 (1929). 


and 
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This has bounded solutions Pf (cos 0), if 

W = m(l+l)/2I. ( 22 ) 

This differs from the corresponding solution obtained from the old 
quantum theory in that P is replaced by l(l+l). 

The bounded rigid rotator has been considered by Sommerfeld and 
Hartmann, t 


14. SchrSdinger’s equation in invariant formt 

The invariant form of the Sohrodinger equation may be obtained 
from the kinetic energy by a simple process. Suppose that in terms 
of generalized coordinates (i = l,...,w.) the kinetic energy P of a 
dynamical system may be written in the form 


T 


then we may consider the quantities to be the metric tensor of a 
coordinate space of n dimensions. Thus in rectangular Cartesian 
coordinates the then represent masses and the the inverses of 
these masses. In this space the invariant form of the Laplacian 
operator is 


i-v s (v««« 

^/a^dq^y dql) 


The other invariants in the wave equation can bo constructed similarly, 
We can write the Schrodinger equation in the invariant form 

a 




dt 


(23) 


14.1. Symmetrical toj) molecules 

If a molecule has an axis of symmetry this axis will be one of the 
principal axes of inertia. If a molecule (such as CH3CI) has a threefold 
axis the moments of inertia about any three axes 7777 ', ^1/ lying in 
a plane normal to the axis of symmetry are equal. Since the momental 
ellipsoid intersects this plane in an ellipse, and since no ellipse can 
have three equal diameters at angles of 120 ° unless it degenerates into 
a circle, the curve of intersection must bo a circle and the momental 
ellipsoid an ellipsoid of revolution. Thus a molecule of the type with 
a threefold axis behaves dynamically like a symmetrical top. Further- 
more, there are molecules of lower symmetry (or no symmetry at all) 

t A. Sommorfeld and H. Hartmann, Ann. chr Vliyalk, 37, 333 (1940). 
t Of. E. Sohrodinger, ibid. 79, 748 (1926). 
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in -virMoli it so happens that two of the pnncipal moments of inertia 
are equal; they, too, behave like symmetrical tops. 

B'or this reason the wave equation for a symmetrical top is of interest 
in quantum meohanics.t 

To describe the motion of a symmetrical top we make use of Euler’s 
angles B, <f>, x- B denotes the angle between the »-axis in space and the 
axis of S 3 rmmetry Oz' of the top, <{> and x angles between the line 
of nodes on the line of intersection of the planes xOy, x'Oy' and the hnes 
Ox, Ox' respectively. If A and G denote the moments of inertia of the 
top about Ox' and Oz' respectively, then the kinetic energy T of 
the top is given in terms of the generalized momenta fg, p^, p^ by 
the equation 

0/7T 1 a I / a . 1 a 2cos0 

The Sohrodinger equation for this system is then, by equation (23), 


oobB , /a oob^B .l]By> 1 Bhl> 
dB^^ ^6 8B'^\0'^ ^B'^c) sin^e 8x^' 


sin®6 d)^ 

sin^a 8x8<l>^ ^ ^ ^ 


This equation is separable if we write 

^ = 0(0) {n4>+mx), (26) 

where m and n must be chosen to be integers if ^ returns to the same 
value when ^ and x ajr® increased by integral multiples of 2tt, Substi- 
tuting from equation (26) into equation (24) we obtain 

-rjs-l-cota^— (»ncosec0— «cota)^-l-(iO = 0, (26) 

du^ du 

2AW A 

where we have written cr = — ^ 77 (27) 

7t O 

If we make the substitutions 

U = J(1-|-OOS0), 0 = 

then equation (26) can be brought to the form 

= 0, (28) 


t P. Reiohe, Zeits.f. Phyaik, 39, 444 (1926); R. de L. Eronig aad 1. 1. Babi, Phya. 
Sev. 29, 262 (1927); D. M. Dennison, ibid. 28, 318, 891 (1928). 
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2o£ = |m+?^|+N— ^|+l+(l+4o'+4?i2)*, 

2j8 = |m+7i|+ [m— 71 1+1— (l+4or+ 472.2)*, (29) 

y = \rn-\‘n\+\. 

It follows immediately from the definitions (29) and the fact that m 
and n are integers that y — 1 is a positive integer and that 

oL+p—y > 0. 

Originally 6 lay in the interval 0 ^ ^ tt so that 0^76^ l;if?7is 

to be finite m this interval jS must be zero or a negative integer. This 
TPiU only be so if ^ ( 30 ) 


where 

3 = KN+^l+N— ^l}> •••> 


as is easily seen from (29). Hence j must be zero or a positive integer. 
Eliminating <t from equations (27) and (30) we have finally for the 


(31) 


which is Dennison’s formula for the energy levels of the rotational 
motion of simple molecules. This formula can also be derived in a 
semi-classioal way.f 

The wave mechanical theory of a symmetric top which in addition 
to the usual three degrees of rotational freedom has also a degree of 
torsional freedom between two of its principal parts is of interest, since 
certain molecules, the simplest of which probably are ethylene (C 2 H 4 ) 
and ethane (C 2 H 6 ), are thought to behave in this manner. In this case 
two angles and <f >2 are required in place of the ^ above; denotes 
the angle between the line of nodes and an a-axis fixed in the lower 
part of the top, and ^2 similarly defined for an axis fixed in the upper 
part. The angle of twist is then and the potential energy, which 

was zero in the case of the rigid top, is now of tho form 


V = Z{1— cosm(«^2-“^i)}- 

The energy levels for this system have been investigated by Nielsen, { 
to whose paper the reader is referred for further details. 


t See, for instance, G. Herzberg, Infra Med and Maman Spectra of Polyatomic Molecules 
(New York, 1946), pp. 24r-6. 

% H. A. Nielsen, Phys. Mev. 40, 446 (1932). 
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PROPERTIES OE THE WAVE PIMCTIONS 

15. The orthogonal property 

This property is of great importance for the further development of 
wave mechanics. It will he explained first for particles moving in one 
dimension (along the a-axis). It will be supposed that the particle is 
described by a wave-function ^(a:) satisfying the Sohrodinger equation 




m 


It will be supposed that a set of solutions exists either satisfying the 
boundary conditions that iff tends to zero as x tends to ±C30, or that 
iff vanishes at the extremities of some range of x, (An alternative 
boundary condition which is of importance in Chapter VIII is that diff/dx 
vanishes at the extremities of some range of x.) Then the orthogonal 
property states that, if ipi, iff 2 are solutions of (1) corresponding to 
different characteristic values of IF, WJ, and W 2 , 

j 1/^ fpidse = 0, ( 2 ) 

the integration being over the range of x considered. 

The proof is as follows: firom (1) we have the Schrodinger equation 

2m, 


and therefore 


dx^ 

dV? 


^2 

2mi 


dx^ ' ft® 


(Wi-F)^i = 0 
{W,-V)4>$ = 0. 


Multiplying the first equation by and the second by and sub 
tracting, we have 

If we integrate from to x^ the second term gives 


(3) 




X, 


Xl 


The boimdaiy conditions for t/i are that either jjt or dipldx should vanish; 
the term in square brackets therefore vanishes and it follows that 

J tp^tlt^dx — 0. 

If the particle moves in three dimensions, we have 

2m, 





66 


§ 16 THE ORTHOGONAL PROPERTY 

with a corrcsiJonduig equation for Wo obtain as before 


On integi*ating over the space in which the electron moves, the first 



where the variable n denotes the normal component of the vector and 
dS an element of the surface bounding the space. Since either 0 or 
difjjdn vanishes at all points on tliis surface, it follows that 

JIJ xfjl^ifx^dxdydz = 0. 

If the system contains degenerate states, i.e. a number of states ipi, 
02 V, which have all the same energy, it is always possible to obtain 
linear combinations of these, 

•PI' = 2 ^ 0 . 

8 

which are orthogonal to each other. Thus all the wave functions of 
the system which correspond to bound states may be considered 
orthogonal to each other. 


15.1. Expansion of an arbitrary function in terms of tuave functions 
For the discussions of this section it will be convenient to consider 
only systems for which all the energy values are quantized. This will 
be the case for a particle in a box with rigid reflecting walls (Chap. II) 
or for a simple harmonic oscillator. It will not be the case for the 
hydrogen atom, unless we suppose the atom to be shut up in a large 
box with rigid reflecting walls. 

Suppose then a particle moves in a field of potential F {x, y, z) and that 
the quantized energy-values and corresponding wave-functions 0^ 
are given by 2m 


where 0,^ satisfies certain boundary conditions (i.e. that 0^ should tend 
to zero as r tends to infinity). Suppose tha.t f{x,y,z) is any arbitrary 
continuous function satisfying the same boundary conditions. Then it 
may be shown that /(a;, y, z) can bo expanded in the form 

/(*, 2 /. 2 ) = 2 V’ *)• 

n 

For a proof the reader is referred to Courant and Hilbert, loc. cit. 

The expansion is clearly a generalization of Fourier’s theorem, the 

5072 jgi 
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functions y, z) taking the place of the sines and cosines in a Fouiler 
expansion. The coefficients can be found in the same way as Fourier 
coefficients. Using the orthogonal relation 

J^*^„.dT = 0 (izy^n') 

and assuming the wave functions to be normalized, so that 

/ = 1 . 

then if both sides of (4) are multiplied by and an integration is 
carried out over all space, we find 

The expansion (4) has an important physical interpretation. Sup- 
posing f{x, y, z) is a wave function describing the state of a particle at 
a given instant of time. Then if the expansion (4) is made, the coeffi- 
cients will have the following physical significance; is the 
probability that if the energy of the particle were determined, it would 
be equal to 

The assumption that the coeifioients A^^ can be interpreted in this 
way is a new one, and is not inherent in the arguments developed up 
to this point. It is similar to the assumption made in Chapter I, that 
the Fourier component of a wave function gives information about the 
momentum of a particle. 

It will easily be verified that 

n 


16 . Transformation functions 


In the last section we showed that if a particle is described by a wave- 
function /(a:), then I r a 

IJ ’Pnfdr 

gives the probability that particle has energy In section 7 it was 
shown that I 1 r 2 

p I dp 

gives the probability that the momentum lies between p and p+dp. 
The functions 


are known as ‘transformation functions’; they can be used to obtain 
information about the energy or the momentum from a wave function 
giving information about the position of a particle. In this section this 
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procoduro will bo gonoralkcd, aiid a method will be given whereby 
information about any dynamical vai-iable can be obtained. 

Let the dynamical variable under consideration be denoted by 
L{'p,x), a function of the momentum and spatial coordinates. Besides 
the momentum p and energy pV2m+F(a:), the most important variable 
that we shall have to consider is the angular momentum 

yPz-zPu, 

In this section, however, L will be assumed to be a quite general 
function of p and x. 

If, as in §7, we replace p by the operator (^/i}8/dx, then L can be 
regarded as an operator. We may thus set up a differential equation 




( 5 ) 


which, if QjXx) is subject to appropriate boimdary conditions, will define 
a set of characteristic functions which satisfy the boundary condi- 
tions if and only if L' has one of a series of characteristic values. For 
e.'tample, if L is the energy 

L — p^l2m-\-V, 

(5) is the usual Hchrbdinger equation. If L is the momentum p, the 

equation takes the form ^ 

~—p'g = 0 
% dx 

with solutions g — 

It will now 1)0 shown tliat tho functions O/ix), the characteristic 
solutions of (5), arc tho rcquii*o(l transformation functions; in other 
words that, if a particle is in a state described by a wave function ifj{x), 

J dx 

is the probability that tho variable L has tho value L'. 

First of all, lot us consider g^^ix) as a wave function. Then, if a 
particle is in a state described by a wave function gjy{x), the average 
value of i is ^ .j. r. \ 

J gUx)L\^^y-,xy^^^^ 

If tho wave functions arc normalized, this by (5) is equal to L'. Further, 
making use ol* (5) wo can easily show that 

\ <jfA^){d-i—L'fgijix)dx = 0, 

where L as before denotes tho operator L\^-^,x\, It follows that if 

dx J 
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the particle is in a state described by then the value of L is 

certainly L\ The functions stand in the same relation to the variable 
L as the wave-functions do to the energy 
Suppose now that the particle is in a state described by any wave- 
function ^{x). We can, ss in the last section, expand ijs in a series 

^(«) = 1 

As before, \Ax/\^ will give the probability that the variable L has the 
value L'. But, by the orthogonal property of the functions gu, 

Au = J iltix)gl.{x)dx. 

This shows that the functions gjyix) are the required transformation 
functions. 

16.1. Formulation of problems in momentum space 

A useful method of solution of quantum mechanical problems consists 
in a transformation of the Schrodinger equation to momentum space. 
This method has particular advantages when applied to the solution 
of problems in theoretical nuclear physics.*!* transformation of the 
Schrodinger equation to momentum space is equivalent to applying 
the method of Courier transforms to the solution of the equation. In 
this section an outline of the method will be given; for a rigorous 
mathematical theory of the representation of the Schrodinger equation 
in momentum space reference should be made to a paper by Gordon, f 
!Por simplicity we shall consider a system with only one degree of 
freedom, the extension to higher degrees of freedom being purely 
formal. If we denote the coordinate and momentum of the system by 
X, p respectively, the Schrodinger equation may be written in the form 

According to the theory we have developed above the momentum p is 
interpreted as a differential operator (S/i)5/9a; and the potential energy 
F (a?) acts on the wave function ifs as an ordinary multiplier. It is easily 
shown by integration by parts that 

« 00 

— CO ^00 

t Nils Svartholm, The Binding Energies of the Lightest Atomic Nuclei (thesis, Lund, 
946). 

t W. Gordon, Skand, Matem. Kongr. Stockholm, 249 (1934). 
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SO that when the problem is transposed from the ordinary space x to 
the momentum space p by means of the transformation 

00 

xip) = ^ J 

— 00 

we may write the Schrodinger equation in the form 

— 00 

By the Fourier inversion theorem 


00 

^(a:) = p J e-^i‘'-‘l>^xi7>')dp' , 


SO that 


OO CO oo 

p J ^ J xiP')'^P' j V(,x)e‘^“-^'^l'^dx. 


Writing ‘>^{p—p') = ^j V{x)e'‘^-i‘'^l^^ dx, 

— 00 
00 

we obtain IFjx(iJ)+ J ■>ip-2>')xip')<¥ ^ 0. 

— QO 

The solutions of this equation differ according as IV is positive or 
negative. If W is negative and we write 

<f>{p) == {2>‘^—2mWy'x(2>)> 

K{2),2>') = — p'); 
we then obtain tlie liomogeneoiis integral ecpiation 

CO 

^{2>) - J K{p,p')j>{f')dp'. 

• iTj 

Apj)roximate solutions of this integral e(iuati()ii may bo constructed by 
means of the Gauss Hilbert variational principle and the iiicthod of 
iterated functions due to Kellog.t 

In certain cases, however, it is ])OHsiblo to obtain exact solutions of 
this equation. For example if 

V(x) -- 

•f O. Kollog, M(Uh. Ann. 86, I t (1922). 
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then r 

J a^+ip-pT 

— GO 

SO that if we write pi = -2mW, A = -IV^mla^ the integral equation 
for the wave-function x{p) reduces to 

— 00 

If we assume a solution of this equation of the form 

y(p) = 'V 

then by direct substitution and use of the result 


i f P' j„, 


p2+(0+v)2 


we obtain the relation 


^ 0 ^ ^ 3»®+(a«+P§)J. 2 ”"^2>"+(a»i+2>g)' 

Both rides of this equation represent the same function if the coefficients 
satisfy the relations 

/. — 

i«.=o. 

n=0 

Substituting from the former of these equations into the latter we 
obtain the relation 


oo 

^o+Cfl 2 


- (-A)” 1 

n\ ' {l+2pja)...(n+2pja) 


which may be written in the form 

A-^»'“^o/a(2VA) = 0, 

Jn{z) denoting the Bessel function of order n. In this transcendental 
equation A and a are known, so the equation may be used to find p^, 
i.e. the possible values of the energy, W, of the system. Once p^ has 
been determined in this way the wave function xip) can be obtained 
as an infinite series. 
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17. The elements of perturbation theory 
17.1. Perturbation theory for ncm-degenerate states 
In this section, following the considerations of § 8, we shall write the 
symbol H for the operator 

2m 

If the solutions of a Schrodinger equation 

{H^W)xp = 0 (6) 

are known, together with the corresponding discrete energy values 
then it is possible to calculate the change in the energy values that 
results if H is changed by a small amount U. The term U is called the 
perturbation, and the analysis by which this is done is known as 
perturbation theory. Examples are: the change in the energy of the 
stationary states due to an electric or magnetic field, the interaction 
between the electrons in a two-electron atom, and so on. 

The first-order perturbation may be obtained as follows: lot and 
WJi be the wave function and energy value of a non-degonerato solution 
of equation (6). The perturbed equation is 

= 0. (7) 

W = w:,+w, 

Then retaining in (7) only small quantities of the first order in U, ?/;, 


Let us write 


and / we have 




(«) 


Now let us expand / in the form 
Equation (8) becomes 

n' 

If we multii)ly by ijj* and intograto over all spatial oooi'dinatos q wo 

C I* rr, 1 

w ■■= J (Iq, 


which is the required result. '!rho coefficient A, 
function can bo obtained in the same way: 


A. 




(9) 

in the perturbed wave 


( 10 ) 


As an example, we take an electron moving in a central field with 
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potential energy function Ze^jr, and try the effect on the ground state 
of changing Z to Z-\-l. Then 

U = -e^lr 


and 

where 



^-ZZrlal.f2^ 

r 


n 


a = h^fmZe^. 


^-iZrlOfZ 


On evaluating this gives 


w = 


mZe^ 


which may be compared with the exact value 

It ■will be noticed that formula (9) predicts a big change in the energy 
if 101^ is large in regions where the perturbing field is large. Thus, for 
example, a change in the field near the nucleus of an atom will lead 
to a much larger change in the energy of the 5-states than the p-states, 
for which ^ vanishes at the nucleus. 


17.2. Matrix dements 


The quantity defined by 

is termed the ^matrix element’ of U with respect to the two states 
n*'. It occurs in (10) for the first time in this book. 

From any dynamical variable L[p^ q) and any set of transformation 
functions g^iq) a matrix may be formed, of which the element w, n' is 


J dq. 


For the Hermitian operators which occur in quantum mechanics, it 
follows that „ complex conjugate of {n'\U\n), 


and also that the diagonal elements are real. 


17.3. Perturbation theory for degenerate states 

Let us suppose that the unperturbed system satisfying equation (6) 
has states with the same energy. Then the perturbation will in 
general split the degenerate energy value into two with energies 
W+w^ and wave-functions ^i+Zu ^ 2+/2 where 

A = 


( 11 ) 
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In practice there are two ways of finding the coefficients A^, etc., 
and the energies u\, w^. As before, if wo insert into the wave equation 
we have ( (//_ W)f^ = 0. 

Since orthogonal, and J ^ vanishes. 


^ = 0 . ( 12 ) 

Thus, if wo can cliooso «//j , xfs^ by inspection sucli that are orthogonal 
and (12) is satisfied, then the energies can be obtained from 


«’i == / V-'i «’2 ^ dq. 

Alternatively, inserting (11) into (H), multiplying by and integrating 


over all q we find 


= 0 . 


Similarly = 0. 

Eliminating and remoin])ering that wo obtain the 

following (piadratic eiiuation for v\y: 


- \Uau\^- (13) 


18. The Rayleigh-Schrodinger method 
18.1. VnpvrtHrhvd i^nsivm non-dnjrnrrafc 

In the preceding analysis we ndainod only small quantities of the 
first order in //, v\J. In some probUuns, however, it happens that the 
matrix element 




vanishes, so it is mu'cssary to examine terms of higher order. Suppose, 
for instance, that it is [xissiblo to expand the perturbation U in the 

a ■■ - A//, l-AWa I-A 3 // 3 +..., (14) 

where A is a ])arain(*.t(U’, and t.ha.t j//„, a, re the wave function and 

energy value of a non-dv(jv)\vmtc, solution of equation (0); tlien wo may 
assume that the solution ofexjuation (7) may ho written in the form 

•A 'l>n \ C^) 


with corresponding energy value 

W . IK, 1 A»v|-AV„-|-.... (1«) 

Substituting from eipuitions (II), (15), and (HI) into equation (7) and 
rearranging in powers of A we obtain 

+X\(Jli-~VTjilt,^-\-(Hi—lOn)^n-\-(n—WJxn\ + -" = 0 . 
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The term devoid of A is identically equal to zero by equation (6). 
Equating to zero the coefficients of A we obtain the set of equations 

(■Si— (if— = 0 (17) 

= 0, (18) 


If we expand in the form 

<i>n = 1.0'ni'l>i> 

multiplying both sidos of this equation by integrating, and making 
use of the equation . 

we can obtain the result J dr = 0, so that, from equation 

/ dr = 0. 


From this it follows that = {n\H^\n). 

Furthermore, 

/ = '^anij dr 

= — J 'l>}^^\—Wn)'l>ndr 

= — (il-^lW, 


(19) 


giving 

and we have 


VTj Yf^ 


( 20 ) 


the dash on the summation sign denoting that the term i = n is 
omitted. 

Substituting from equations (19) and (20) into equation (18), we 
obtain the equation 

(J?a— ^ (21) 

If we write Xn = lKi^i. 

i 

then it can easily be shown that 

j’l't{H-WJXnd^ = 0, 
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SO that, multiplyinjj; ociuatioti (21 ) throughout by ijt* and integrating, we 

(22) 

Similarly, multiplying both sides of (21) by {I %), wo obtain 

A , V Qmmmn) 

Gouorally only thost'> tiai-liiu- Uu-ms of tho expansion are used in actual 
calculations; tlio higlior U'rins Ihhsoiuo iiun’oasingly complicated. The 
final values for tlu^ p('rturb(Ml wave function and energy value are thus 

and 

ir n;,-i A(# I //,!•, 0 I A“[(«|/ 41 ./.) i y' 

l Y > ( 25 ) 

In vmoH lor wliic^h tlu^ (*l(^moMtary oudliod fails, i.o. ('/^.|^ 7 l 9 ^) ~ 0 , we 

A(«.|//,l//) 1 A-(«.|/ 4 I ")1 -- 0 , 

HO that, the lonnuhi for II’ r(Mluoos to 



This inot lKxl of oI)tainiii,t»: im <^\i)r<\ssi()n for tlio enor^y of tlio i)or- 
turl)e(l systcan was <l(n’is<‘(l by Scln-rxlin^or;! it is tho natural extension 
to wave incxilianics of Ilayha^h's inelJx)(l:|; of approximating to the 
imxloH of vibration of a. coiif jnuons solid. '^Fho proeoduro adopted above 
is also analogous to tho metlxxis of Ninvc.onib and Linstedt§ for the 
solution of tho (xjuations offlynaniics in t.(u*ms of trigonometric series. 


18 . 2 . Iktjvvvntir sijHtvws 

When tb(^ unp(M-tiirlxMl sysUun is degcxiorate tlu^ procedure is the 
same in prineipl(\ ^Su|)pos(^ for inst■a.n(H^ that there are h independent 

t I'i. Atm. t/rr J*lnjsih\ 80, 1117 (102(1). 

:|: (.lOrd lliiyl<»i)'li, Thr Thvorij of Sotnnl, vol. i, p. I lU (1S04). 

§ II, Poinctin'', MvifoMlrs nourrllvs tie la >um'amqu.c celcata. 
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wave functions of equation (6) corresponding to the energy value W^. 
Denote these wave functions by 

and suppose that they are normalized and orthogonal to each other and 
to all other eigenfunctions. Then the set of Jc wave functions 

(27) 

(m = l,2,...,k) correspond to the energy and satisfy the ortho- 
gonality and normalization property 

J" ^n,m4'n,p ^ ~ ^mp> 

provided the coef6.oients are chosen to satisfy the relation 

= (28) 
If we now assiune a solution of equation (7) in the form 

then as before we have, on equating the coefl&cient of A to zero, 

= 0. (29) 

If we write as a series of the wave functions, say 

= ( 30 ) 

and replace by the expansion (27), then we obtain the equation 

2 «»«^{(»l^ib')-8u"'»} = (^ = 1,2,...,^:) (31) 

i=i 

by a procedure similar to that employed in the non-degenerate case. 
In equation (31) (i|ffi|j) now denotes the matrix element 

miW = J 

The set of equations (31) determines the constants To determine 
the h values of the energy into which is split by the perturbation 

we eliminate the from equation (31) to obtain the determinantal 

equation 

(l|Hill)-«;„ (l|Hil2) . . . (l\H,\k) =0. 

(21iriil) (2m-w^ . . . (2\H,\k) 


(&|.ffi|l) {k\H,\2) . . . (k\H,\k)-w,,\ (32) 

The determinant on the left-hand side of this equation has, of course, 
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fc rows and Ic columns. In general the ociuation will have k distinct 
roots. Corresponding to each of* these roots there will be a set of 
coefficients doternuiied from the equations (31). These coefficients 
will, in turn define a unicjuc wave-function defined by equation 
(27). The perturbation will then, in general, split up the energy 
into k separate onergy levels HJ,- {m =-- 1, 2,..., h) and will determine 
a unique set of w^ave-functions Once these are known the 

coefficients in the expansion (30) for the wave function can 
be determined as in the non-degenerate case. 


18.3. A mmlified form of the l:^chrddhujvr theory 

There are many ])roblems in quantum meclianics in which the 
solutions of tlie unperturbed Schnklingcu* equation for the higher values 
of W are not known with any accuracy. We shall see later (§§25,33) 
that the wave functions of the ludiiun atom and the hydrogen molecule 
are known accurately for only the very lowest energy states. If, how- 
ever, we wished to <lct.ormine the wave function of such a system 
perturbed from its normal state by means of equation (24) above, we 
woidd require to know all the eigenfumdions, not only the one which 
is perturbed. It is, howev<u% possible to increase the accuracy of such 
calculations by i.ra.nsfbrming l.he s('!ri<\s on the right-hand side of equa- 
tion (24) to a form which is more rapidly convergent. 

We may write 

ihh. ■■ 1 immi - ^ r 

, j j 

so that 


I V . .. vf--i- U-amn) 

Thus equation (20) can be put in the form 

Subistituting from o<{Uiit.i<)nH (HI) and (33) into equation (18) wo obtain 

' +{Ii-WJXn-0. 
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Multiplying both sides of tliis equation by 0* and making use of tiie 
result r i*yTT \o » •. 

we obtain finally 

.. - X (34) 

The integral (%ljEfJ|TO) is as easy to evaluate as (n\Hi\n) and the series 
usually converges much more rapidly than those involved in (25) and 
(26). In the case in which (ft|17|w) = 0 we get for the energy of the 
perturbed system 


18.4. Lmruird-J arm's form of perturbation theory 
A method of obtaining the results of the Schrodinger perturbation 
theory which has the advantage of indicating exactly what is neglected 
in the above analysis and also of dispensing with the assumption that 
the perturbation is small has been devised by Lennard-Jones.f 
If we assume that the solutions of equation (6) coiresponding to 
an energy-value are non-degenerate, then we may write the solution 
of equation (7) in the form 

= (36) 

i 

then Uxl> = ya, (37) 

T i j 

Substituting from equations (36) and (37) into equation (7) we have 

I ^ - 0, 

and equating coefficients of we obtain 

a,{W^W,)=.^a^{j\U\i), (38) 

(i = 2,.-.)> series on the right-hand side having an infinite number 

of terms. The set of equations (38) determine the coefficients a.f^ and 
the possible values of W, To determine the possible values of W we 
eliminate the a’s from this system of equations to obtain the deterini- 
nantal equation 

{l\u\2) . . . =:0, 

(21Z7|1) {m^)-{W-W;,) . , . 

(39) 

t J. E. Lennard-Jonea, Proc. Roy, Soc. A, 129, 604 (1930). 
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tlio (Icteniiinaiif. on tho UiFt-liaiid sub having an infinito number of 
rows and columns. The valiu's of 11',, lla,..., and the wave-functions ifi^, 
^ 2 ,... being known, tlio matrix elements (i\U\j) may be calculated by 
quadratures. Wlum (Mpiation (3t») has been solved for W the wave 
function may he ohtaiiual from ecination (:{(>), after the coefficients 
have been found from {,‘IH) or iroin the expansion of a determinant of 
tlie type 




... 


( 2 | 1 /| 1 ) (' 2 \n\ 2 ) (ir-ii;) 

m\i) . . . 


{i\U\\) iill’\2) 

• ii\U\i)-{W-Wi) . . . 


the values of IT already found being inserted. 

For deliniten(\ss. suppose^ w(« wish to determine the perturbation of 
Wy Then as a first, approximat ion to t he solution of equation (39) wo 
may neglcet all tlu' matrix ehunents ) except (I and obtain 

If ir, KiKM') 

in agreement with (Mpiation (19). 'I'o obtain a second approximation 
we neglect all thos<( matrix clenumts ('*^.^1;/) which do not lie in the 
Unit row or tlui first cohimn of the dotorminant on the left side of 
equation (39). In this way we g(it t lu' eipiation 

(iK/|i)--(ir ir,) (iKM'i) (i|t^|3) • • . -o. 

(2|f;|i) (2|r'i2) (ir iq o ... 

(3|f;|l) 0 (;{i(/i:{)_(ir_-Hr). . . 


Expanding this bonhu'iHl d(9ermina.nt we obtain 

{(iK71i)- (ir ifDidi;, iikii' ir)...-- 


y ( ‘ VKs-- H')(H(,- ll'’)- - 0 

* f Jr'; — Fr 

J ' 

by moans of a woll known t.lu^oroin on (loi<irniinantH. Dividing through- 
out by tho iniinitis product (Uj, - ir)(|j!, - II'')... and imiTanging the 
torniH, wo obtain as our second approximation 


ir Wr\ (1 


■ ir H; ’ 


in agreement with (M|uati<)n (25) except that now \V appears in place 
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of in each denominator on the right-hand side. Equation (40) must 
be solved by the method of successive approximations, 

F==pri+(i|?7|i) 

being taken as a first approximation. 

The theory for degenerate states can be developed in precisely the 
same way. 


18.6. Rotating polar molecules in an electric field 

As an example of the application of the second-order perturbation 
theory to a particular problem, we consider the solution of the 
Schrodinger eq^uation for rotatmg molecules subject to an electric field 
of strength F — a problem of some interest in the theory of dielectrics.! 
If we treat the molecule as a rigid body symmetrical about an axis we 
may then write the wave equation in the formj 

21(5^0 ^+iW-{-i>.FGQse)^ = 0, 


where I is the moment of inertia of the molecule about its axis of 

symmetry and p. is the permanent electric moment of the molecule. 

We saw previously that the unperturbed wave equation (J* = 0) has 

bounded solutions , 

n’ = c^Pi{ooBe)e^^, 

where is a constant and 

W = 1). 


Moreover, if the wave functions ^ are to be normalized to unity we 
must take , , , , ,, 

U+ij 1(1::^/ • 

In the notation of the previous sections we have 


U = fiF cos B 

and 

0 

Now it can be shown§ that the integral on the right vanishes imlaag 
i = »±1, and that 

1 5 .* Polare Mohkeln, chap, ix (Leipzig, 1929). 

t Cf. Chap, n, § 14, above. v 


§ Cf. Appendix. 
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Thus (Z|C7|Z) = 0 and we must use equation (26) to find the perturba- 
tion in Wi\ the series on the right-hand side of (26) reduces simply to 
two terms to give 



(Z|Cr|Z+i)2 



f {l+u){l-u) 

(Z-f- 1 +w)(Z-f- 1 —u) ) 

[Z(2Z-l)(2i+l) 

(i+l)(2/+l)(2Z+3)iJ 


where we have written K = 2IiiFlh^. In particular the perturbation 
of the lowest energy level (^ = Z = 0) is 


]F = ~ 


2 /‘ 6 


These results have been derived by Lonnard-Jones using the determi- 
nantal method.t This method is also applicable in the case of large 
electric fields when K can no longer be assumed to be small. 


18.6. Wigners pertiirbalion method 

It often happens that the infinite series in equation (25) diverges in 
cases in which the lowest energy value itself is finite. In such cases 
the Rayleigh-Schrrxlingor method is, of course, inapplicable. WignerJ 
has given an approximate formula for the lowest energy which can be 
proved to converge at least in certain simple cases. Suppose we wish 
to determine the energy of the lowest state of the system whoso wave 
equation ia ^ W^, (41) 

when the energy values 11^, and the wave-functions {n = 1,2,...) of 
the equation with A -= 0 are known. Assume a solution of (41) of the 

# = (42) 

for the lowest state. Using the result 

i 

it is easily seen that for the wave function (42) 

(i|//|i)+A 2 2 2 U\u\Jc)%af 

J _ _ _ J , 

l+X^'^Ujaf 

•f* iT. E. Lnnnanl-.Tonofl, l<io. cit., § (>. 

t K. Wiguor, Math, u, naturw. Anz. dcr umjar, Akad. d. Wins. 53, 477 (1935). 

5072 (; 
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Similarly it is easily shown that 

J = Wi+A® 

Adding the two integrals and writing 


1+X^-^afaj • 


^ = w,+xumj), 


we obtain for the energy of the perturbed system 


(43) 


IF = J ^*(fi-o+AHi)^dT = 

2 2 {jmk)afa, 

E, 4-A®i = : 

i+A2 2«;«j 

J=2 (44) 

Neglecting A® and higher powers of A we obtain 


Differentiating this equation with respect to rtj and setting BWIda% to 
zero we obtain the relation 


HiW-E^) = {E^-E^)ak+{k\TI,\l), 


which may be solved to give 

«& 


W-E,' 


(45) 


Substituting from equation (46) into equation (44) and neglecting 
powers of A higher than the third, we obtain the ecjnation 

2, -(Tr=-<)( W- k) - w 

for the determination of the energy W. 

The value of W obtained from this ecjuation is always too high. 
Continuing this process Wigner obtains the ociiiatioii 


2n 




where 


r^i 


T, 


V (l|glK)(Ml|//llM2)-(M ./-,|//.l/^,) 


Vi(iF) = (Ay+i V V 


(47) 


(48) 


fJLl ^ ' pi/' - p2/-- \ 

This equation for W can be solved by successive appi’oxiniations. The 
series (48) converges in many cases in which the Rayloigh-Sclirodingor 
perturbation theory leads to divergent results. It can coiivorgo even 
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in the case of a continuous spectrum which has been made discrete by 
imposing a finite boundary on the problem (as in the bounded linear 
oscillator § 11,2, above). The seiles (48) was first obtained by Brillouin,t 
who obtained it by an intuitive consideration of the equations of the 
Schrbdinger method. 


t L. Hrillouin, J<mm, d, Phys. 4, ] (1933). 
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EFFECT OF A, MAGNETIC FIELD AND THE 
ELECTRONIC SPIN 


19. Effect of a magnetic field on the energy levels of atoms 
19.1. Effect of a magnetic field 

In this chapter we shall consider the effect on a hydrogen or alkali atom 
of a magnetic field. It will be shown that the observed phenomena 
cannot be explained by the assumption of the point electron, and that 
we have to introduce the assumption of the 'spinning electron’. This 
assumption amounts to the following: the electron, besides its positional 
coordinates, has a fourth degree of freedom; a quantum number o-^ is 
introduced to describe this fourth degree of freedom. In the absence 
of a magnetic field the energy levels are unaltered by the spin, but in 
a magnetic field H the spin introduces an additional term into the 


energy 




± 1 . 


All energy levels are thus split. In addition the spin makes an addition 
to the resolved part of the angular momentum of the system along the 
magnetic field equal to 

In this chapter these hypotheses will be introduced in order to explain 
the experimental facts. In Chapter XI it will be shown that, in order 
to obtain a consistent quantal theory of the electron obeying the 
principle of relativity, it was necessary to assume that the electron 
had these properties. This striking advance in the theory of the electron 
was due to Dirac (1928). In this theory the properties of the spin and 
the relativistic correction to the earlier non-relativistic theory are 
intimately connected, and it is no longer true to say that the spin does 
not affect the levels except in a magnetic field. 

The effect of a magnetic field on the energy levels of atoms can be 
investigated by the following methods: 

(a) Experiments of the type carried out originally by Stern and 
Gerlachf (1924). In these a beam of atoms is passed through an in- 
homogeneous magnetic field. Suppose the ground state of the atom is 

t For further details of this method, see any book on magnetism, e.g. E. C. Stoner, 
Magnetism and MoUer (London, 1934). 
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Split by a field H in the ^-direction into a number of states, with energies 
differing from the original state by 

fiHu, 

whore u is a quantum numbor having a number of discrete values. 
Then the force on an atom in the state u is 

dH 

The beam is thus split by an inhomogeneous field. The number of 
beams into whicli it is split gives the number of possible values of u, 
and the magnitude of the splitting gives the magnitude of iJLdHjdz. 

{h) The Zeema7i effect. Emission or absorption lines in the line spectra 
of elements are frequently split by a magnetic field into a number of 
components. On the quantal interpretation this means that the energy 
levels are split. Unlike the Stern-Gerlach experiment, the Zeeman 
effect gives information about the excited as well as the ground state. 

(c) Parmmgnetic mils. Tlie susceptibility of a salt containing N 
imignotic ions or atoms per unit volume is, if interaction between them 
can bo neglected, 2^2 ^ 

7 

where the summation is over the v states of the ion. /x and u refer of 
coui'so to the ground state of the ion. For the derivation of this formula, 
cf. Htoiior, loc. cit. 

It will first be necessary to evaluate the angular momentum of an 
electron in a hydrogen-like atom. 

19.2. IVie orbital (mijnlar wxmwnlam 

In this section it will be shown that if an electron or other particle 
is described by a wave function 

*/jr(;r,y,c) = Jl{r)i^){6)eP*^I^J(27r), (1) 

where 7i(r), W(0) are any normalized functions of r and 0, the com- 
ponent of the angular momentum along the axis of sjfiTiorioal polar 
coord ina-tos is nli. 

In Newtonian mechanics the components of the angular momentum 
My, arc given by 

Kr. yVz-^'Py^ 

= ^ih-ypx- 
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Let US take the a-direotion as the direction of spherical polar coordi- 
nates. Then we can show in an elementary way that the mean value 
of is uH, for, by (2) 

Transferring to polar coordinates this gives 


M, 




d<i> ’ 


and if ^ is of the form (1) this reduces to 

= uH. 

To show that for a particle in the state coiTesponding to the 
wave function (1) actually has the value vift, we must make use of the 
transformation theory of §16. We need a series of transformation 
functions «/,«!); then 

/ 2/. 2 /. 2) dr ® (3) 

will give the probability that has the value -Mg. These transfoniiation 
functions are defined by the equation 

in polar coordinates this gives 

The normalized solution is 


g = e«“''^/V( 27 r), 

where ifg = 

and the condition that g must be single-valued shows that u must bo 
integral. 

Making use of (1), it will be seen that (3) vanishes unless u = u\ 
Thus if an electron is in a state corresponding to the wave function (1), 
the angular momentum has the value uTu 


19.3. The total angular momentum 

In this section it will be shown that if an electron is in a state with 
wave-function 


ii(r)0(e)c^«^/V(27r) 
the total angular momentum is 


( 4 ) 
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The total angular momentum M is given in Newtonian mechanics by 
In quantum mechanics, M% is ropi*osonted by the operator 


is theroforo roprosc^.iitcd by the sum of throe such terms. We have 
to transform to spherical polar coordinates. This can be done as follows: 
it is easily verified tliat 


^ '.c,2/,S • x,v,z -* 

= ■r2V“+ (r gi-a(l)2+ (r grad)] 



The trausformatum function (Jnii{d, <l>) is thus given by 


sin r'fl 



1 c)\ 


0 . 


With the boundary conditions that r; must be single-valued and bounded 
the solutions are 


with -/(/-ii), 

and I a positives integer. Jt follows as in the last section that, for an 
electron in the state with wave fuiu^tion (4), (the scpiare ol the total 
angular momentum) has l.he value /(/ ]- 1)//-'*^. 


19 . 4 . Knvnjy lavvh in a waynclir field 

Wo shall now eahuilate the energy hovels of an electron in an atom 
when subjeei.(Hl to a magnetic? field, without taking account ol the spin. 
The {Schrbdinger ecpiation is (cf. p. 40) 

V®i/' |-^^*^(AgnMli/;)-|-“J'(IT-- V)ili - 0. 

The second U'rin is t^o Ix' IreatKwl jih a ‘jMiriurbation’, according to the 
methods of the jK 5 rturl)ation theory. 
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For the magnetic field we take 

i^==0, Hy = 0, H^ = H. 

This has the vector potential 

= —\Hy, Ay = ^Hx, A^ = 0. 

Our perturbing term therefore becomes 

2mc \ dy ^ dx) 

or, introducing polar coordinates with the «-axis as axis of coordinates, 

with w==^eHl2mc. 

Since the wave functions of the electrons are of the form 

22(r)0(0)e^^^/V(27r), 

it is clear that all matrix elements of V vanish except the diagonal 
ones, and that 2 ^ 

{u'\U\u'') = f 

Ztt J dip 
0 

A state of azimuthal quantum number I is thus split into 2Z+ 1 states 
with energies displaced by 




( 6 ) 


This result was also obtained on the Bohr theory. It is easily verified 
on the classical theory that an electron revolving in an orbit with 
angular momentum I has magnetic moment elj^mc. If I is equal to 
IK, the magnetic moment is Ie1ij2mc. If we now assume that the resolved 
part of the angular momentum along the field is also quantized and 
equal to uK (u = — Z,..., I— 1,1), then it follows that the resolved part of 
the magnetic moment is ueKj2mc. Formula (6) for the energy change 
follows. 

A magnetic moment equal to eK/2mc is called a Bohr magneton and 
denoted by /x^. 

We see therefore that 5-states (Z = 0) should not be split by a 
magnetic field, apart from the electronic spin to be considered below; 
^-states are split into three states separated by an energy interval H. 

If an atom has two states with energies W^, W^, transitions between 
which give rise to a line of the emission spectrum of frequency given by 

Kvq = Hg — Wi, 
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then according to the above theory the frequency of the lino in a field 
H will be given by vq+Av, where 


A A 

Av = Lu. 

4tT{mc 


(7) 


A selection rule proved in Chapter X shows that A^ = 0 or ±1. Thus 
any lines (except s-s transitions which are actually forbidden) should 
split into three lines separated by frequency intervals eHI4^rrmc. 

Splitting of this type is known as the Normal Zeeman Effect; it is 
actually shown only for singlet terms, e.g. parhelium. The formula for 
Av does not contain h, and should thus be derivable from the classical 
theory of a vibrating electron. The proof of this is instructive, and is 
given below. 

Suppose that an electron is hold in position by a restoring force —pr 
when it is displaced a distance r. Then, in the absence of a field, it 
will vibrato in any direction with frequency v given by 



Suppose now a magnetic field 11 is introduced in the s-direction; the 
electron can still vibrato in this direction with its frequency unaltered, 
but the vibrations perpendicular to the field will clearly bo affected. 
The normal modes of the vibration are thus circular orbits in a plane 
perpendicular to the field. If r is the radius of such an orbit, wo have 
for the components of force on the electron 
restoring ibreo — 
coniri fugal I ( )rce w wV, 


force due to field ±//ra;r/r, 
where co is the angular velocity ( - 'irev). Thus 


giving approximati^ly cu = ^ 

Formula (6) for the frecpunieies follows, as does information about the 
polarization of the three e()m])()nents (circular polarization of the outer 
components and disappearance of central c.oinponent if the emitting gas 
is viewed ])arallel to tlie field, linear polarizatioji of all three if the gas 
is viewed perpendicular to it). 


20. The electronic spin 

Many experimental facts have made necessary the introduction of 
the assumption of the olectronie si)iu. Those include the gyromagnetic 
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effect, the anomalous Zeeman effect, the results of the Stern-Gerlaoh 
experiment, and the existence of doublets in the spectra of the alkahs. 
In general it may be said that the number of states of the single-electron 
system (e.g. alkali, silver, or hydrogen atoms) is twice as great as it 
would be without spin. This is especially striking in the case of the 
ground state, which is an 5-state (i = 0 ) and should therefore be non- 
degenerate. The original Stern-Gerlach experiment showed, however, 
a splitting of the ground state of silver into two, with a separation given 
by {eJbHl2mc). On these grounds alone a spin must be introduced. 

We may obtain a formula for the component of angular momentum 
as follows. For electrons without spin we have deduced from the 
properties of the Legendre polynomial Pf (cos d) the following properties 
of the orbital angular momentum: 

(а) The total angular momentum is 

(б) The component of angular momentum along the axis of coordi- 
nates has the value flu where u has (2?+l) integral values. 

Since experiment shows a twofold splitting of the energy states due 
to the spin, then if 5 is the quantum number giving the angular 
momentum of the spin, it is reasonable to assume that ( 25 + 1 ) = 2 
and thus that 5 = Hence it follows that 

{a) The total angular momentum of a spinning electron is 
V{5(5+i)}^ = yzn. 

(6) The component of angular momentum in the direction of the 
field is 4; where ^ 

From the experimental point of view we may determine the com- 
ponent of angular momentum in the direction of a magnetic field H 
by means of the gyromagnetic effect. This measures the change in the 
angular momentum of a bar of magnetic material when the direction 
of magnetization is reversed; the bar thereby receives a small impulse 
causing it to rotate about the field. If the magnetism is due to orbital 
motion and not to spins, we have for the ratio 
angular momentum 2mc 
magnetic moment ~ e 
For spins the ratio is halved. 

The first experimental measurements of the gyromagnetic effect were 
carried out with ferromagnetic materials; we have here no a priori 
evidence as to whether the magnetism is due to orbital or spin motion. 
The observed values of the ratio {^.2mcle) show that the magnetism is 
due to spin. 
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20.1. Daubleis of tJte alkali atoms and, anornalous Zeeman effect 

Owing to the spin, all states of the alkali-like atoms except the s-states 
are doublets; the s-states in the absence of a magnetic field are not spUt, 
and so have a twofold degeneracy. This can be seen in a general way 
as follows: the electron, since it is moving in an electric field e/r®, is 
acted on by a magnetic field of order evjcrK In this field the energy’ of 
the electronic spin is of order 

en ev 
2mc 

which, it r is of the order of the radius of the hydrogen atom 
gives a separation of the order 

^ X total energy, 

or about one part in 10,000 of the total energy. In ^j-states, however, 
there is no axis (^t syinnietry for the motion and lienee no change of 
energy due to the spin. 

Calculations of the doublet separation can bo made (a) on the basis 
of the Pauli- Darwin theory of the next section; (6) on the basis of the 
Dirac theory of the electron (Chap. XI). The latter is, of course, the 
more complete theory and should give a correct result. 

The etTcct of tlie spin on the magnetic moment of an atom and hence 
on the Zeeman csIVecjt can also Ix^ worked out on the 
basis of (uther of the above theories, for a single 
electron moving in a eemi.ral Ibree. We give below 
a more elementary (huMvation due to Lande,’!’ which 
is applicable also in a many-electron atom, where 
several electrons may combine together to give a total 
spin angular monuuitum >S'. Let also Ij be the total 
angular momentum due to orbital motion, and J the 
resultant angular monuuiturn of the whole atom. 

Thou the veet.ors /S', Jj, and J will form a triangle as 
shown in Pig. If). Tlui (component ju, of the magnetic moment along J 
will bo given by ^ 

/A -(2/Vcosj8-|-./ycoso£), 

siuco the spill gives l.wo IJoIir iiiagnctoiis for each quantum It of angular 
inomcntinn. Wo thus have 



t A. LuikUS ZvUn.f. Phi/fiik, 19 , 1112 (19123). 
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where 


g 


^ |i , ^cos^ j^ 


The quantity g is called the Land4 factor. Since 


we find 


tsj • 


th! mechanical value for the angular momentum 

in terms ot the quantum numbers, we find 

u=ri+ l^+i)+i(i+i)- za+in 

L 2io‘+i) J- 

^e^afZrT T'" ^ component of the 

gular momentum along the field will take up the foUowhig values 

Ji 5 

^3 is half an odd integer In 

either case the energy interval between two adjacent terms is 

AW = fEg, , 

2m<y (^) 

21. Wave functions for the spin 

itro“jr ±;.o 

field is ^ ®“®rgy of the electron in the 

(o-^ = ±1). 

*p{^>y,z', <Xg) {og = j^-i). 

The interpretation of this wave function is that 

IiA(®,2^,z; +i)|2dT 
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if a field were set up ia the s-directioii, witli a similar iiiterpretation 

if <Tg= —1. 

Since the interaction between the spin forces and the orbital motion 
of the electron is small, it is a good approximation to take ilj{x,y,z\ a^) 
in the form t \ / i i\ 

where ils(x, y, z) is the solution of a Schrodinger wave equation for an 
electron without siiin, and is a function of the spin coordinates 
only. 

In a magnetic field along the 2 !-axis, the spin can have two stationary 
states. If the energy is wo shall denote the spin wave function 

Xa(o’s). 

where Xa(l) = 1. Xa(— 1) == 0- 

If the spin energy is we denote the con‘esponding wave function 

' x>W. 

where X;8(l) = xM~l) = 

Problems involving the «])in are of two types: 

(a) Those involving the symmetry of the wave function in the many- 
body problem. Those may bo liandlod by the use of the wave- 
functions xp without the introduction of a wave equation. 

(b) Problems involving the interaction of the spin with a magnetic 
field; for those wo need to sot up a wave equation. 

In tho next two sections, therefore, w'c will sliow how to build up 
a wave ocjiiation for tho electron with spin. This equation was first 
obtained, by somewhat difiorent methods, by Darwinf and Pauli.’j; 
It is a non-rolativistic and therelbre only an approximation to Dirac’s 
relativistic ecjuation ((bap. XI). It is nevertheless worth while to 
develop this approximate ecpiation lor the following reasons: no satis- 
factory relativistic ecpiation has Imen given for the interaction of two 
electrons in an atom; also the more elementary tlieory still has to be 
applied to nuclcmr particles (e.g. tho j)roton and lieavier nuclei) wliioh 
have mecjhanical and magnetic moments but certainly do not obey the 
Dirac equation. 

The extra t(n*m in the energy of an electi’on due to its spin sliould 
bo, according to classical mc^chanics, 


((iLH)+J.((i[Ev]). 

t (!. (i. Durwiii, yv«!. Kou. ,Suc.. A, 116, 227 {li)27). 
i VV. J’mili, Phymk, 43, «(H (1027). 


( 10 ) 
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Here (i denotes the magnetic moment of the electron, H the magnetic 
field and E the electric field in which the electron moves, and v its 
velocity. It wUl be noted that [EvJ/c is the apparent magnetic field 
due to the motion of the electron through the electric field E. 

Since p. = (e/OTc)S, where S is the angular momentum, (10) becomes 

i{(SH)+i(S[Ev])}. (11) 

To set up the wave equation for an electron with spin, therefore, we 
should add (11) to the Hamiltonian function. Our first difficulty, how- 
ever, is that we do not yet know how S should operate on ip. We have 
shown in previous chapters that the angular momentum due to orbital 

3 3 

motion appears in the Hamiltonian as an operator x -- — y — , ©tc., but 

dy 3x 

we are now concerned with the internal degrees of freedom of the 
electron, and we do not wish to introduce coordinates to specify its 
orientation in space when in fact only the two values of are 
observable. 

We shall therefore make use of the methods of matrix mechanics, 
here introduced for the first time. 

21.1. Matrix mechanics 

The matrix corresponding to any dynamical variable q) and any 
set of transformation functions g^is) has already been defined. We write 

{n'\L\n'') = I gt\q)L{p,q)gAi)^, 

where p is, as usual, to be replaced by the operator —ihdldq. The 
B.ggrega,te of numbers {n*\L\n'') for all values of n\ n'' is said to form a 
matrix, which may be written thus (if n takes the values 1, 2, 3...) 


mm 

am . 

• A 

l(2|L|l) 

(2|i|2) . 

:: 


As proved in Chapter I, § 7, the matrix elements have the Hermitian 
property {n'\L\n'') = {n''\L\n')*. 

The diagonal elements {n'\L\n') are real. 

An important property of these matrices is that, iiL{p,q), M{f,q) are 
any two dynamical variables, then 

{n'\LM\n") = 2 {n'\L\nf"){n"'\M\n''). 


( 12 ) 
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This is easily proved as follows: the right-hand side of (12) may be 
written 

2 // 9*{q)HP, 9)ff,A9)g?Aq')M{p', q')gAq') dqdq'. (13) 

But sinee tlie functions g^q) form a complete set of orthogonal 
functions, we can expand any fimction F{q) in terms of them; thus 

df'iq) = I ^nqniq)> 

n 

= / ^(q)qn(q) dq. 

F{q) -= 2 J F{q')gl{q')gM) dq'. (14) 

Applying (14) to (13) we see that (13) is equal to 

J g*(q)d^^g,Aq)dg, 

or, in otlier words, to tlio left-hand side of (12), which is what we set 
out to prove. 

It will bo soon from (14) tiiat 

2 l7*(</)!7u(!Z) 0 (2 7^2')l 

} (15) 

-cx) (7-?')/ ^ 

and that the sorios behaves like the ‘8-fuiictioii’, 8(.'r) introduced by 
Dirac. Thin has the j)rop(u*ty tliat 

jf{x'mx~x')dz'^-f{x). 

A furtlier thooroju of importance, and tlio one that we shall use in 
the developfnont of the theory of the spin, is the following: suppose 
a system lias tlie Sehnklinger equation 

" WiP{q) 0 (16) 

from wliich the allow<Hl (uiorgy values W are determined. Then if 7^(7) 
is any transformation function and 

x(™') J g*(q)^q)dq, 

so that |y(«')l® if* the prol)al)iiity that, for the system in the state tfi, 
the varial)lo n has tlie value then (Ki) is eepu valent to 

2 {n'\Il\n'')x{n'')~Wx{n') - 0. 


where 

Thus 


(17) 
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The proof follows the same lines as that given above, as follows : we 
have 

= J i^'{Mp,q)tli{q) dq 
=^Wjg*.(qm)dq, 

which proves the desired theorem. 

As an example of this procedure, the function g„{q) may be the 
transformation functions relating the z-component uh of the angular 
momentum to the polar coordinate so that 

g = e‘“^/V(2i7). 


21.2. Matrices for the spin moment 

In dealing with the electronic spin, the matrix form of the wave 
equation (17) is very convenient, and saves us from the necessity of 
introducing internal coordinates of the spherical polar type to describe 
the rotation of the electron. The coordinate n in this case will be the 
2;-component of the angular momentum which is known to take the 
values only. 

It is convenient as before to introduce the quantity such that 
JcTgSis the component of the angular momentum in the 2 ;-direction, and 


2mc 


the energy in a magnetic field. Then 




Corresponding to our wave functions x(^), we then describe the spin 
by the wave function already introduced 


xW- 

Any quantity L in the Hamiltonian must thus be expressible as a 
matrix / ^ i f i 


and Lx denotes 2 

We thus have to find a matrix expression for the spin angular momen- 
tum S of the electron which occurs in (11). 

Consider the orbital angular momentum Jf of a particle in a state 
with quantum number I, We can then form the matrix of the angular 
momentum 
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For the ^-component the evaluation is elementary; 

^ J d(l> 

= -Si' (u' = u") I 


— 0 (u' 9^ u"), ) 

and direct evaluation gives for the other elements 

(^+i|ii^;» = ^inq[{i^u)[i+i+u)) = ^{u\My\u+\) ] 

with all the other components of the matrix vanishing. 

These forms are deduced for orbital motion, and thus for integral 
values of I and u. We shall, nevertheless, obtain matrices for the spin 
angular momeiituni S by setting I ~~ i, ^ — ± J in these formulae. 

Introducing as l)efoi‘o tlie matrix 

a r.r: {a',\a\al) ^ 

we obtain thus the following values: 




1 0 
0 -1 


An alternative way of obtainijig these matrices is by means of the 
relation j. 

which is easily verified if M has the form of the operator (2). It is 
therefore true also as a matrix ccpiatioii if M refers to the orbital motion. 
Let it be assumed that the same equation also applies to angular 
momentum of the spin. In that case, if we write as before M = Jfia 
we have «• r 9 i 

~ 2?’o'^, (216) 

(T,. f7„ — O’^or.,. -- - 2?’o'j,. (21c) 


Since e, 

the equations (21 b) and (21c) show that the diagonal elements of cr^ 
and (Tg vanish. For the other elements wo obtain from (21 b) 

(-llaJl)-i(-lKll) ( 22 a) 

and from (21 a) 

(-llaJl)(ll<7j-l)-(-lK|l)(llaJ-l) = -2i. (226) 
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Using the Henuitian relation, that 

(l\a^\-l)={-l\cr,\l)*, 
and substituting from (22), we £nd 

This gives for a* c**, 

where oi is an arbitrary phase. The value of this phase will not affect 
any quantities that we may have to compare with experiment, may. 
be found in a similar way. 

It should also be noted that the three matrices a^, Oy, together 
with the unit matrix 

form the basis of an algebra of 2 x 2 matrices; for any arbitrary matrix 
of this type - 

[e dj 

can be written as a linear combination 



of oTaj, Oy, cTg, and Jg. 

Furthermore, if we write Xa. Xj3 niatrix form we have 



so that 



In this way we may establish all of the relations 


^xXp = Xoi \ 

^yXoL = ^yxp = -ixoc [• (23) 

^zXp^—Xp) 

21.3. PaulVs wave equation for an electron with spin 
The wave equation can now be written down. For a point electron, 
for a magnetic field H and electrostatic potential energy F, it is 

The additional terms in the energy due to spin are (eq. (11)) 
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. Eeplacing v by pjm and S by \1va we have to add to the left-hand side 
of (24) { Th \ 

tfi is of course of the form \ft{x,y,z,a^), and 

With this Hamiltonian wo shall solve the following problem. 

Suppose that a beam of atoms in states is passed through an 
inhomogeneous magnetic field (Stern-Gerlaeh experiment), the field 
being in the sa-plane such that — H cos 6, — H sin 6. The beam 

will be separated into two by the field. Let the wave functions of the 
spins in these two states be 

X<x = ^X«(o'=)+-Sxj5(‘^s). 

Xp ^ ^'xJPz)-\ Ji'x?{<^z)- 

Our problem is to lind A and H, and hence the numbers of atoms that 
would be found j)aTallel and antiparallol to a field if it were suddenly 
switched to the c-diroetion. 

The conditions that tho two functions X(t Xp be normal 

and orthogonal gives 


We thus set 


AA^^-l A'A'* I - I 

A — cosAc'>, B sinAp'’', 

A* ■ - — siiiAe'/^, B' “■ cosAc/^. 


( 20 ) 


Further, since Xp iTprosont tho two atalionary states in the field 7/, 
the non-diagonal matrix element x*i^^^)xp vanish, lids gives 

Substituting from (2()) we see that /t ^ v and 

/^sin2A - 77^c()s2A. 

Thus tan 2A * - 

and thus A = \9, 

Thus the relative nuinbers of electrons that will j)oint parallel and 
antiparallel to a field suddenly im|)OHod along the ;:-axiH arc 

cos^Jtf, sin^Jfl. 
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22. Evaluation of the doublet separation in alkali atoms and the 
anomalous Zeeman effect 

The Sohrodinger equation for a point electron in the absence of a 
magnetic field is 22 

(27) 

The perturbing terms due to a magnetic field H along the 2 -axis and 
to the spin are 

Tor a given value of Z, there are 2Z+1 solutions of (27) all with the 
same energy, and 2(2Z+1) solutions when the spin coordinate is intro- 
duced. These will be split into 2(2Z+1) non-degenerate states by the 
perturbing term (28). Fortunately the 2(2Z-i-l) unperturbed wave 
functions can be split into pairs 0^, 0^, such that the non-diagonal 
elements of XJ with respect to states in different pairs vanish, Eacli 
pair corresponds to a given value of the gi-component of the total 
angular momentum; the wave functions are 

For these It will easily be verified that elements of the type 

vanish if 

Neither nor is the correct wave function for our state, unless 
a strong field is applied sufficiently great to break down the spin-orbit 
interaction and orient the spin along the g-axis instead of along L\ 
our wave functions will be of the form 

and the contribution w to the energies will be given (cf. p. 73) by the 
quadratic equation 

{U,^-wm,-w) = \U,,\\ (29) 

The matrix elements can be evaluated as follows: E is given by 




xW 
r d/r ’ 




and thus 
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where M is the orbital angular momoiituni. Thus, if we write 


CO 



0 


we have for the matrix elements of 


V ..-(oLEgwlI) 


with respect to the wave functions \[jf„ 

pf ^ VW+l)~w('iH-l)}\ 

making use of the relations (10) for the matrix elements of M. 
Equation (20) thus becomes 

{w—[jiII{u+l)—Pv]{tv—fiIlu-\-~F{u-\-l)} — P-{l{l+l)—u{u+i)}, 

(30) 

If H vanishes, this gives 

w^-\-Pw = PH{l-\-\), 

whence w ~ PI or w = — P(i -|-1). 

The doublet soi)arati()n is thus 

(2/+l)/\ 

Since P is of order wo do not oxjxujt a noii-iulativistic tlieory 
to give a quantitatively correcit theory; compare the value given by 
the Dirac equation, Oliaj). XT, §r)().2. 

Turning now to the shift of the levels given by a magnetic hold, we 
sec at once from (30) that a strong field [II P) gives 

-w - ja//(v/, I 1) or III In. 

In this case the spin-orbital coupling is bujkeii down ( Paschon-Back 
effect). For weak licslds 


1 

ii-H) 


(27/. I I) 


//’ I P 
2 '//.- 1 -/* 


The Lande //-factor is thus given by 

It will easily 1)0 verified that the usual factor reduces to this form when 
8 = \ (i.e. for one electron). 



V 

THE TWO-BODY PROBLEM 

23. Introduction 

In tlis chapter we consider the problem of two particles, moving in 
one another’s field and also in some external field. Problems in this 
category are: the hydrogen atom when the motion of the nucleus is 
taken into account, the helium atom and the hydrogen molecule, the 
scattering of a-particles by helium nuclei. The most interesting features 
of the problem arise when the two particles are identical, i.e. two elec- 
trons or two a-particles ; in this case we shall find that only half the mathe- 
matically possible solutions correspond to states that occur in nature. 

We shall first develop the theory without taking into account the 
electronic spin. We shall suppose that we have two interacting particles, 
with masses mg, and that their coordinates are 

Ti = (^iJ 1/19^1)9 1*2 ~ 

Then we have seen in § 8 that the state of the system will be defined by 
a wave function Tg) of the coordinates of bolA particles, and that 
the interpretation of ^ is that 

lf/f(rir2)l^dTidT2 

is the probability that the first particle is at the point in tiio volume 
element dr^j and at the same time the second particle is in the volume 
element at the point Tg. The equation satisfied by ^ is 

and F(rirg) is the potential energy of the system when the first particle 
is at Ti and the second particle at Tg. 

23.1. TAe hydrogen atom with motion of the nucleus 
We denote by r^, rg the coordinates of the nucleus and electron 
respectively, and by m^, mg their masses. The potential energy of the 
system is where 

Iti-rgl ==- ^l{{xj^—X2)^+{yi-y2Y+{zT^—^^ 
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is the (hstance between the electron and the nucleus. To solve equation 
(1) we mtroduce the coordinates of the centre of gravity of the system 

R = (%ri4-m2r2)/(mi+m2) 

and the distance between the particles 


r == 


The equation then transforms into 




where 

and 


8t 2M 
= 


2m 

■+— +— 


dX^ 

M — mj+ma, m = mi7tt2/(»«i+«*2)- 
The equation is now separable. If we write 


(2) 

( 3 ) 


^ = i/'i(RM2(r), 

lA IS a solution of the equation if satisfy the equations 







The first is tiio c(iuati<)ii for the wave function of a free particle of 
mass M; tlio solutions 
a whole. Tlio socoiid 
hydrogen atom; from it 
atom are given by 

where m is jiot the mass mjj of tho electron but 


represent the motion of tho hydrogen atom as 
O(iuation is tho Schrodingor equation for the 
we deduce that tho energy levels of the hydrogen 



The same result was obtained on the old quantum theory (§9). 

23.2. RoUtUmud and vilmiHomd ulalc/t of Uw. diatmnic mohetde. 

Suppose tho Schro( linger oejuation for tho electrons in a diatomic 
molecule to he solved for tho case when tho distance between the two 
nuclei IS r. Tho energy of tlio electrons in tho lowest quantized state 
will be a function of r; wo may denote it by W{r). If we add to this 
the potential energy of the mioloi in one another’s field, we get an 
expression for tho total energy that tho system would have if the 
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nuclei were held rigidly at rest at a distance r apart. We denote this 
energy by F (r). For stable molecules we expect a curve with a minimum, 

In considering the rotational and vibra- 
tional states of a molecule, and hence the 
motion of the nuclei, it may be shownf 
that it is a good approximation to treat 
the nuclei according to SchrOdinger’s equa- 
tion as moving irnder a mutual interaction 
with potential energy F(r). In that case 
the SchrOdinger equation is formally the 
same as that discussed in the last section, 
if m^, mg are the masses of the nuclei. 
The solution is in fact 

where ^i(R) describes the motion of the 
centre of gravity as before, and ^ 2 (r) is of the form 

Pl:(cos (4) 

where L{r) satisfies 

? - 0 . 

The approximation usually made in describing the levels is tliat for 
the lower vibrational states only the form of F near the minimum need 
be considered, and so F may be written 


as shoTm in Fig. 16. 



Eia. 16. Energy of a molecule 
as a function of the inter-atomic 
distance R. 


In a crude approximation, assuming the amplitude of the vibrations to 
be small compared with ro, we replace K[K+\)lr^ by K[K+\)lrl. 
The energy values are then 


W = hv{n-{‘\) 


2mr§ 





The first term gives the vibrational energy, the second the rotational 
energy. 

These energies are in general small compared with electronic energies, 
containing as they do the large nuclear mass m in the denominator 
either as m* or m. The interval between the rotational levels is in 
general less than that between the vibrational. 


t M. Bom and J. R. Oppenheimer, Ann, d. Physik, 84, 467 (1927). 
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In the case where the diatomic molecule is built up of two atoms 
of the same kind, as for example in the hydrogen molecule Hg, the 
wave functions rg) have certain symmetry characteristics which, as 
we shall see in the next section, assume great importance. Suppose we 
interchange the positions of the two pai*ticlcs. Then R, the position 
of the centre of gravity, is unchanged, as is also r, the distance between 
them. 0, however, defined by 

cos e (si— 

is changed to tt— 0, and ^ is clianged to It will be seen from the 

definitions of the spherical harmonics that Pj(^(cos0)c^'^ and hence 
changes sign if K is odd but is unchanged if K is oven. Thus 
^(ri ra) = ^(rg Tj) ( K even), 

== “^(^ 2 ^ 1 ) (A" odd). 

24. Symmetry characteristics of the wave functions 
It will now bo shown that the symmetry characteristic proved above 
for the wave functions describing the positions of the nuclei of a 
molecule is a general property of tlio wave functions describing non- 
degenerate states, with quantized energy levels, of any atomic system 
consisting of two identical particles. Wo denote by the group of 
coordinates ci) describing the i)osition and spin orientation 

of the first particle, and ))y that of tlio second; if the particle lias 
no spin, as for the r^-jiartit^lo i'or example, the a-coordinate is omitted. 
Then wo shall show tliat for all non-degonoi’ate states either 

^A(<7i<72) --- 

or (6) 

States of the first typo are called symmetrical, those of the second type 
anti-symmetrical. 

The proof is elementary; i/j satisfies a wave equation of the typo 

=■" 0. (7) 

The Hamiltonian is necessarily symmotrical; therefore by inter- 
changing the suflixes 1 and 2 wo see that ^(yol/i) solution of tho 
same equation as 0 (< 7 | 72 )- solution is non-degenerate; in other 

words, only one solution of the equation exists. Tlioroforo 

where A is a numerical constant. Interchanging q^ and q.^ on the right- 
hand side of this equation we obtain 
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at 


Thus = 1 

and A = ±1. 


We have thus proved that all solutions satisfy one or other of tho 
relations (6). 

We shall now show that if a system is originally in a state descrilx’’* * 
by a wave function of given symmetry it will remain in a state of tli f » t 
symmetry; that is to say, transitions between symmetrical and aixf i' 
symmetrical states are impossible. Again the proof is elementai'.N'- 
Whatever the perturbing influence to which the system is subjecto< 1 , 
it must be represented by a S 3 anmetrical Hamiltonian; thus if 
perturbing field is such that the potential energy of an electron in i t> 
is V{q), the perturbing terms to be added to the Hamiltonian 
Thus the change with time of the wave function 
determined by the equation 


n dtfs 


dt 


Hi/s, 


where H is a symmetrical Hamiltonian containing the perturbing 
functions. 

It follows that if tji is initially symmetrical, the change that wi 1 1 
occur in a time interval 8t is symmetrical; and if ^ is initially ant.i- 
symmetrical, so is Bifi. The symmetry of ^ therefore remains imchangoc I - 

To proceed further, we must appeal to experiment and jjoint out tl 1 
remarkable fact that in nature, in the energy spectrum of a system of* 
two particles, only the energy levels corresponding to states of ono 
symmetry are observed, for instance in the optical spectrum. Foi* 
electrons and also for protons, both of which have a spin of iji, onl>^ 
the anti-s3mimetrical states are observed; for a-particles, which have ii< » 
spin, only the symmetrical states. We shall show below the evidence ^ 
for this statement; we shall discuss first some of its consequences. 

First of all it follows that, in describing pairs of particles in the frtve >> 
state as well as in the bound state, we must use a wave function of the » 
required symmetry. If we did not, we could predict the formation ol' 
quantized states of the type which are not in fact observed. Supposes 
then we perform a measurement on one particle, the results of thc» 
me^urement being describable by a wave function u{q). Suppose wo 
perfo™ another measurement on another particle, and describe tho 
results of this measurement by v(q). Then we might think that thc^ 
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where is the coordinate of the first particle and of the second. 
We know, however, that this is not correct. If the pai*tioles are electrons 
the correct wave function must be 

u{qi)v{q2)-u(a.i)v((li). ( 8 ) 

If they are a-particles the sign must be reversed, giving 

At first sight tliis is rather sui*prising, because having made the 
appropriate measurement we know that paitiole 1 is in the state u. 
It is therefore necessary to introduce a slightly different interpretation 
of the wave function \fj{q^ which describes the state of two identical 
particles. This interpretation is as follows: 

is equal to tlie probability that a particle has coordinates q^, lying 
between g'i and the other particle has coordinates q^ lying 

between q^ and q^+dq^i- No attempt is made to state which particle is 
at wliich position, and the suffixes 1, 2 refer to two volume elements 
in space, rather than to the coordinates of two particles. 

With this interpretation it is obvious that |^((/i(/ 2 )P must be a sym- 
metrical function of and thus that our system of two particles 
must be described either by the anti-symmetrical wave function (8) or 
by the coiTospondiiig symmetrical one (9). Thus, unless in our formula- 
tion of quantum mecliaiiics wo exclude either the symmetrical or the 
anti-symmetrical functions, the theory ])ocomes amlhguous; wo do not 
know wlietlier to describe tlie result of our two measurements by (S) 
or by (9). It is thendbi-e nveef^mry to exclude either symmetrical or 
anti-symmetri(;al functions; to determine which sliould be excluded for 
particles of a given type w(^ still have to appeal to experiment. 

Particles whi(^h must be deserihed by symmetrical wave functions 
are said to obey tlu^ Kinstein-Bose statistics, and particles which must 
be described by an ard.i-sym metrical wave function to obey the Formi- 
Dirac statistics. 

For qua7itizcd systems, zero-order wave lunations can bo shown to 
be of the typos (S) or (9) by a])plying perturbation theory as in § 17.3. 
Suppose, for example, that wo consider two electrons in an atom. Then 
if the interaction between them is neglected or considered small, we 
can retain tlie concept of separate stationary states for the individual 
electrons. Suppose that those states have wave functions Then 
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a state in which one electron is in the state n and another in the state 
W can be described by either of the two wave functions 

or ^„(2)^„,(1), 

both of which give the same energy. The state is therefore degenerate. 
When, however, the interaction between the two electrons is taken 
into account, the energy will in general split; if this occurs, the correct 
wave functions of zero order will be 


That this is the case follows from the proposition already proved, that 
solutions of the SchrOdinger equation for non-degenerate quantized 
energy levels must be symmetrical or anti-symmetrical. It also follows 
from the methods of § 17, If we set for the wave function 

and introduce a perturbing energy F(12), we find that the shift w in 
the energy is given by 

= \V,\^ ( 10 ) 

so that w = 

where _ j ^*(i)^*(2)F(12)^,(1)^.'(2) dq,dq„ 

= J il,*{m.{2)V{12)i,MAl) dq^dq,. 

It will easily be seen that the two wave functions of zero order corre- 
sponding to these two values of w are those given by (8) and (9). 


24.1. Introduction of the spin coordinates 

The electron (and, as we shall see, the proton) has a spin of yi and 
can thus be described by a wave function where takes the 

values ±1 only. Por ease of notation the suf&x z will be dropped in 
this section. 

If we introduce a strong magnetic field H which will break down 
any coupling between spin and orbital motion, or between one spin and 
another, then the wave functions describing the two stationary states 
of each electron will be the functions already introduced, 
defined by 

= 1 . xA^) = 0 (‘^ = 1 ). 

xJp) = 0, XjsW = 1 (v = — 1). 
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A pair of electrons will then have four stationary states, described by 
wave functions , s , \ 

Xcc(^l)Xpi<^2)+Xai<^i)XpM 
Xoc{<^i)x^i<^2)—Xu(f^z)xpi<^i) 

Xpio'i)xp(<^z) 

These states have energies 2^H, 0, 0, —2ixH. The suffixes 1, 2 refer 
to the spin coordinates of the two particles; as already emphasized, no 
attempt must be made to associate either suffix with a particular 
particle. It will be seen that tliree of these functions are symmetrical 
and one anti-symmetrical. 

In the same way, if we are setting up wave functions for (e.g. nuclear) 
particles with spin sTi, so that for each particle there are 2^+1 stationary 
states, there will be (25+ 1)^ states in all. Of these, in 25+1 both 
paiticles will bo in the same state, and the wave function will be 
symmetrical. Of the remaining 25(25+ 1 ) states, half will bo symmetrical 
and half anti-symmetrical. There are thus 

5(25+ 1 ) anti-symmetrical states 
(5 + 1 ) (25 + 1 ) symmetrical states 

When the interaction between the spins is taken into account, it 
may no longer bo a good approximation to express the spin wave 
functions as products or sums of products of the form (11). Nevertho- 
less, the property proved above must persist; if sll is the angular 
momentum of cacli i)artiole, the system of two particles will, for each 
orbital state, have (25+1)^ states of the spin, of which (5+l)(25+l) 
will be described by symmetrical wave functions 5(25+1) 

by anti-symmetrical wave functions x^(^i^ 2 )* 

When therefore wo como to consider the stationary states with 
quantized energy values of two particles with si)in, the position is as 
follows: first of all, the wave functions must bo found for two j^articles 
without spin; these will bo of the form 1 * 2 )* ^ 2 ) 5 «ome, denoted 

by the suffix >S', are symmetrical, others, denoted by the suflix A, anti- 
symmetrical. The complete wave function for the positional and sjun 
coordinates may have cither of the four forms 

Urir,)x8M ) 8y,n,notrical, (13) 

I juiti-Hyininotrical. 




(14) 
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The first two are symmetrical, the second two anti-symmetrical in 
complete group of coordinates (r,ff) that describes the state of blno 
particle. Thus either the first two types, or the second two types, mxis*' 
he excluded. To find out which, we must make use of the observed 
properties. 

We may anticipate the findings of the next section and state here tna-^ 
for protons and electrons only anti-ssraunetrioal functions may be used , 
for a-particles and in general for nuclei with an even number of heav.y 
particles (nucleons) as constituents, only symmetrical functions. 

We have seen that transitions between states symmetrical and anfci- 
symmetrical in the whole group of coordinates (ra) associated with 4^ 
particle are absolutely forbidden. Transitions between states of tho 
two types, for example 

(lf>) 

while not absolutely forbidden, have nevertheless very low intensitiesi - 
The matrix element of any perturbing function V{ria^\ rgOTa) vanishes 
with respect to these two functions; it will be shown in Chapter X thsit' 
this matrix element determines the transition probabilities. To obtai 1 1 
a finite transition probability, therefore, more accurate wave functions 
the approximate ones (15) must be used; in other words, tho 
effect on the wave functions of the spin-orbit interaction must be takeix 
into account. In particular, for nuclei, since the magnetic moment"* 
of the nucleus is about 1,000 times less than for the electron, tlio 
probability of these transitions is very small indeed. 


24.2. Application to diatomic molecules 

The considerations of this section are valid only for lifymonV'CJ^ftr 
molecules such as in which the two nuclei are identical. If tlio 
element consists of a number of isotopes, they do mat apply to tho caRO 
where the two nuclei have different masses. 

We denote by r^, the spatial coordinates of the two nuclei, aiicl 
by Oi, ffj their spin coordinates. The orbital wave functions ^(r^r.^) 
have already been foimd; they are of the form 

= J^(cos0)e^«^L(r), 

where (r,0,^) are the spherical polar coordinates of the vector Ti—rg. 
It has already been shown that is anti-symmetrical if K is odd^ 
symmetrical K is even. 

K then we limit ourselves to anti-symmetrical wave functions, we see 
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that for a given orbital state the spin wave functions will give rise to 
( 5 + 1 )( 25 + 1 ) states if K is odd, s{2s+l) if Z is even. If we are limited 
to symmetrical wave functions, these numbers are reversed. Let us 
then consider transitions between two electronic states of a diatomic 
molecule; the energy levels corresponding to the two states will be, 
according to formula ( 5 ), 

W,+hv.,{n'+ 

where 1^ are the moments of inertia of the two states. The usual 
selection rule for diatomic molecules is 

or ±1, 

but for homonuclear transitions K—K'=^ ± 1 is excluded by the argu- 
ments of the last section. Therefore the rotational structure of a band 
is given by the formula 

r /;2 *2 1 

( 16 ) 

Also, if a gas containing diatomic inoleciilos is in thermal equilibrium, 
there will be differing numbers of molecules in states with odd and 
even K, the nunibors being in the ratio s:{s-]r^) oi* ( 5 +l): 5 . Further, 
this ratio will not be altered when tlio molecule is excited by electronic 
bombardment or in any other way, since the })robability of transition 
ftom odd to oven states is so small. Thus, finally, we see that the 
iTiiensities of the linos given by formula (!(>) should alternate, odd lines 
and even linos having intensities in the ratio 6*/(.9+l) or (5+1)/^. 

Turning now to the results of olKservatioiis on diatomic molecules, 
it is found that for the molecules Hcjj, (Ig, and Og the linos with odd K 
are not observed; thei’cdbro those nuclei must liavo no spin and obey 
Bose-Einstein statistics (symmetrical wave i unctions). Also for Ng the 
odd states have lialf the intensity tliat the evoji states have. There- 
fore the nitrogen nucleus lias a spin ol unity (6* ” J) and again obeys 
the Bose-Einstein statistics. 

It should bo pointe<l out that those relations hold only when the 
molecule is formed from the common isotope, e.g. H04, 0i2> oi* Oic 
such alternation of intensity is expected or observed for molecules of the 
type O10O17, for oxanijilo (for which the rotational levels are slightly 
displaced on account of tlie changed moment of inertia). f 

It is significant that nuclei of even atomic weight always obey Bose- 

■f Cf. K. T, Birgo and A. »S. King, r/iys. Rev. 34, 370 (1929). 



112 THE TWO-BODY PROBLEM § 24 

Einstein statistics, as far as known. This is to be expected if they are 
built up of heavy particles (protons and neutrons) only. 

Eor hydrogen, lines corresponding both to odd and to even values 
of K occur; but lines for which K is odd have three times the intensity 
of the lines for which K is even. This shows that hydrogen nuclei 
(protons) obey Fermi-Dirac statistics (anti-symmetrical wave functions) 
and have a spin of one-half quantum (sX where 8 = 1). 

Results for many other nuclei can be found in any book on nuclear 
physics, for example the review by Seaborg, Rev. Mod. Phys. 16, 1 
(1944). 

The arguments given above show that transitions between the two 
forms of hydrogen (those with odd and even values of K) will proceed 
at a very slow rate. This means that if hydrogen gas in equilibrium 
at some temperature is heated or cooled to some new temperature, it 
will take a very long time to reach equilibrium. This gives rise to 
anomalies in the specific heat of hydrogen gas at low temperatures. 
The two forms of hydrogen {K even, K odd) are called para- and ortho- 
hydrogen. The one form can only be changed into the other by a 
catalyst which dissociates the molecule and allows the atoms to recom- 
bine after being mixed up.f 

24.3. The helium atom: general principles 

Considering first the orbital motion, and hence the wave functions 
for the spatial coordinates, we expect to have a series of symmetrical 
wave functions associated energies and anti-sym- 

metrical wave functions ^^(r^Tg) with energies Wj^. The ground state 
will be a symmetrical function. Including spin coordinates, the anti- 
symmetrical functions are of the type 

one spin state, | 
three spin states, j 

If electrons obey Fermi-Dirac statistics (as they do!) we expect there- 
fore to find in helium two sets of energy levels, between which optical 
transitions are extremely weak. One set of these, known as the par- 
helium levels, will have symmetrical orbital wave functions and will 
thus include the ground state; these states have zero spin moment 
(anti-parallel spins) and are not split by the spin. The other set (ortho- 
helium) with anti-symmetrical levels will be split into three states by 
the spin and thus give a triplet series. 

t Cf. for example, R, H. Fowler, Statistical Mechanics, 2nd ed, (Cambridge, 1936), 
p. 860. 
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The spin wave functions (17) are wave functions for statioruiry states 
only if a strong external magnetic field is applied, sufficiently great to 
break down the spin-orbital coupling and produce a Paschen-Back 
effect. The spin wave functions in the absence of an external field will 
be combinations of tlioso wave functions. For a mathematical treat- 
ment of this case, a derivation of the triplet separation and of the 
Land6 gr-factor, cf. for example H. Bethe, Handb. d. Physik, 24/1, 
p. 393 (1933). 

Methods of obtaining the orbital or spatial wave functions are given 
in Chapter VI. 

24.4. Collisions between identical particles 

The symmetry cliaractcristics of the wave function affect the in- 
tensity of scattering when one i>article collides with another of identical 
type, for example when cY-particles are scattered by helium gas. The 
wave equation for the two particles 
(equation (2)) can as before be solved 
in the form 

where R is the coordinate of the 
centre of gravity and r is the vector 
joining the ]K)sition of the two par- 
ticles. If we reler ilu’! system to 
moving axes with resjXMd. to wliich 
the centre ol‘ gravity is at rest, 

^i(R) is a constant; w(^ t hus consider two streams of particles impinging 
with e(pial and opposites velocities, as in Fig. 17. The function *// 2 (r) 
satisfies the dilTcirent ial eipiation 

where F(r) is the intenietion (^n<a*gy and 7/i* is the ‘rediioed mass’, in 
this case half tlu^ mass of (nther particle. As will be shown in Cihapter 
IX, a solution 0(r, r.^) (‘an be obtained which for large r has the form 

i) 

^ ( 18 ) 

With this unsymmetrical wave function wo should interpret \f{0)\^ as 
the number jxn* unit solid angle s(!atterod from Ixuini A and 
as the number s(!atter'(xl in the same direction from beam li. ^Fhe total 
intensity of sc^attering would thus bo 

\mmf(7r^e)[K 

I 



Fid. 17. ('OlliHion Ix^twoon idoiiiic^al 
jMirtich'H. 


6072 


( 19 ) 
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The function (18), however, does not have the desired symmetry, 
Suppose, for instance, that we are dealing with a-particles; for these 
the spin is zero and the wave function must be symmetrical. Since 
an interchange of the coordinates of the two particles changes z into 
— z and 0 into tt— ff, the correct wave function is 

fiikr 

and the total intensity of scattering in the direction d is, instead of (19), 

( 20 ) 

There is no possibility, theoretical or experimental, of distinguishing 
between knocked-on and scattered particles; (20) gives the total 
number. 

It is particularly to be observed that when 6 = 90“ formula (20) 
gives just twice as many scattered particles as the unsymmetrical wave 
function (19). 

If the velocity of the particles is not too high, the electrostatic 
repulsion between the particles alone is responsible for the scattering. 
Under these conditions, as shown in Chapter IX, \f(0)\^ reduces to the 
form given by classical mechanics, namely 

and thus the quantum mechanical formula (20) gives just twice the 
classical value at 90°, 

In order to verify this prediction of quantum mechanics that for 
identical particles without spin the scattering would be twice the 
classical, experiments were carried out by Chadwick, f who bombarded 
helium with a-particles; it is then to be expected that twice the classical 
scattering will occur at 45° (since in the actual system the centre of 
gravity is not at rest). In Fig. 18 a is shown the ratio of the observed 
number of scattered particles between 40° and 50° to the number to 
be expected classically. It will be seen that at low velocities this ratio 
tends to 2; at higher velocities the scattering is determined by the 
structure of the a-particle. 

For Coulomb scattering the function f{6) has the form^: 

Ze^ r 1 

^^-^cosec^lflexp — i-^log(l— cos0)+const. . 

The phase factor, which contains Planck’s constant h and is therefore 

t J. Chadwick, Proc. Roy. Soc. A, 128, 114 (1930). 
t Cf. Mott and Massey, Theory of Atomic Colli&iona (Oxford, 1933), p. 36. 
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a consequence typically of quantum mechanics, does not affect the 
collision between particles that are not identical. As is evident from 



Fig. 18a. liatio of ol)H<*rv<*(I sciittcM’inijf of ac-pnrti<^loH in lu'iliiini to (^hwHicuil Coulon\b 
scattering. K is th<i i'tiergy of tlu' ])art>i<*Io, nii<i tluit of (.iu» original particle from a 
polonium sources 



Fra. IK/j. Tlieon'lical valu<^ of ratio hIiowil in. Fig. IS a. Curve 1, u 8:< 10**, 
ourvo 2, e •! 10 ", ourvt^ .‘J, v 2,-, 10 “ ein./wvi. 

formula (20), liowover, it. does do so in the case of identical particles; 
the ratio of the scattering given by (20) and by the (classical) formula 
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(19) is plotted in Fig. 186 for values of the velocity equal to 2x 10®, 
4 X 10® and 8 x 10® cm. per sec. The smaller the velocity, the more rapid 
are the oscillations. 

In order to verify the existence of these peaks a detailed statistical 
investigation was made of the scattering of a-partioles by helium in an 
expansion chamber by Blackett and Champion.t The results fully 
confirmed the existence of the minimum round about 36° for v ~ 2 x 10® 
cm./sec. 

If the colliding particles have spin (protons or electrons) the treat- 
ment is rather more complicated. In this chapter a discussion will be 
given only of the case where the particles have spin ^ (angular momen- 
tum and obey Fermi-Dirao statistics. 

If the particles have opposite spins, they may be treated as distin- 
guishable; the number of particles scattered in the direction 6 will be 
given by (19), namely 

( 21 ) 

If they have the same spin, the wave function in the spatial coordinates 
must be anti-symmetrical; the number of particles scattered will there- 
^orebe (22) 

Taking the mean of the two, the scattered intensity is 

i.e. 

This formula may be obtained in a slightly different way. Suppose 
that a measurement is made which shows that one electron is in the 
neighbourhood of the point A, with wave function ^^(r) and with spin 
wave function Xa(^)5 second electron has wave functions 
Then the wave function describing the pair of particles is 

lA4(ri)Xa(si)^jB(r2)xj3(®2)— ^.4(r2)xa(s2)!^i?(ri)xj8(«i)- 

If the spins are in the same direction (od = ^8), then it follows that the 
spatial wave function is anti-symmetrical and that the scattering is 
given by (22). If they are in opposite directions it may be written 

4{i('^(1)^b(2)-1^^(2)^£(1)}{x«(1)x^(2)+X^(1)X«(2)}+ 

+K^^.4(l)^J'5(2)+«A^(2)^B(l)}{Xa(l)x^(2)-xMl)Xa(2)}. 

t P. M. S. Blackett and F. 0. Champion, Proc. Roy, 3oc. A, 130, 380 (1931). 
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From this it follows tliat the scattering is given by 
which is identical with (21). 


24.5. The Pauli 2 )rinci 2 >le 

The Pauli principle, as originally fornuilatod, stated that no two 
electrons in an atom could Iiavc the same set of four quantum numbers. 

The Pauli principle follows from the more general statement that the 
wave function Tgo-g, rgo-g...) of all the electrons in an atom, or 

in any other system, must be auti-symmotrical in the coordinates of any 
two electrons. When the interaction between the electrons is small 
enough for it to be possible to represent the orbital wave function by 
a product of functions of the coordinates of individual particles, the 
Pauli principle results. Tliis may bo seen as follows. 

It is simplest to cojisicku* an atom in a strong magnetic field suffi- 
cient to produce a l^ischon -Back effect, so that there is no coupling 
between the spin and the orbital motion. Suppose that the n individual 
electrons arc in orbital states a, A, r,..., 71 with wave functions 0„(r), 
If the total spin along the field is sh, this means that * 2^+5 
sjuns are oriented along the field and in the other direction. 

Thus there are 7 / ,s*)! ways in which a spin wave function 

Xai^) or xp(^) 1)0 associated with an orbital wave function ^„(r). 

Let the scries of functions 

- (23a) 

represent one of thes(>s ways; the suflixes a, h, c, must when a])i')onded 
to X denote iv or jS. Tluin, as long as none of these wave fiinctions is 
the same, wo can form an anti-symmetrical wave function in the form 
of the determinant 


i’i,{^i)xh{"t) hi'^3)xi>i"-i) • 


(23 fc) 


If, however, any of the individual wave fiiiudlons (21) a) are the same, 
(23ft) vanishes and no anti-symnietrieal wave function is possible. Tins 
proves the J^auli priiuaple. 

The function (23 ft) is not the <?orrect zero-order wave function of the 
system; to obtain this we must add tog(dIierall oftho??.!/(.]7^.~5)!(•J7^-h‘^)! 
functions of the ty|)(^ (23ft) whicdi do not vanish, with coefficients which 
have to bo deicTinined. Methods l)y which this can bo done are 
described in Chapter VJ. 
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25. The helium atom: methods of obtaining wave functions 

In this section we discuss only the wave functions in the spatial 
coordinates; we have therefore to solve the SchrOdinger equation 




2e^ 

4- — -4 

2e2 c2 \ 


^2 Iri-rslJ 


= 0 . 


(24) 


As has been shown already, we expect to obtain a series of symmetrical 
wave functions with corresponding energy values, which with 

the introduction of the spin remain singlet terms, and a series of anti- 
symmetrical wave functions which become triplet terms. 


25.1. Perturbation method of obtaining energy levels 
In order to obtain approximate values for the energy levels it is 
convenient to consider both electrons moving in some field V{r); the 
SchrOdinger equation 

VV + ^{TF-F(r)}^ = 0 (26) 

is then solved, and characteristic energies and wave functions 
obtained; wave functions of zero order for the helium atom are then 
taken to be , 




with energy and the remaining term in the potential energy 

V{T,T,) = - +_L^^F(r,)-F(r,), 

is treated as a perturbation and the change in the energy is calculated 
by the methods of Chapter III, In his original paper on the helium 
atom, Heisenbergf took for F(r) 

FM=_2t'+vW 

r \ = e2/r {r > r^), 

where Tq is some suitaibly chosen rAdius; clearly each electron will move 
in the field of a doubly charged nucleus for small r and that of a singly 
charged nucleus for large r. This form of V(r) is not, however, the best 
possible choice (cf. § 25.2). 

The change in the energy due to the perturbing term ?7(rir2) is then 
(we write ^(1) for ^(r^)) 

i // \UmA2)±M2)>PAl)mr^r,)dr^d^^, 

t w. Heisenberg, Zeita,f. Physik, 39, 499 (1927). 
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which reduces to where 

= JJ 

and A;,„- = JJ C^(rir 2 )«/-,i(l)^*-(l)«^„( 2 )i^*,( 2 )(iridTa. 

The integral K is called tlie ‘exchange’ integral. The ground state 
of helium has tlio wave function of zero order there is 

thus no splitting of the energy value when interaction between the 
electrons is taken into account; when, however, one electron is excited 
the pair of wave functions of zero order 

^«(1)!A.(2)±*Ao(2)«A.(1) 

are possible, with energies to the first order 

The terms with the })osiiive sign form the scries of levels (singlets) which 
include the ground state. 

25.2. Choice of the field r(/*); the Harlree method, of the self-consistent 
field 

It has been shown by Hartreof that the host field V{r) for the calcula- 
tion of the wav(^ luiK^tions ol* zero order, at any rate for the ground 
state of holiutn, may he obtained as follows: if is the wave function 
for the ground slate ol* an electron moving in the field F(r), and thus 
the solutioTi of (25), V(;r) is given by 



This field is termed the* self-(u)nsistent field; it can only be obtained by 
a series of successive approximations, since ifj cannot bo calculated until 
an estimate of V is made, wliich must then bo modified using the value 
of iff obtained. 

It will be se(m that V(r) is f.he ])oi.ential energy of an electron in the 
field duo to the nucleus a.nd to a charge distribution (duo to the other 

electron) of density f'|»A(r)l“ at any point at a distance r from the 

nucleus. 

The solf-consistent ('Kpiation is thus 


t i>. K. llartiv('. /’m-. Camh. 1‘hH. Soc. 24, 89 (1928). 
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It ■will be noticed that W on 2Wia not directly related either to the ioniza- 
tion potential or to the -total energy of the atoms. The total energy 
of both electrons (minus the work required to remove them both) is 

jj 

= 2m;— e* JJ ^_^|^(1)|2|^(2^ 

It is important to realize that the Hartree approximation does not 
entirely neglect the influence of one electron on another; for instance, 
in helium the field V{r) behaves as —2e^lr near the nucleus and as 
at large distances, owing to the screening effect of the other 
electron. On the other hand, if one electron is on the right-hand side 
of the atom, the other electron is more likely to be on the left than on 
the right because of the repulsion between them. This fact is neglected 
in Hartree ’s approximation; to take it into account terms involving 
iTi— ral must be introduced into the wave function. 

The proof that the self-consistent field gives the best approximation 
for the ground state requires the following lemma: 

Consider a Hamiltonian function from which a Schro- 

dinger equation can be set up. Let tfj{q ...) be any function of the space 
coordinates q satisfying the normalizing condition 

jxlt*>lsdq= 1. (27) 

Then, if the integral ^ ~ j dq (28) 

is formed, the lowest energy value 1^ corresponding to a characteristic 
solution of the SchrOdinger equation 

(£r-F)^=0 

is equal to the lowest possible value of the integral (28) for all possible 
choices of tji which obey (27). 

The proof is as follows: suppose we vary ifi by adding to it a small 
arbitrary function 8^ of q. Then since the integral (28) is a minimum, 
the change in its value will be zero to the first order. Thus 

J dq+ J 8^ dq = 0. 

By the Hermitian property (cf. Chap. I) the two integrals are equal; 

we thus obtain /. 

J dq = 0. 

This is valid for all functions hifs such that, by (27), 

J dq = 0. 
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Using the method of undotcrminod multipliers, we see this is the case 
for a certain choice of a parameter A if 

J A^) dq = 0 

for all functions 8^*. It follows that 

//0~A^ = 0, 

which gives us just the Schrodingcr equation. 

The other solutions of the SchrOdinger equation also give minimum 
values of (28), i/j being varied in such a way as to keep the number of 
nodes or nodal surfaces in the wave function a constant. 

The self-consistent or Hartree solution can now bo shown to be the 
one which gives the minimum energy, and hence tlie best approxima- 
tion to the wave funci.ions when (in the case of an atom with two 
electrons) the wave function 0(r^, r.^) is taken in the form of a simple 

0(r.»(r,). (2») 

For if we substitiilo. (29) in (2K) al)<)vc ivnd vary i/t by Si/j wo obtain 

I ^42)//^(2)r/r,j,Ml)dT^ - 0 

for any variatiojis of 0(r) which satisfy 

|* *//(■/*) 8?//(r) f'/r ■ 0. 

Using as before the mcif hod of undcitenniiied multipliers, we obtain the 
following differential e<|uation <.0 <Ieter!nine i/j(r): 

I f ^.(2)//^.(2)dr,j,/>(I)- HV/(1) 0. (3(y) 

The term in the curly brackets gives 

r .A(2)//^;(2)r/T, . - VM-F(r,)-| -.d, 

J *juI 

where V{t) is defined by (2(i) and 

Equation (30) thus Ixuioimvs 

where w = 'I'liis is Hari.reo’s self-cionsistont equation for 0. 

It will be notcxl that tlu^ total energy of the two electrons is given by 
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25.3. The Fock equation 

If, in the approximation of zero order, the two electrons are not in 
the same state and thus if an excited state of the helium atom is under 
consideration, the wave functions derived by Hartree’s method do not 
give the best possible approximation. If the wave functions concerned 
are Hartree’s method would consist in making the integral 

// 

a minimum. A better value for the energy will be obtained by using 
symmetrical or anti-symmetrical wave functions for the terms of ortho- 
and parhelium respectively and minimizing the integral 

This was first pointed out by Fock.f and the resulting equations are 
called Fock’s equations. These equations are, as may easily be shown 
by the methods of the last paragraph, 

+ W''— floo— G'oo(’‘)| = ±{^12+ G'i2(»‘)}^o> 



As in Hartree’s equations, a solution can only be obtained by a method 
of successive approximations. An attempt to solve the equations for 
the excited s-states of helium has been given by L. P. Smith. J 

Further consideration of Hartree’s and Fock’s methods for atoms 
of more than two electrons is given in the next chapter. 

26. The deuteron 

A two-body problem of some importance in theoretical nuclear 
physics is that of determining the energy levels of the deuteron. The 
deuteron, consisting as it does of two elementary nuclear particles (or 

V. Pock, Zelts.J, Physlk. 61 , 120 (1930). See also J. C. Slater, loc. cifc., and Brillouin, 
Actualitis SdentifiqueSf iv (Paris, 1934), who gives a detailed account of the two equations 
and of the relation between them. 

t L. P. Smith, P?iys. Rev. 42, 176 (1932). 
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nucleons), one proton and one neutron, plays in nuclear jdiysics a role 
similar to that assumed by the hydrogen atom in atomic physics. 
Further, since any two-l)ody problem can be integrated explicitly if 
the force between tlie two particles is a known function of their distance 
apart, calculations on the deutoron are more suitable for quantitative 
comparison witli the experimental results than any others in nuclear 
theory. 

In order to deal with the two kinds of nucleons it is necessary to 
introduce a coiivonieiit formalism; this was first achieved by Heisen- 
berg, f who introduced the isotopic spin variable t analogous to the spin 
variable s. Just as in the latter case s = I represents a particle with 
a spin in tlie direction of tlio s-axis and 5 ~ ~1 a particle with spin 
in the opposite direction, / ~ 1 represents a neutron and t — 1 
represents a proton, lii precisely the same way there are isotopic spm 
operators ^ corresponding to the Pauli spin operators 

a = (cT^, cr-) defined above. 

The wave function of the deutcu’on is thus a function not only of 
the space ccjordinates of the two particles but also of the spin 

coordinates s^^\ ,s*^‘‘^hind the isotopic spin coordinates PK Thus 

i/i..: ( 31 ) 

For the deuteron the wave function «// juay bo written oh a product 

whore cf) is a runctioii of t he spac^e variables and x function of tlie 
spill and isotopic spin variables. For nuclei containing more than two 
nucleons it is not iiussible to separate the space coordinates from the 
spin and isotopic spin variables in this way. 

To fulfil tlie l^iuli c^xc^liision principle ^ must bo an anti-symmetrical 
function. Thus eitluu- f/> is symmetrical and x anti-symrnotrical or ^ is 
anti-symmetrical and x symmetri(^al. In the ground state we would 
expect tlio fornuM- of t hese (conditions to hold. If wo denote the spin 
wave functions by a.s above, and the c.orrcsponding isotopic 

spin functions by y^, t lnm for the triph^t state we liave 

X,nX:xSXoc,Xl3,-XpiXj> ( 33 ) 

and for the singlet st-ate 

(x.«, X/J. - X/J, x«,)(x«. X^.-I xj5i X«J- 
Using the n^isults (23) of (Iiajder IV we Iiave 

<^‘’x.>. ■ ^ (X/J.’ l-''X^i.X.x,). 

I W. 1 lois('iil)org, /jviltt.J. Vhyalk, 77, 1 (11)32). 


( 34 ) 
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and similarly for 

(o^^-o‘®)Xai Xa, = (f^^hax -O^^Xa.) = Xax Xoc,- ( 35 ) 

The T*s and x& satisfy the same relations as the a’s and ^’Sj i*©* 

•^aXa = XjS. ’•j/Xoi = +^X/5. 'r*Xa = Xa 
'TxXp = Xoc. Tj,Xj 3 = — *Xct. -TaXp = — Xj5 
SO that (‘t<“-'t^®)(XaiXj5,— XjJiXoi,) = — 3(Xai-Xj5»— XjJi-xJ- (37) 

Now according to the MoUer-Rosenfeld meson theoryf of nuclear 
forces the interaction between two nucleons is given by 

u = ('!<«. t(2>)[(?*+(o^^>.o'®)J®] — (38) 

^12 

where denotes the distance between the two particles, F and G are 
two constants with the dimension of electric charge, and A is a constant 
related to the mass, m, of the meson by the formula 




(39) 


If M denotes the mass of a nuclear particle, then transforming the 
Schr5dinger equation to coordinates in which the centre of gravity is 


at rest, we obtain ^ 


(40) 


as the wave equation for the deuteron. 

For the triplet state we have from equations (35) and (37) that 

= -3(F2+(?2)^^, 

and similarly for the singlet state it can be shown that 

U4> = ((?2-3Fa)— f 

T 

Thus in both cases we may write for the state (J = 0) of the deuteron 


Writing 




r = p/A, B = 6 ^Uc, If 
\M] 


we obtain the equation 


j ( Wb\ "tlT ( a 

\Mj \Mj 




t 0. Mailer and L. Bosenfeld, D. Kgl. Danslce Videmk. Sdskab, Mek.-fya. Medd. 17, 
Ko. 8 (1940). 
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The dilferential equation (41) satisfied by the radial part of the wave 
function for the ground state of the deuteron has been studied in detail 
by A. H. Wilson. I The problem now is to determine a when b is known. 
Assuming a solution of equation (41) of the form 

0) = (42) 

so that d^^jdp^ is equal to we have to determine the energy 


00 00 



0 0 


Now J <E>*0 dp — 

0 

so that we obtain tlio relation 

a = — 


j p (l+«)® 


_bod__ 

2(l+a)^ 


— J-aS 
4“ 


To obtain the best value of a wo minimize a with respect to ex. In this 
way we obtain the parametric equations 


4(c\+^) ^ 0d(a+3)’ 


giving the relation between a and h. Wilson compares this solution 
with that obtained mechanically by means of a differential analyser. 
The results am summarized in the first three columns of the table below. 




h 


a 

Anahjavr 

WUnon 

llullhhi 

ooo 


-2-()() 

-1-08 

- 0-25 

— 2*73 

- 2-81 

-2-77 

- ()-r)0 

— 315 

-3-23 

- 3'2() 

- ()-7r) 

-3-48 

-3-54 

-3-52 

-loo 

-3*70 

-3-83 

- 3-82 


The second column gives the value of 6, corresponding to the value 
of a on the left, as determimul by tlie dilTerential analyser. The third 
column was constructed by (^alculating h from cciuation (43) for the 
value of a necessary to give the j)rescribc(l value of a. It will be observed 
that those values of lie close to each other except in the neighbour- 
hood of a 0. Wilson also eomputed the relations between a and b 
arising from taking a wave limction of the form 

<|) rr:= p((r^^P—e-^PP) 

t A. H. Wilson, iW. Camb, rhil. Soc. 34, 305 (1938). 
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containing two parameters a, P; but he found there was no marked 
improvement on that obtained iiom the wave function (42). 

More recently Hulth^nf has employed an approximate wave function 
of the form ^ ^ (44) 


where y is a parameter. The values of b resulting from this wave 
function are given in the final column of the table. The agreement with 
the exact solution obtained from the differential analyser is very close 
in this case (cf. Fig. 1 of a paper by FrOhlich, Ramsey, and Sneddon). J 
In calculating the binding energies of more complicated nuclei 
Hulth6n*s wave function (44) is not much more accurate than Wilson’s 
approximation (42) and the latter is easy to handle analytically. By 
means of these calculations and a similar one for it is possible to 
calculate the constants jP, Q, m of the Meller-Rosenfeld theory, § and 
to show that it leads to results in agreement with the observed angular 
dependence of the neutron-proton scattering.J The value of the meson 
mass obtained in this way is about 220 electron masses, while cosmic- 
ray observations give a mean value of about 200 electron masses. || 


t L. Hulth&a, Arkivf. astr. o.fys. 28, No. 5 (1942). 

t H. Frohlich, W. Ramsey, and I. N. Sneddon, Rep. Int. Oong. on Fv/tidatn-enfnl 
Pa/rticlea, Cambridge (1946), p. 166. 

§ H. Fr6hlich, K. Huang, and I. N. Sneddon, Proc. Roy. Soc. A, 191, 61 (1947). 

II W. F. G. Swann, Reporta Prog. Phyaica, 10, 46 (1944-5). 



VI 

AT0M8 WITH MANY ELECTRONS 

Introduction 

In the last cliapter we discussed the quaiitinu inechanics of monatomic 
systems next in order of complexity to the hydrogen atom, namely 
those in which two electrons move in the field of a heavy nucleus. 
We shall now consider some of the methods employed to extend the 
analysis to more complex monatomic systems, in which more than two 
planetary electrons revolve roxmd a heavy nucleus. One of the most 
important methods of attack on this problem is omitted here because 
it requires a knowledge of the theory of groups. Accounts of the 
applications of the theory of groups to the discussion of complex atomic 
spectraf should be consulted for details of this method — one of the 
most powerful for the derivation of general results. 

We shall bo concerned liero mainly with an account of the various 
methods of calculating the energy levels and wave functions of complex 
atoms. In many problems a knowledge of the wave functions of complex 
atoms is necessary for the dotcrinination of physical quantities such 
as the radial charge density; an account is given of methods of obtaining 
the wave functions numerically and of approximating to these wave 
functions by moans of analytical expressions. 

27. The wave functions of many-electron systems 

27.1. The Sehrodimjer ecpmlion in atomic nnif.'^ 

In order to avoid the frequent repetition of the constant it is 

convenient to oxx)ress the Kchrodingcr ociiiatioii in the atomic units 
first introduced by Hartrce.J In this system of units the unit of length 
is chosen to be the radius of the lowest orbit in the Bohr theory of the 
hydrogen atom, -= h^lme^. Taking the unit of charge to be tlie 
electronic charge, e 4-8025 x o.s.u., and the unit of mass to bo 
the rest mass, m, of tlio electron (9-10()7 x 10“**^“ gni.), wo find that has 
the value 0*520 x 10"^ cm. 

From these (piantitics wo derive the unit of energy 

e :== e^lr^ -- 4*354 X 10-^^ ergs 27*20 eV. 

Soo, for examples If. Woyl, (huppvnlhvonv. mid Qiiantrnmrrhanik 1028; 

Rng. truriH. London, JOIll); K<*.I<arl., Jtw. Nod. Phytt. 2, .‘t05 (1030); JO. Wigner, 
(Imppenthcoric (l-traiinHtdiwoig, 11)31); U. van <lor Wa<ir<l(in, (h'uppvuthvorvtinvhv Met/iode 
■hi dvr Quanlv mn whit nih (Ii(M*lin, 11)32). 

X D. H. Ilarlruv, Pror. (*amh. Phil. >SV>r. 24, 81) (11)28). 
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The energy e is twice the ionization potential of the hydrogen atom in 
the ground state. The unit of velocity is automatically fixed by the 
relation \m/ol = e once the units of energy and mass are fixed. It turns 
out to be the velocity of the electron in the ground state of the hydrogen 
atom (again, in the Bohr theory); i.e. we have as the unit of velocity 

= e^jn = c/137-0 = 2-188 X 108 cm./sec. 

The unit of time is then chosen to be 

to = TqIvo = 2-4188 X 10-1’ sec. 

In terms of atonaio units the SchrOdinger equation reduces to the simple 

= 0 . ( 1 ) 


27.2. The wave functions of many-electrim atoms 
Employing atomic units we may express the SohrOdinger equation 
for a neutral atom containing Z electrons in the form 


where V| denotes the Laplacian operator 

02 02 02 


( 2 ) 

( 3 ) 


{Xj,yp Zj) being the rectangular Cartesian coordinates of the jth electron 
referred to the nucleus as origin. For the potential energy in the same 
units we have 

F= ^ 

where denotes the distance of the jth electron from the nucleus and 
Tjjf. the distance between the jth and i;th electrons. The Schrodinger 
equation (2) can seldom be solved exactly, but by inaking certain 
assumptions about the nature of the potential energy V approximate 
solutions of equation (2) may be obtained. Of these assumptions the 
simplest is that it is possible to construct a potential function of the 
type 2 ! 

^ = ( 5 ) 

which is a good approximation to the actual potential function V of 
equation (4). Tliis is equivalent to considering the mutual repulsions 
of the electrons to be averaged out in such a way that each electron 
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moves in a static field whicli is independent of the positions of the other 
electrons. Substituting from equation (5) into equation (2), we obtain 

im-V{r,)},/s+W^ = 0. ( 6 ) 

J^l 

An equation of this type may be solved by setting for ^ a product of 
n wave functions, ^(r^), each of which is a function of the coordinates 
of one electron only. Thus if is a solution of the wave equation 

[i-V?+{Wi-F(rJ}]^,(ri) = 0, (7) 

and if defined similarly, it can readily be 

shown that the product 

is a solution of the SchrSdinger equation (6) corresponding to the energy 

W - W,+W,+...+Wz. 

If we now introduce the electron spin, we may associate either of 
the two spin wave-functions Xoti^j)^ Xpi^j) spatial wave- 

functions ^(ry) so that the spin is considered as doubling the degeneracy. 
To denote that the wave functions are dependent on the four variables 
X, y, s, a for c^ach electron we introduce a vector to denote the four 
quantities r^, Q.y The wave functions corresponding to the jth electron 
are then written symbolically 

(8) 

Thus if wo include the electron spin there will be at least two (and, in 
the case of degenerate functions iff, several) wave functions <f> corre- 
sponding to each of the oigonvalucs of the parameter W 

of equation (7). The ^ wave functions corresponding to the eigenvalue 
Wia of the energy may be denoted by where the paxameter ranges 
over the number of values appropriate to the degree of the degeneracy. 
A solution of the wave equation (6) is obtained by choosing any Z of 
the functions <f>^\ substituting in them the coordinates of the electrons, 
and forming the product. Thus, if from the class of functions we 
select a finite set which we shall denote simply by 

01, 0J5,..., 0^, 

then <l>i 2 ,„z defined by 

012...;?? ~ 0i(Qi)02(fl2)*'*0z(^z) 

is a solution of the wave equation (6) corresponding to the energy 

W == W,+W,+...+Wz. (10) 

K 


6072 
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There are, of course, several ways in which the energy W can be 
distributed among the electrons, for instance, the wave-functions 

are quite distinct, although they correspond to the same value of the 
energy. In fact it is easily seen that there are Z ! distinct wave functions 
corresponding to the same value of the energy. If P denotes any 
permutation of the suiExes 1, 2 ,..., i;,..., Z, then the wave functions 
of such a set may be written symbolically as 

Furthermore, if ap is any constant, then the wave function 
® ^ ■P^12...fc...J2r ^A:(QA;)} » 

where the summation is taken over the Z\ different permutations P, is 
also a solution of the wave equation (6) for the same value of the 
energy W. Taking ap to be + 1 for even permutations and — 1 for odd 
permutations we obtain the solution, anti-symmetrical in the g’s, 



^2(0.1) 


^i(q 2 ) 

^2(^2) 

• • <l>zi<l2) 

^i(qz) 


• • ^zi^z) 


This is the form that has to be used in the solution of problems involv- 
ing atoms and molecules. The interchange of two electrons leaves (M)* 
unaltered, as it must since it is impossible for us to distinguish between 
two electrons, and O vanishes, in accordance with the Pauli exclusion 
principle, if two of the electrons have their q’s equal.f A wave function 
written in this way to include space and spin coordinates alike has 
many advantages over wave functions constructed in the space coordi- 
nates and the spin coordinates separately, especially in that it avoids 
many applications of the theory of groups which wore a necessary 
consequence of this method of attack. 

Some authors write the determinant (11) in the form 

exhibiting only its leading term. 

There may be several wave functions of the type (11) with the same 

t P. A. M. Dirao, Proc. Eoy. Soc, A, 112, 661 (1926). Soo also J. C. Slat.(ir, P/wn. Rev. 
34, 1293 (1929). 
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energy. For example, the excited states of a two-electron atom may 
be described by wave functions of the type 


0, = 



X 

4'rJXs)Xa.(^a) 


Oo = 





'l>n{rz)Xpi°'z) 






lAft(r2)Xa(<^2) 

0^ = 







each corresponding to the energy 

As long as we assume the potential to be of the type (5) any linear 
combination of the O’s will be a solution of the SchrOdinger equation. 
But if we use the correct form (4) the degeneracy wUl disappear either 
wholly or in part, and a first order approximation to the solution will 
be given by particular linear combinations of the 3)’s. In the case of 
the helium atom, for instance, the approximate wave functions are 
Ibiear combination of <t> 4 , and 

27.3. The electron distribution function of a many-electron system 

In the non-degenerate case the approximate solution of the SchrO- 
dingcr equation is a single determinant. In the degenerate case the 
approximate solutions are a restricted set of linear combinations of 
determinants. Even in this case, however, it is usually possible to 
choose some of the solutions to be single determinants. In this section 
therefore we shall consider the electron distribution when the solution 
is a single determinant. 

If the wave function O of a many-electron system is expressed as 
a determinant of the form (11) and, as is consistent with the results 
of §27.2, the functions <f> are orthogonal to each other and normalized 
to unity, then the probability of finding one electron in the volume 
element another one in the volume element and so on, is 

pdq^dq^-dqz. 

Here dq — drda includes both space and spin coordinates and 










• • ^ 2 (^ 2 ) 

X 

^ 1 (^ 2 ) 




. • «/>z(qz) 
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If we introduce the notation 

= ( 12 ) 

the expression for the distribution function reduces to the form 

Pll Pl 2 • • • Piz 

Pix Pai • • • Piz 

P — 


I Pzi Pzi • • • Pzz 

The probability of finding m electrons in a certain prescribed configura- 
tion irrespective of the position of the other {Z—m) may be obtained 
by integrating p over the coordinate spaces of the remaining Z—m 
electrons. The integrationst must be carried out in such a way that 
each configuration appears only once; that is, must 

be replaced by dqm+idq^+ 2 ...dqzl{Z—m)\ 

Since the functions <ft are normalized to unity we have 

z 

J Pzz^z J 

Similarly, by making use of the fact that the ^’s form an orthogonal 

set, we can show that r j .-v 

J PizPzi = Pa- (1*^) 

Now if we denote by the determinant formed from p by removing 
the last row and the last column, and by the cofactor of in 
the determinant Pz^i, then expanding the determinant p in terms 
of the last row and column we obtain 

z z 

P = Pzz Pz -1 2 .2 Piz Pzj 1 - 

Integrating over the variables of the 2th electron and making use of 
equations (14) and (15) we obtain 

j pdqz= Zpz-i—{^—'^)Pz-i = Pz-i> 

showing that the effect of integration with respect to the coordinates 
of the 2th electron is merely that of removing the last row and column 

t In the integrations we use to denote dx^ dy^ dz^ and dq^ for the volume element 
including spin. The integration over the spin variables is merely a sum : thus 

J dg-i = J dui dzi 2 . 
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from the determinant. Carrying out the integrations with respect to 
the coordinates of the other electrons we obtain the relations 

J P ^Qz-i^z = ^Pz-29 

j P ^9s‘-^9z = (-2'—^+l)!/>^-ij 

J pdq2:.dq2 = 

As previously explained, the probability of finding any one of the 
electrons in the volume element is given by the sum of the distri- 
bution functions corresponding to the one-body problem, i.e. 

dn J = Pxid^x 


27 A. The mergy of a many-dectron system 

The SohrOdinger equation for a system of Z electrons moving in the 
field of a nucleus of atomic number Z may be written in the form 


(ii-F)a> = 0, 

where, in atomic units, 

(16) 

Jv= 2 ^+2;^. 

(17) 

and 

(18) 


IF wc nuiltii)ly both sides of equation (16) by O*, substitute for ^ from 
txluation (11), and integrate over the whole of the configuration space 
(i.o. over spin as well as spatial coordinates), we obtain the relation 


W j pdr- = ^j H^pdr+'^J (19) 


where p is dofinod by equations (12) and (13). It should be noted that 
in Miis o(niati()n the operator JIj must bo taken to a(st on py but not 
on pji', this is a eonse(pienee oF the fact that Hjp is Formed From the 
prodiKit in wlhcili Hj operaies on <l> hut not on d**. The integra- 

tions (lan he perFormed l)y metiiods similar to tliose outlintvl in the 
preceding section. For example, we have 


1 

(^J-2)! 


r pdfL _ 

r.i pjj 

Pjk 

J fik - 

1 ^jle Pkj 

Pkk 


dq^dq^. 


( 20 ) 
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From the definition of the quantities we see that the right-hmid Hide 

of this equation is equivalent to 

A*“l ^ 

Since only certain of the orbital wave-functions 4>\ same 

spin factors, they alone will give a non-zero result when the integrations 
over the spin variables are performed; the remainder aro orthogonal 
and the integrals involving them vanish. Thus, if the spin wave iunc.- 
tions are normalized to unity and if we write for tho integrals over the 
Spatial coordinates 

(a6|G|cd)= \ 

J ^jk 

we find that the first term of (21) may be written 

f (A/iIGlV). 

A./i=l 

In the second term of (21), on the other hand, certain ol tho i-crniB will 

vanish; it reduces to z 

8 {iiX\G\Xii), 

A.f4«-1 

where the summation symbol 8 implies that tho sum is taken ovci* 

only those pairs of numbers A, ft for which tho corrospoiuling orbii<a! 
wave functions <l)x and (j)^ have the same spin factor. 3^^n■tIl<'!rln()r<^ 
since there are \Z{Z—\) lines passing througli Z points wc have that 


so that finally 




= K^!)(J^(A/.|(?|A/.)-^S(/*ak;|A/x)). (2:i) 

The integrals {ab\0\cd) occurring in equation (23) and dolincd by 
equation (22) are known as generalized exchange mtegrah. 

The integrals involving p and only may he ovaluatc^l in a similar 
fashion; we obtain - 

\pdq^Z\ \ 

r ^ )> (-•^) 

I H,pdq = Z\y,{X\/mr 

J A=i ^ 

(A|illA) = f (25) 


where 
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dvj denoting as usual the volume element of the spatial coordinates. 
Substitutmg from (23) and (24) into equation (19) and dividing through- 
out by Z\ we obtain finally for the total energy of the system 

^ ( 26 ) 

wlicro the summation S is taken over those pairs of spatial wave 
A./li 

functions and which have the same spin factors in O. W can be 
calculated from equation (26) only if the orbital wave functions of the 
system are known. Equation (26) shows, however, that the energy of 
a inany-electron atom is made up of three components: 

(i) the sum of the energies of each electron in the presence of the 
nucleus alone; 

(ii) the sum of the Coulomb interactions of electrons in one orbital 
with those in another; 

(iii) the sum of the exchange interactions between two electrons in 
different orbitals but possessing the same spin. 

28. Variational methods of determining w^ave functions and 
energy values of many-electron atoms 
28.1, FocIc\s variational equations 

The SchrOdinger wave equation (16) may easily be shown to be 
equivalent to the variation principle 

8 J If )<D Aq = 0, (27) 

S denoting an arbitrary change of <5 subject to the normalizing condition. 
Tho integral is taken throughout the configuration space of all the 
coordinates (including those describing the spin) of all the electrons. 
By tho methods of tho calculus of variations we can establish that 
equation (27) reduces to 

J8<l»*(if-W")a)d3 = 0, 

which yields tho variational equation 

W J 80)*$ dq = J S0*ff(I> dq. (28) 

In tlio inany-eloctron problem is a determinant of tho form (11), 
HO that equation (2S) takes tho form 

^ZlWXjnUndr, (29) 
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where p is defined by equation (13). As before, the quantity H, m 
equation (29) operates on the coordinates of the jth electron when they 
appear in terms such as but not when they occur in terms of the 
Pa- Contrariwise, operates only on and not on p«. With 
this convention we have 



Pii 

Pa 

Pl2 

/>22 

• • ^jPJi • • 

• * ^Pa} 

• Piz 

• Pas 

SfB^p = 

^iPa 

• • • 

^iPia • 

* * • 


• ^iPiZ 


Pzi 

PZ2 

• • ^jPZj' 

• Pzz 


and performing the integrations as in § 27.3 we find that i£i -^j 


/ 



which may be reduced to the form 


^iPii ^iHjpij 

Pa ^iPji 


<kidqp 


J h^Hjpdr 

“ I HMUu)Ari- S {m\H\p) f 

vei^p J } 

Similarly j SiHfp dq = {Z-l)l 2 j 8«A*(ry)£r,^(r<) d^^, 

SO that jBbaally 


~ i jdr, (30) 

where the summation f extends orer aU those 0’s which have the 
same spin factor as 0^ in the expression for 

ByamethodemulartothatemployedmthetatseoHonfortheevalua- 

tion of the integrM 1 8, J ^ wo can establish that, for i i # i, 

jbalGM) J 8 « 0 „ ( 31 ) 
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the summation S being taken over those sets of spatial wave functions 

l,m,n 

ijj which have the same spin factor in O. The result for i =j or i k 
can be derived m a similar manner; it is found to be 


where G^„(r) = J (r')^„(r') | 

and F(r) = X(?.„(r) )' 


Substituting from equations (26), (30), (31), and (32) into the variational 
equation (29) we obtain series of terms of the type fSifj*. Since we 
may treat the variations 80* as independent, we may take / = 0; in 
this way we obtain a set of equations of the type 

[H+V{r)]EMr)-l((^Ur)+im\H\n)+ | {hn\G\ln)]^l,^-{- 

-\-^^{lm\Q\ra)tp^ = 0, (34) 


where e,,. denotes the number of times, 1 or 2, 0„ occurs in the wave- 
function <S). The system of linear equations (34) for the determination 
of the functions 0„ were first derived by Fockf by a different method; 
the derivation outlined above was given subsequently by Lennard- 
Jones.l 

in) 

Simple expressions for the summation symbols S can be derived 
in certain special cases. For example, if the atom consists of p ])airs of 
electrons and q—p outer electrons possessing the same spin but different 
orbital quantum numbers, then when n refers to one of the orbitals in 
a closed shell {n < p) the wave function may be associated with either 
of the spin wave-functions Xot^ Xp- case, then, — 2 and 


i + i . 

in) ^ ^ ^ 

= 2 X + 2 2 • 

£,m Z=lm=l £—1 m-1 

(35) 

7n m—l 7 / 1-1 


On the other hand, p < n < q. 

, e„ = 1 and 


(n) (I 

in) Q 7^ 


H y , 

m m 1 , 

^ -^1 z • 

£.771 £- 17/1 1 

(:$(!) 


By Miis uu’iMiod \v<^ have reduced the problem ol’ solving t.h(>i Srhro 
dinger ecpiation in 3n in(le|KUident variables to that oT determining t»h<'. 
solutions of a system of n partial differeiitial equations each with three 


t V. Kook, ZciU.J. Phy»ik, 61, 126 (I0;}0). 

t .T. K. TiOimard-JonoR, Vroc. (Janih. Phil. Soc. 27, •lOO (ICIiO -1). 
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ind.©p6iid6nt variables. Th.6 equations are not independent, but they 
lend themselves readily to solution by succjessive approximations. 


28.2. Hartree^s method of the self -consistent field 
The simple method of calculating the field of an atom devised by 
D. R. Hartree and discussed in the last chapter for two-electron atoms 
may readily be extended to atoms contaimng many electrons. Each 
electron is assumed to possess a wave function which obeys a SchrO- 
dinger equation. The potential energy appearing in this equation is 
taken to be partly that due to the field of the nucleus and partly to 
the fields of the electrons in the other orbits. The latter fields are 
calculated by representing each electron by a uniform charge distribu- 
tion of density — in accordance with the SchrOdinger interpreta- 
tion of the meaning of the wave function The ith electron thus 
moves in a field in which its potential energy is 


TT/ X . 2 

F^(r) = — -+e^ 



mr')\ 


r— r 




(37) 


where we have considered a system of Z orbital electrons moving in 
the field of a nucleus of atomic number Z. The wave function of 
this electron then satisfies the SchrOdinger equation 


[V2+2(lF-F,)]«Ai = 0 (38) 


with P5(r) given by equation (37). 

In applying this method to atoms containing many electrons Hartree 
has neglected the ‘exchange’ forces. Indeed Hartree ’s equations may 
be derived from the system of equations (34) by neglecting 

(i) the coefi6cients of every for which m ^ n; 

(ii) the non-diagonal exchange integrals {J,n\0\nl). 

Eock’s equations (34) then reduce to 

(^+ I' Ou{T)]U^) = ((»il^l«)+ g' (39) 

the dash denoting that the term Z = is omitted in the summation. 
It will be seen that {n\H\n) is the energy of the nth electron in the 
field of the nucleus alone, {fn\0\ln) is the averaged electrostatic 

energy due to the interactions between all the other electrons, and 
2' Gii(r) is the potential of the nth electron due to the Coulomb fields 

i 

of all the other electrons averaged over their respective probability 
charge distributions. These equations may be solved numerically 
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by smoothing out the fields 0^{r) so as to make them spherically sym- 
metrical, and adjusting them until the solutions of the equations for 
the ^-functions reproduce the potential field.f 

28.3. Solutions of the Hartree-Foch equations 

The method of the self-consistent field as developed by Hartree and 
his collaborators is usually much easier to work with than the Fock 
method but, of course, it is not such a good approximation. In both 



b’ic. I 9. Hiwlial distribution of oluirgt^ for Hb and (<oiitributions from different, groups 
of eh'cl.rons. Ktulial density in eloctrons por atomic unit plotted against r in 
atomic units. 


methods tho solutions of the basic equations can bo obtained only in 
a numerical form. Solutions of the Hartree equations of tho self- 
consistent field and of the Eock equations have been derived for various 
atoms and ions. One way of representing graphically the results of 
those calculations is to calculate for each atom the radial charge density 
for a jiumbcr of distances and tlion to illustrate the variation of this 
density by means of a diagi-am. Sucli a diagram is shown in Fig. ID; 
it shows tlio variation with distance of tlic radial charge density for 
tho ion Ul) ' and tho contributions from the difTeront groups of core 
elec.t.rons.;!; in this dia.gra.m the distan(*.o r is measured in atomic units 

f ]). I-l. Hari.rfKi, Vr<H\ (Unnh. /’hil. *SW. 24, I I I (I927--S); hoc also J. A. (Jaunt, ibieJ. 
32«. 

J 1). K. llartroc, ibid. 120. 
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and a different scale of r is used for r < 1 and r > 1. This is usual 
in diagrams of this type since a scale open enough to show the detail 
of the curves for r < 1 is unnecessarily open for r > 1 and the use of 
two uniform scales has seemed preferable to the distortion produced 
by a logarithmic scale. The regions of maximum charge corresponding 
to the Ki J>, and M shells are clearly evident on this diagram. There 
is, however, no peak corresponding to the N shell — only a flattening 
out of the curve; this is due to the fact that the contribution from the 
Jkf-electrons is still appreciable in this region. 



The same features are evident in the curve (Fig. 20) showmg the 
variation of the radial charge density for the chlorine ion Cl”. For this 
ion both Hartree’s and Fock’s methods have been usedf and the curves 
corresponding to both sets of calculations are shown. It will be noted 
from this diagram that the two curves have approximately the same 
shape but that for large values of r they differ appreciably. Indeed, 
if we denote by 8J7{r) the difference between the radial charge densities 

in the two cases, then it can be shown that in the units chosen 

00 

J r^8U{r)dr= 13-8, 

0 

and further tliat about 95 ];)or cejit. of tliis value (koines from values 
of r greater than 3*4 atomic miits, which is the *"101110 radius’;!; ol’ ( ■! ’. 
It would thus be expected that the distortion of the wave functions by 
the presence of neighbouring atoms will be considerable in this region. 

t D. R. and W. R. Hartree, Proc. Roy. Soc. A, 156, 45 (1936). 
t W. L. Bragg, T/ie OryataUine State, chap, vii, p. ]16 (1934). 
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If we calculate the diamagnetic susceptibility, from these curves 
we find by the Hartreo method (Hartree and Hartree, loo. cit) that 

^ = — 41-3xl0-«, 
and by the Fock method that 

X = — 30-4x10“®. 

The observed value! is — 25x 10“®, so that the use of the solutions of 
Fock’s equations has reduced the discrepancy between the calculated 
and observed values of x “to about a third of the amount of the dis- 
crepancy when the results of the self-consistent field are used. The 
improvement which the solutions of the Fock equations makes to the 
calculated value of the electrical polarizability is also considerable. It 
seems then that the improvements effected by the use of the Fock 
equations — i.e. by the addition of ‘exchange’ terms to the Hartree 
equations — are substantial. 

Solutions of tho Hartree and of the Fock equations for other atoms 
and ions have been obtained by several authors. The results are given 
in the papers cited below. No attempt has been made to divide these 
papers into two classes depending on whether the Hartree or Fock 
equations formed the starting-point of the investigation, since it not 
infrequently happens that in the same paper the solutions of both types 
of equations have been derived for purposes of comparison and also 
for determining the relative speed of convergence of both methods. 


D. R. Hart roc 

]*roc. (Jixmh. Phil. #S'or. 24, 1 1 1 
(1028) 

Li, Rl)+, Na+, C1-. 


Proc. Hay. t^ac. A, 141, 2S3 (1933) 

CP, Ciri. 


„ ' „ 143,500(1933) 

Old*, K^ Cs. 


„ „ 150,90 (1935) 

Al+3, Fo-, Rb+. 


Phyxi. Hen. (2), 46, 738 (1934) 

Hg. 

3^. R. Hartreo and 

Prnc. Hay. 6V>c. A, 139, 311 (1933) 

0 ill various st-agos 

M. M. Hlack 


of ionization. 

D. H. and W. 1 larti*(u? 

Prae. Hay. Han. A, 149, 210 (1935) 

Bo, Oa, 1-1 g. 


„ „ 150, 9 (1935) 

Bo. 


„ „ 156, 45 (1930) 

C1-. 


„ „ 157,490(1930) 

Cu+. 


„ „ 164, 107 (1938) 

Ga-i-i-. 


„ „ 166, 450 (1938) 

Ivi-, A. 


Prar. Camh. Phil. t^oc. 34, 550 
(1938) 

Na-, K“. 

J. MacDoiigall 

Proe. Hoy. Sog. A, 138, 550 (1932) 

»Si* 'K 

E. H. Komiard mid K. 

Phys. Hev. (2), 46, 1034 (1934) 

Na. 


Rainberg 

•f G. W. lb'iii<il(\y and F. K. Iloaro, /Vor. lUnj. ^oc. A, 1.S2, ,‘{42 ( Il{,‘{.'5) ; K. (^. St.onor, 
Magnetisni and Atonrir. t^lrurhirv, chap, ix, p. 4 , 
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0. C. Torrance 

Phys. Bev, (2), 46, 388 (1934) 

C. 

L. P. Smith 

Phya, Rev. (2), 42, 176 (1932) 

He. 

V. Fock and M. J. 

Phya. Zeita. d. Soviet. 6, 368, 

Na. 

Petrashen 

(1934) 



Phya. Zeita. d. 8owjet. 8, 647 

Li. 

M. M. Black 

(1936) 

Mem. Mancheater PML. Soc. 79, 

Ag+. 


29 (1934-6) 

Mem. Mancheater Phil. Soc. 79, 

Cr. 

M. F. Manning and J. 

76 (1934-6) 

Phya. B&v. (2), 49, 849 (1936) 

W 

Millman 

M. F. Manning and 

Phya. Rev. (2), 53, 662 (1938) 

Fo. 

Goldberg 

W. S. Wilson and 

Phya. Rev. (2), 47, 681 (1936) 

He (excited state). 

R. B. Lindsay 

H. L. Donley 

Phya. Rev. (2), 50, 1012 (1936) 

Si+a, Si+3 

R. L. Mooney 

Phya. Rev. (2), 55, 667 (1939) 

Cr++. 

W. Thatcher 

Proc. Roy. Soc. A, 172, 242 (1939) 

K+a, K+. 

D. R. and W. R. Har- 

Phil. Trana. Roy. Soc. A, 238, 229 

0 

tree and B. Swirles 

(1939) 


A. F. Stevenson 

Ph/ya. Rev. (2), 56, 586 (1939) 

He, OIII. 

A. Jucys 

Proc. Boy. Soc. A, 173, 69 (1939) 

C+^ C++. 

A. 0. Williams 

Phya. Rev. (2), 58, 723 (1940) 

0u+. 

D. R. and W. R. Har- 

Phya. Rev. (2), 59, 229 (1941) 

Ge++, Go 

tree and M. F. Man- 

„ „ 60, 867 (1941) 

SilV, SiV. 

ning 

M. T. Antunes 

Phya. Rev. (2), 62, 362 (1942) 

Co. 

D. R. Bates and 

Phil. Trcma. Roy. Soc. A, 239, 269 

0-, Oj. 

H. S. W. Massey 

(1943) 



28.4. Analytical atomic wave functions 

One of the simplest methods of determining the wave functions and 
energies of atoms which possess only a few electrons consists in con- 
structing a wave-function O which has the correct symmetry properties 
but which contains certain parameters a, j8, y,... which are left un- 
specified. The most favourable values of these parameters are then 
determined by the variation method as follows. Tlio function is substi- 
tuted in the equation 

(Q>*mdq 

L = W{a,P,Y-) ( 40 ) 

J dq 

and the values of the parameters determined so as to make the energy 
W a minimum. In this way we obtain the system of equations 
8W ^ dW ^ 8W 
8oc 0)3 By 


( 41 ) 
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for the determination of the parameters od, j8, y,... . Wave functions 
constructed by this method have proved to be of great value in the 
approximate calculation of the properties of atoms containing many 
electrons. 

This method was used by Hylleraasf to give a very good approxima- 
tion to the observed ionization potential of helium. The form of wave 
function assumed by Hylleraas was 

corresponding to a helium atom m its ground state. 

The wave functions for the atoms Li, Be, B, C, N, O, F, Ne have 
been derived by this method by Zener and Guillemm.J For the I5- 
orbitals Zener assumes a wave function of the form 




(42) 

for the 2«-orbitals 


(43) 

and for the 2j)-orbitals 


(44) 


Here Yi{d, 0) denotes the surface spherical harmonic of the first degree, 
^(3/87r)sinfle±^^. The function (42) is of the same type as the wave 
function for the hydrogen atom in the ground state; the parameter y 
may be regarded as allowing for the screening effect of the other 
electrons round the nucleus. For each atom the four parameters n*, 
a, y, 8 are determined from the equations (40) and (41). The parameter 
n* has been varied only in the cases of Li and Be; since for both of 
these atoms it has the hydrogenic value 2*0, Zener assumed it to retain 
this value in the other cases considered. It is found that for an atom 
of atomic number Z the parameter y is given approximately by the 

y = Z-is. (45) 

The values of the remaining parameters are given in the accompany- 
ing table; by the use of these values the energies of the L-sholl were 
determined with an error of one or two electron volts. 


Table 1 



Li 




N 

O 

F 

No 


mm 

■iS 



0-06 

0-05 

005 

0-05 





B 

1-92 

2-24 

2-56 

2-88 


f K. HylloraaH, Zeits.f. Phyaik, 65, 209 (1930). 

t V. (jiiilloinin unci (i. Zorior, ibid. 61, J99 (1030); C. Zoiinr, Phytt. Rw. (2) 36, T)! 
(1930). 
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Simple rules for obtaining the values of the four parameters y, ot, ^ 
for most of the atoms in the periodic table have been given by Slater, t 
The charge densities derived from the functions (42), (43), and (44) witli 
Slater’s values for the parameters agree fairly well with those fouiiri 
by Hartree’s method of the self-consistent field in the cases where that 
method has been applied. 

For some purposes there is not sufficient flexibility in the Zoiior- 
Slater wave functions, and, in addition, the separate orbitals are not 
aU mutually orthogonal. The method has been improved by Morso, 
Young, and HaurwitzJ and by Dunoanson and Coulson§ to i‘otnov<' 
these defects. These authors take the wave function of an atom to hi' 
the appropriate sum of determinantal wave functions in which tlu^ 
wave functions of the component orbits are assumed to be 

^(2a) = 

The nmnbers Ni and are numerical constants; is determined l),\' 
the condition that the wave-functions ^(2a), ^(Is) are orthogonal a nd 
is a normalizing constant. The energy is minimized to deterniiiu'! 
the rem ainin g four constants a, b, c, fj,', if we are concerned solely willi 
atoms in their ground states an absolute minimum of the energy oximIus. 
The results obtained by Coulson and Duncanson for the gi’ound hIjiI-css 
of the atoms Li to Ne are shown below. The quantity 2fi may ln' 


Table 2 



regarded as the effective nuclear charge for the 2«-electron at hirge 
•f J. C. Slater, Phys. Re/e. (3), 36, 67 (1930). 

t P. M. Morse, L. A. Young, and E. S. Haurwitz, ibid. 48, 948 (1936). 

§ W. E. Dunoanson and C. A. Coulson, Proe. Roy. Soc. KiUn. 62, ;i7 (1944). 



§ 28 METHODS OF DETERMINING WAVE FUNCTIONS 146 

distances, and is seen to increase by about 0’35 for each extra electron. 
The formula i , v 

gives fjL in terms of the atomic number Z to an accuracy of about 2 per 
cent. 

29. The perturbation method of determining approximate wave 
functions of atomsf 
29.1. Non-degenerate cases 

In addition to the equations of Pock and Hartree, other approximate 
methods of determining the wave functions and energy levels of many- 
electron atoms have been devised. Suppose, for example, that the 
SchrOdinger equation (in atomic units) for an atom containing many 
electrons is written in the form 

(H-PF)O = 0, (46) 

where H denotes the Hamiltordan 

(47) 

Z being the number of electrons. If the equation (46) cannot be solved 
directly, it is often possible to obtain an approximate solution from the 
solution of an equation which is separable and which does not differ 
greatly from (46). Suppose that the wave functions and characteristic 
values of the SchrOdinger equation 

(J?'-TF)<D = 0 (48) 

z z 

are known, where H' = — J 2 ^1+ 2 

Here each of the functions Vj is a spherically symmetrical function 
of r^. If a non-degenerate solution of the equation 

{iV|+(Tf-F;)}^ = 0 (50) 

can be obtained, the solution of equation (48) can be written as a 
determinant whose elements are solutions of equation (50); in most 
physical problems there is thus more than one wave function for 
every characteristic value of the wave equation (48). For simplicity 
we shall, however, assume, in the first instance, that there is only one 
solution to each value of and consider the degenerate case later. 
In the non-degenerate case the functions then form an orthogonal 
set. Equation (48) may still have non-degoiierate solutions even if the 

t J. E. Leniiard-Joiios, Proc. Roy. Roc. A, 129, 598 (1930) ; Jtmrn. Loud. Math. Roc.. 6, 
290 (1931). 

6072 
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solutions of (60) are degenerate. Provided the only degenerate solutions 
of (50) used in constructing <1> are complete sets, then will be non- 
degenerate; e.g. for the helium atom in the ground state we construct 
® from the two l 5 -waye functions, and there is no other way of con- 
structing ® to give the same energy. Moreover, provided the solutions 
of (50) are chosen to be orthogonal, as they always can be, the functions 
O will be all orthogonal whether they are degenerate or not. 

Let us write J = {h\l\l), (61) 

where the integral is taken over all the coordinates, spatial and spin, 
then if the wave functions are normalized to unity {lc\l \l) is merely 
the Efronecker deltaf 8;^; (lc\l\l) always vanishes for h ^l. 

To obtain the approximate solution of equation (46) we observe that 

z 

we have supposed equation (48) to be such that^ 7'- does not differ 
greatly from F; we may thus write equation (46) in the form 

(Zr'-1F)(D= -vO, (52) 

where (53) 

is small. It is assumed that the solution of equation (62) can be ex- 
pressed as a linear combiaation 

® = 2 

k 

of the solutions of equation (48). Substituting this series in equation 
(62), multiplying by Of, and integrating over the whole range of all 
the variables specifying the wave functions, we obtain a system of 
linear algebraic equations 

2a,{(Zl^'l*)-Tf(Zlll*)+(i|«lA,)} = 0 (i = 1,2,...) (64) 

k 


for the determination of the coefficients and the possible values of IF. 
In these equations we have written, in the usual notation for matrix 
elements, 


It follows immediately from this definition and from that of H, v 


that 




which is the matrix element of the Hamiltonian of the equation (46) 
with respect to the wave functions of the SchrCdinger equation (48). 


*f The Kroneoker delta is defined by the relations = 0 (fe ^ Z), *= 1. 
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The system of algebraic equations (54) may then be written in the form 
|a*{(Z|H|i;)-Pr(Zll|^:)}-0. (66) 


In the general case the wave-function (b is an infinite sum of terms of 
the form so that, in general, the system (65) consists of an infinite 
number of equations in an infinite number of unknowns. Ehminating 
the coefficients from the set of equations (65) we obtain the determi- 
nantal equation 


(lliJll)-Tf(lllll) {l\H\2) (1|J?13) 

{2\H\l) (2|//12)~F(211|2) (2|H13) 

(31H11) (31//12) (31H|3)-lf(311|3) . 


In the case where the wave-functions are normalized to unity, 


mm = 8,,; 

also {l\H'\k) = 

where WJ. are the eigenvalues of equation (48). The determinantal 
equation then reduces to 


(Ibll)-(W^-Wi) (11^12) (l\v\S) 

(2\v\l) (2 \v\ 2)^{W^W,) {2m 

(3|i;|l) (31t;12) (3|^13)-(lf-W:,) . 


= 0 . 
(56) 


Since the number of equations of the system (56) is infinite, the determi- 
nant on the left-hand side has an infinite number of rows and columns. 
The eigenvalues are known, and once the functions ^)/j are determined 
the matrix elements (Zl^^jfc) can be determined by quadratures, and the 
values of W found. Suppose, for definiteness, we wish to determine the 
change in the value of Wi, As a first approximation we assume 


(J|v|i) = 0, 


except when Z — I, k == 1, so that 

>r = Wi+(1|?;|1). 

The second approximation is obtained by assiiiniiig (/[v^lA:) to be zero 
except when either Z or ^ is 1. Then 

(IIHI)-(M^-W^i) (1^12) (lh|3) . . - 

(2|rll) W,-W 0 ... 

(31r|l) 0 ’ 
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whence we obtain the equation 

= (67) 

for the determination of W. More accurate solutions are obtained 
by including more of the elements (2|v|^) in the expansion of the 
determinant. 

When the energy values have been determined by some numerical 
method, the corresponding wave-functions 

O = ^ Oj-Oj. 

are obtained from the solution of the set of equations (56). The wave 
function can thus be written as a determinant of the type 


^2 


(2|d11) {2\v\2)-iW-Ws) . . 

. (2|v|m) . . . 

(m|«|l) (?fi\v\2) 

. {m.\v\m)—{W—W^ . . . 


29.2. Degenerate casea 

We now consider the case, which occurs most frequently in practice, 
in which there is more than one wave function Oj;, corresponding to 

each value of the energy TfJ.. Suppose 
=0' there are a. such functions associated with 
the same eigenvalue of the energy; 
denote these wave functions by 

4)i<i)|,...,<Di...,<Dg. (58) 

If we denote by the square of ofi ele- 
ments corresponding to the set of wave 
functions (58), then the determinantal 
equation (56) assumes the form shown in 
Fig. 21, where -4^+^, etc., are the square 
arrays corresponding in a similar way to the energies etc. It should 

of course be noted that the elements of the determinant outside the 
shaded squares do not in general vanish. 

The determinant Aj^ can be transformed to one in which all the 
elements are zero except those on the diagonal by a method similar 
to that of changing the axes of a quadric in higher space. Since the 



Fig. 21. 
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wave functions = l,2,...,od) are degenerate it follows that the 
wave function « 

= .2 Pik^k 


1=1 


formed from a linear combination of the functions Oj. will also corre- 
spond to the energy value Wj^, The function (69) will be orthogonal to 
a similarly constructed wave-function 




1=1 


(60) 


provided that, when g is not equal to h, 

2 — 0- 

1 = 1 

Thus if we can determine a set of coefficients such that 

2 PuiPio ~ 

i=l 

the new set of wave functions form an orthogonal set. With the 
set of wave functions so constructed the determinant Aj^ becomes a 
diagonal one. Similar transformations can be carried out for the square 
matrices giving finally an equation of the type of Pig. 21 but 

now with the matrix given by 

f{i\v\iy^{w-^w,,) 0 ... 0 

0 {2\v\2y^(W--Wf,). . . 0 


Ak — l 


0 0 . . M^\oLy---(W--w,y 

the symbols {g\v\hy denoting the matrix elements 

(gr|wlA)' = J 

and of similar type. 

The transformed determinantal equation may then be solved approxi- 
mately by neglecting all the elements except those on the leading 
diagonal and successive approximations obtained by a variety of 
methods depending on the relative magnitudes of the elements neglected 
in the first step. Thus as a first approximation for the change in we 
obtain W 

where (/ = 1, 2,..., ot; as a second approximation we may omit every 
(k\v\l) except those within the squares Aj^, and those of one 

row and column which intersect on the diagonal, and so on as in the 
case of non-degeneracy. 
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Since the potential function F in a real atom consists ol electrostatic 
terms, it should be noted that 



so that the diagonal elements of the determinant on the left-hand side 
of equation (58) are given by expressions of the type 




Pll 

Pl2 

PlZ 

1 

f- 

P21 

P 22 

• PiZ 


Pzi 

PZ2 • 

• • Pzz 


which can be evaluated to give 

and can be expressed in terms of (lm\0\lm) and {lm\0\ml) as before. 

To illustrate the general principles of the method by which the fore- 
going analysis may be used to obtain detailed information about tho 
properties of real atoms, we shall outline the procedure for a particular 
case, that of carbon, in which there are six electrons. If each electron 
moved in the same field, assumed to be spherically symmetrical, tho 
wave functions would be of the form 

= /«.lW-fT*(C0S (0 I ) 

n assuming integral values 1, 2 ,... and \m\ ^l, I J. VVe tlius 

obtain the wave functions including spin 


II 

II 

© 

^ 1 . 0.0 Xa> 

K 0 . 0 XP 

II 

II 

0 

'l’2fi,0Xa> 

'l’2fifiX^ 

ft = 2, Z = 1 

'p2.1,lXa’ 

'l>2.1,lXp> ^2,1,0 Xa> ^2,1.0X$ 



^2,l,-l Xp 


corresponding to the lowest energies. 

The sis wave fimetions for the construction of the wave function of 
the system of six electrons may then be taken as the first four of those 
wave functions together with any two of the last six (all of which 
correspond to the same energy). Corresponding to the lowest energy 
we can thus construct 6!/4!2! = 15 wave functions each in the form 
of a determinant with six rows and six columns. We can construct 
similar wave functions for higher energies and then employ these wave 
functions as a basis for determining the properties of the real atom. 
The matrix elements of the Hamiltonian of the real atom are calculated 
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^ith respect to these wave functions and the determinantal equation 
in the manner described above. The fifteen degenerate wave 
/CLii^^ions lead to a square matrix of fifteen rows and columns, and the 
step in the calculations is to determine such linear orthogonal 
^oxnbinations of the wave functions as wiU transform this square matrix 
one with diagonal elements. This procedure is repeated for the 
^t>ber square matrices Aj^ and the roots of the determinantal equation 
determined by the method of successive approximations outlined above. 

This cumbersome procedure can, however, be avoided by a method 
d-Vie to J. C. Slater based on the above analysis; this will be described 
jxx the next section. 


29.3. Slater^s method for complex aUms^ 

Slater’s method of determining the values of the energy levels of 
oomplex atoms is based on the fact that the wave function (61) repre- 
sents, not only a state of definite energy, but also one with definite 
fibiigular momentum. The angular momentum about the 2 :-axis 0 = 0 
of a single electron defined by the wave function (61) is m measured 
in atomic units {mh in ordinary units). In the carbon atom we suppose 
ebS a first approximation that the six electrons move independently in 
-bhe same central field and that the angular momentum of each electron 
is given by the value of m in the appropriate wave function. By 
assuming that the six electrons are moving in the same field we obtain 
■fclie total angular momentum (in atomic units) merely by adding the 
appropriate to each of the electrons; thus denoting this quantity 
by we have M,-- -. 2 w- (®2) 

The field in wliioh the electrons move is not, of course, spherically 
symmetrical. The electrons exert forces on one another and it is no 
longer possible to determine the angular momentum of the individml 
electrons. These forces cannot, however, affect the total angular momen- 
■trum; the value of 3^^ given by equation (62) therefore remains unaltered 
despite the interactions of the electrons. 

In a similar way the total angular momentum due to the spins of the 
electrons is given by the formula 

(63) 

wliore s denotes the angular momentum in the ; 3 -direction duo to the 
spin of a single electron moving in a spherically symmetrical field. In 
atomic units 5 assumes either of the values ij. 

t J. C. Slator, J^hys. liiiv. 34, J283 (1929). 
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The values oiM^ and 8g for the fifteen wave functions corresponding 
to the lowest energy of the carbon atom are shown in Fig. 22, the 
numbers of wave functions with the same values of Mg and 8g being 
shown m the circles which are joined to points whose coordinates are 
the appropriate values of 8g and Mg. 

Now the Hamiltonian operator is not changed by a rotation about 
the ^-axis so thatf the angular momentum commutes with the Hamil- 
tonian H. Thus MgH-HMg=0. (64) 

A typical matrix element of M^H is by the definition of a matrix 
product _ 2 im\Mgm\H\n) 

= (m\Mg\m){m\H\n), 

since Mg is a diagonal matrix and therefore {m\Mg\l) = 0 if m ^ 
^ (m\HMg\n) = {m\H\l){l\Mg\n) 

= {m\H\n){n\Mg\n). 

It follows at once that equation (64) is satisfied only if 

{fn\H\n) = 0, 

when (mlJ^lm) {n\Mg\n). Similarly it can be shown that {m\H\n) =■ 0 
when (m|;^|m) is not equal to (»i|^|n). Thus the elements of the 
determinant on the left-hand side of equation (68) are zero, except 
when the two wave functions defining the matrix element have the 
same values of the momenta Jlf^ and 8g. 

By means of this result and Fig. 22 we see that the matrix rip corre- 
sponding to the lowest energy of the electrons reduces to the form 



the dots denoting the 25 of the 226 matrix elements which are not 
zero; the matrix Aq, thus consists of one square of three rows and 

t See equation (29 a), Chap. XU. 
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columns, two of two rows and columns, and eight diagonal elements. 
The roots of the determinantal equation 

\Ao\ = 0 ( 66 ) 

may, or may not, be distinct. To determine which, if any, of these 
roots are multiple we consider next the total angular momentum M 
and the total spin momentum S. 

Not only the component Sg but also the total spin S is a, constant 
of the motion. Furthermore, if the total spin is 8, Sg may assume any 
one of the 28+1 values 

8, /S-l, -(/S-2), -(^-1), -8; 

and if we neglect the interaction of the spins with the space coordinates 
and the mutual interactions of the spins, to 
each of these values of 8g there must corre- 
spond an equal value of the energy. Similarly 
the total angular momentum Jkf is a constant 
of the motion and it may be proved that to 
each component Mg of M there is related an 
equal value of the energy. It can also be 
proved that: (1) The eigenvalues of are 
L{L+l) where L is an integer. (2) To each 
eigenvalue of there correspond 2L+ 1 in- 
dependent wave functions which can be 
chosen. 

The various groups into which the fifteen The dia«.-am. 

values of (iSg, M^) of Fig. 22 fall are shown in 

Table 3. In assigning a name to each of the three groups we have 
followed the language of spectroscopy in which a multiplet is denoted 
by 8, P, D,... according as M = 0, 1, 2 the miiltiplicity 28+1 



Table 3 



m 

Values of (Sg, Mg) 

Name of group 

Energy 

0 

(0.0) 

multiplet 

Wx 

■ 

(-l.-l),(-J.0).(-l.l) 
(0,-1), (0,0), (0,1) 

(1,-1), (1,0), (1,1) 

multiplet 

Wg 

0 

(0,-2), (0,-1), (0,0) 

(0,1), (0, 2) 

multiplet 



due to the spin being written on the top left-hand side. Thus for 
M = 0, 8 = 0 vre write ^8, etc. From this table it will be observed 
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that the values = 0, -3^ = 0 are common to the multiplets 

and = 0, = ±1 are common to ®P, '^D. The table also shows 

that there are actually only three distinct values of the energy which 
we have denoted by or, which is the same thing, that there are 

only three distinct roots of the determinantal equation (66), one being 
a simple root corresponding to the multiplet, another a ninefold root 
for the ®P, and the remaining one a fivefold root for the ^D. 

6’elecbron sysbem ^ Perburbation -► Atomic levels 


Fifbecn coincident 
levels 



(one level) 

’D (five coincident levels) 


^P(nine coincident levels) 


Fig. 23. The lower energy levels of the carbon atom. 


So far we have made no approximation beyond assuming that the 

energies of the mutual interactions of the spins and the interaction of 

the spins with the space coordinates are of a lower order of magnitude 

than the energies being considered here. In considering the deternii- 

nantal equation (Fig. 21), however, we introduce certain approximations 

by rejecting some of the elements. The determinant on the left-hand side 

of the equation is made up of a chain of squares grouped together along 

the diagonal and other elements lying outside these squares. As a first 

approximation we assume that these elements are so small that they 

may be neglected. The equation (Fig. 21 ) then splits up into two or more 

equations, one of which is u i _ n 

1-^0 1 — 

Now since the values ^ = 0, = 0 are common to the W 

multiplets, it follows that the three-by-three matrix in (65) leads to a 
factor of the form 

{W—Wi)(W--W2){W—w^) = 0, (67) 

and the two-by-two matrices lead to factors 
{W^w^W^w^) = 0 , 
and the complete determinantal equation is 

(W-w^){W--W2nW-^02y = 0. 

It follows that two of the roots of the equation can be found by a direct 
calculation based on the wave functions of the original six-electron 
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system. It is not necessary to calculate the wave functions of the atom 
itself, since these roots can be derived from a formula of the type (26). 

To determine the third root we make use of the fact that if we write 
the three-by-three factor of the equation = 0 in the form 

‘^21 ^ “ t ”^22 "^23 ~ ^9 

^31 ^32 ^33 ^ 

it must be equivalent to equation (67). Equating the coefficients of 
in these two equations we obtain the relation 

^l+^2+^3 = %l+%2+%3 

for the determination of once and are known. Thus it is only 
necessary to calculate the diagonal elements of to determine all 
three roots w^, 

The method of Lennard- Jones and Slater sketched briefly above may 
be used to determine the energy levels of a complex atom in all cases 
in which the multiplets differ in type. If, on the other hand, there are 
two or more multiplets of the same type, say, multiplets, the above 
method yields only the sum of the energies of these multiplets. To 
evaluate the individual energies it is necessary to find those combina- 
tions of wave functions whicli make the appropriate square of the 
determinant diagonal. 

In conclusion, we suinniarize the main steps in the determination 
of the energy levels of complex atoms by the perturbation method; 
they are: 

(i) determining the wave functions of the electrons separately in 

z 

a spherically symmetrical field 2 

j=^i 

(ii) deducing the approximate wave functions of the many-electron 
system in determinantal form; 

(iii) calculating the diagonal matrix elements of V — 2 with 
respect to these approximate wave functions. 

We indicated above that in many problems of physical interest elements 
of the infinite determinant lying outside the chain of squares strung 
along the leading diagonal are so small that they may be neglected. 
In the preceding analysis they were taken to be zero, but it is possible 
to obtain better approximations by taking them into account. Methods 
of doing so have l)oen considered by Lennard-Jones.f 

-j- J. K. IjtMmanl-JorieH, 7Vr>r. J^oy. A, 129, 598-615 (1930). 
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30. The statistical method of Thomas and Fermi 
A semi-classical method of finding the density of electrons in a heavy 
atom has been formulated by Thomasf and Fermi. J This forms a fair 
approximation for heavy atoms only. The method is as follows: as in 
the method of Hartree, the electrons are pictured as moving in an 
electrostatic potential €> due to the nucleus and to the charge cloud 
of the electrons themselves. Electrons are supposed, much as in the 
theory of metals, to have all energies up to a maximum — The 
maximum kinetic energy is then, at any point {x, y, z), equal to c(<I>— ^> 0 ), 
and hence the maximum momentum of any electron at the point (cc, y, z) is 

Pmax = (68) 

We now assume that a volume 8F can be chosen at any point containing 
a large number of wave-lengths (A/p) but such that O— Oq is virtually 
constant within it. With this assumption, assuming that all electrons 
are in their lowest state and that they obey the Pauli exclusion 
principle, it follows that if n{x, y, z) 8F is the number of electrons in the 
volume element o . \s 

The 2 has its origin in the fact that two electrons are to be found in 
each quantized state. 

Substituting for Pj^ax from equation (68) we have 


n{x,y,z) = ^{2me(0-%)}K 


(69) 


The potential function O is now determined by the Poisson equation 

and p = —ne, n being given by equation (69). Thus finally we obtain 
for $ the non-linear equation 

= a(a>— a)o)», (70) 

327r^e, 


where 


a = ■ 


3A» 


■ (2me)5 


(71) 


The boundary conditions to be satisfied by the potential function O 

are readily determined. If the atom or ion is of atomic number Z, then 

for small values of r, <E> is very nearly equal to Zejr; thus the boundary 

condition v ^ /„«» 

limrO = Ze (72) 

is valid. 

t L. H. Thomas, Proc. Camb. Phil. Soc. 23, 642 (1927). 

i E. Fermi, Zeits.f. Phyaik, 48, 73; 49, 550 (1928). See also L. Brillouin, UAtoyne de 
Thomaa-Permi et la mithode du champ ^aelf-conaiatmt'* (Paris, 1934). 
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On the other hand, if the total number of electrons in the atom is 
N, then 

j n(x,y,z)dr = N, (73) 

where the integral is taken over all space; in the case of a neutral atom 
N = Z. 

Assuming radial symmetry and introducing new variables 

i - (2e)..V, * =. (74) 

we may write equation (70) in the simplified form 

P > 0). (76) 

The boundary condition (72) is now replaced by 

lim^(f) = 1. (76) 

^-*0 

Now the number of electrons in the volume between r = 0 and r is 


z{r) = I 47rr%(r) dr, 

0 

and, by Poisson’s equation, we can replace n by V^/47re so that 


r S 

z{r) = i J dr = 2 J d|. 

0 0 

Integrating by parts and introducing the boundary condition (76), we 


have 

z(r) = 

(77) 

whence 

1— 

(78) 


This equation gives a simple method of determining z(r) graphically 
from the curve determined by the differential equation (76), the 
boundary condition (76), and a further boundary condition of the type 


lim^^ = — 711 . 


(79) 


Suppose that^PP' is a curve determined in this way (cf. Pig. 24); A is 
the point (0, 1 ), P is (^, <{>). If we draw the tangent to the curve at P and 
produce it to cut the ^-axis at B, then it is easily seen that the distance 
OB is equal to <(> — and hence by equation (78) to 1 — z{r)IZ. 
Since 0^ = 1 it follows that AB^z(r)IZ\ we thus have a simple 
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graphical method of determining the number of electrons within a 
sphere of radius r centred at the nucleus of the atom. 

The solution of equation (76) presents some difficulty; it is nou-linoar 
and involves a singularity at | = 0. Furthermore, the boundary 
conditions cannot be satisfied directly since one must be satisfied at 



the singular point ^ = 0 and the other at infinity. Since is infinite 
at ^ = 0 it is not possible to use a Taylor expansion in the neighl)Oiu‘- 
hood of the origin; instead we use an expansion of the form 

<f> = 

With this form for the function we have 

r - lc^-^+2b+^cii+6di+Om 

and W+K+0(^»), 

so that equating the two expressions we obtain 

6 = 0, c = — fm, d= la = 

The coefBlcients of higher powers in the expansion have been deteriniiiod 
by Baker ;f he finds that for small values of ^ is given approximately 

by 

(80) 

Numerical solutions of equations (76) for larger values of ^ have been 
obtained by Baker, and also by Bush and Caldwell, f making uso of 
the differential analyser. It is found that there is only one solution 
of equation (75) which tends uniformly to zero as f->oo the one 
coitespondtag to a Wue ^ 

in equation (79). When m exceeds the critical value the curve cuts 

t E. B. Baker, Phys. Bev, 36, 630 (1930). 

J V. Bush and S. H. Caldwell, Phys, Rev. 38, 1898 (1931). 
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tte ^-axis at a point ^^)‘> when m < the curve 

decreases steadily to a minimum point then increases steadily 

to infinity as ^ approaches a certain value a, and finally decreases to 
zero as I 0. Curves relating to are given in the paper by Baker. 



Asymptotic formulae for those solutions have been derived by 
Sommerfeldjf for m = Wj he obtains for large values of ^ 

j f 1 144 

^ ~ ~ e ■ 

Tor large values of ^ this reduces to 

^ ~ 144f-®, 

a solution which may be obtained by substituting 

<!> = Al-'* 

into equation (76) and equating powers of ^ on both sides of the 
equation. Similarly when m < it can be shown that 



For neutral atoms we have 


400a 

(l-a)* 




lim z(r) = N — Z] 

r-xo 

in other words, the curve <^(|) tends to infinity in such a way that tlie 
tangent to it ])asseH throiigli the origin, since 

limO.B = 1 — ilim2:(r) == 0. 

^—>00 ^ r->t3o 

The only curve which satisfies this condition is the curve A A' for which 


t A. SommoifoUl, Zeliti.f. Physik, 78, 283 (1932); 80, 415 (1933). 



180 ATOMS WITH JLANY BLEOTKONS S •«> 

dildi = -mi when ^ = 0. The curve is asymptotic to == 0, i.e. 
0—(S>o = 0, so that if <[> is taken to be zero at infinity, Oq must also bo 
zero, which means that the maximum energy — e<E>o of an electron in 
a neutral atom is zero. 



Fig. 26. Badial distribution of charge for Kb+. 


!For positive ions the number of electrons N is less than the atomic 
number Z, so that 

0 . 

f-KO Z 

In this case we choose a curve with m > such that the tangent to 
the curve at the point P{^q, 0) where it cuts the axis ^ — 0 pass(\s 
through the point 5(0, l-^N/Z). The equation of the lino BP is 



which in the old coordinate system reduces to 




and so represents the 
that 


Coulomb field outside the ion. It follows at onco 
Eq == -e<Do < 0, 


showing that the maximum energy of the electrons in tlie ion is 
negative; the electrons cannot therefore escape from the ion. 

As an example^ of the kind of results obtained by the Fermi-Thoinas 
method, Fig. 26 shows the density of electrons in the lieavy ion, 
rubidium +. The electron density is readily calculated from equation 
(69) once the wave function <f> defined by equation (74) has been found 
by numerical integration of the non-linear differential equation (75). 


t r>. B. Hartree, Proc. Camh, Phil, Soc. 24, 121 (1928). 
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The full curve shows the radial charge density calculated in this way 
and the dotted curve that calculated by the method of the self-consistent 
field (§ 28.2 above). It will be noted from this curve that the Thomas- 
Termi method gives a good smoothed-out approximation to the distri- 
bution of charge constituting the self-consistent field. For this reason 
it is often useful to use the Thomas-Fermi method to obtain a first 
approximation to the field in the Hartree method. 

It would also appear that if the details of the field or charge distribu- 
tion are not considered to be important the Thomas-Fermi field or 
charge distribution may be sufficiently accurate. It should, however, 
be remembered that in this method the radial charge density for small 
r is proportional to while in the wave-mechanical treatment it is 
proportional to rK 


6072 


M 



VII 

INTERATOMIC FORCES 


31. Introduction 

All treatments based on quantum mechanics of the forces between 
atoms and molecules make use of a theorem due originally to Born and 
Oppenheimer.f This states that any problem in whicli atoms or 
molecules interact can be treated in the following way: 

First one supposes that the nuclei of the atoms concerned are at rest 
at points Rj\r> ^ being the total number of nuclei in the 

system under consideration. One then obtains solutions of the Schr5- 
dinger equation for the electrons of the system moving in the field of 
these nuclei. These solutions will be written ^^(R; q), where q are the 
coordinates, including spin, of the electrons, and corre- 

sponding energy values. One then treats the motion of the nuclei by 
means of a second Schr5dinger equation, in wliidi together 

witli the Coulomb interaction between the nuclei, plays the jjart of 
the potential energy function. If T*(R) is a solution of this ecpiation, 
the wave function of the whole system is taken to be 

T(R)^„(R,ff). (1) 

This approximation is used in almost any problem involving inter- 
atomic forces, such as 

(a) The vibration and rotation of a molecule. 

(h) l?he (gas-kinetic) collision between molecules. 

(c) Calculations of the lattice energy or elastic constants of solids. 

The use of the wave function (1) is of course an approximation only; 
the neglected term in the wave function is of order (m/Jf )*, where m 
is the electronic mass and M the nuclear mass. For a proof, the reader 
is referred to the original paper. 

31.1. Rotation and vibration of diatomic molecules in their lowest 
electronic states 

The problem of calculating the energy levels has already been treated 
briefly in Chapter V. We start by assuming that the electronic problem 
is solved, and that the energy of the electronic system in its ground 
state is known for all separations R of the nuclei. Let U{R) denote 
the sum of this energy and the Coulomb interaction of the nuclei. 

t M. Bom and J. R. Oppenheimer, Ann. der Physik, 84, 467 (1927). 
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Then the SchrSdinger equation for nuclear motion is, according to the 
approximation introduced above, 




As already shown (§ 23.2), if the centre of gravity is at rest, this equation 
reduces to 7-2 

|_v2^+(ir-t7(,K)}^ = 0 , 

where ^ is a function of R, the (vector) distance between the nuclei 
and M = Taking spherical polar coordinates, ^ takes 

the form ^ ^)/(i2)/i?, 

where / is the solution vanishing at the origin of 




( 2 ) 


The function U{ R) will depend on the electi'onic ground state of the 
molecule under consideration, and will not in general be expressible in 
terms of simple functions. h\)r stable molecules the energies of the 
lower states can usually be found by writing 

U{R) U,+lK(R^R,)^ 

which is a good approximation near the minimum of the energy curve. 
Tliis method was adopted in Chapter VI. 

Anotlier method is to make use of the function introduced by Morse;f 

is 7i’^i__e-a(K-/wj2 

Tlio form of this function is qualitatively of the typo that we expect 
for the force botwooii atoms, except that it does not tend to infinity 
when It tends to zero; this is unlikely to be of importance. For the 
Morse function an exact solution of the SchrOdinger equation has been 
given for i; = 0 and an approximate one for h 0. The energy values 
are (if the minimum of the curve is taken to be zero) 

1 )-a:v2(tt+-J)3+7iA:(& 1- 1)' 

whore 


a //2F\ 


X ~ 


IF’ 


B = 




D = 




3AV 


gi)(aro a^g)' 


1 2 ^TT^MVcrl ’ 1 Ott Wr§ D\ 

It will be seen how, in this formula, the term 7tv(r!.+^) represents the 

t P. M. Morse, Hcp. 34, 57 (li)29); C. L. Pokoris, ibid. 45, 98 (1934). See also 

Pauling and WilBon, Introduction to Quantum Mechanics^ p. 27!2. 
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vibrational levels, Bh(h+l) the rotational levels, and that the otlun* 
terms are of smaller order of magnitude for small n, L 


31.2. Review of types of interatomic force 

We must now give an outline of types of force between atoms and 
ions which give rise to the formation of molecules and solid bodies. 
Among these the simplest are the purely polar forces between ions. 
Thus a very satisfactory theory of the properties of crystalline alkali- 
halides (e.g. NaCl) has been built up on the assumption that these 
materials are formed from positively charged metal ions and negatively 
charged halide ions, which attract each other according to the invtu'se 
square law. An account of this theory is given in. Chapter VIII. Th(^ 
introduction of quantum mechanics does not affect the calculation of 
electrostatic attraction between ions^ it does, however, affect our id(^as 
of the extent to which the forces other than the electrostatic attracition 
affect the cohesion. 

Secondly there are the so-called van der Waals forces between two 
neutral atoms or molecules. The van der Waals force may bo deliiUMl 
as the force between two atoms or molecules when they are so i’ai* 
apart that their wave functions do not overlap. In general tlu^ potcuitial 
energy of two molecules at a distance R apart, where R is great com- 
pared with molecular dimensions, can be expressed, in the form 

where A is a constant. 

All other forces between atoms or molecules which are neither charged 
nor carry a permanent dipole arise only when they approach cl(»H<dy 
enoi^h for there to be an appreciable overlap between the space covered 

by their respective wave functions. These ‘overlap’ forces are of thrtso 
mam kinds: 


(o) The repulsive forces which arise mainly between closed shells, 
such as rare gases and ions like Na+, C1-, Ag-i- ; 

(6) The homopolar forces responsible for the bonds such as thosc^ 
e w^n hydrogen atoms in or between cai-bon in diaincmd, 
grapJnte, or the molecules of organic chemistry ; 

(C) Metallic forces; by these are meant the forces between tl>e atoms 
of a metal or alloy in the soUd or liquid state. 

32. Van der Waals’ forces 

32.1 OalcvJuticm of van der Woafe’ forces by classical methods 
We have seen m the previous chapters that an atom may be thought 
of as consistmg of a small positively charged nucleus surrtLded b^mt 
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electron cloud. For atoms which have spherical symmetry the centre 
of this electron distribution coincides with the nucleus. If, however, 
the atom is placed in a uniform electric field, the electron cloud is 
distoi*tod ill such a way that its centre is displaced away from the 
niiclouB causing the atom to have an electric moment. The atom is 
then said to be polarized. It can be shown in a classical way that the 
van der Waals forces between neutral atoms can be interpreted in terms 
of these polarizations. We shall discuss this method before proceeding 
to the more accurate quantum mechanical calculations. 

If the strength F of the electric field is not too great we expect the 
dipole induced in the atom to be proportional to F. Denoting the 
magnitude of the dipole by p we may then write 

p = ccF, (3) 

where the constant a is called the coefficient of polarizability. The 
energy of the dipole p in a constant field F is given by 

¥ 

Wj, .^ - = -\aF\ (4) 

0 

If the field F is Huctuating about the value zero the mean of the 
polarbation energy remains finite, 

W,^ - (^) 

since the mean of llio scpiare of the field F^ will not be zero. 

Ijet us now consider the field F due to n dipoles of strengths placed 
at a groat distance r from the atom and inclined at angles 6^^ to the 
vector r. Then if r is sufficiently great the field will be uniform, and 
have components 

n ^ 

A neutral atom in which electrons move in the field of a nucleus may 
be represented by an ensomblo of fluctuating dipoles of this type; we 
may thus write ^ 

where s,, is the distance of the 9 ^th electron from the nucleus. For such 
an arrangement we have 

/3 being interpreted as a kind of mean square of the dipole moment of 
an atom. Substituting from equation (6) into equation (5) we find that 
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the effect of this atom on another distant atom is to change the energy 
by an amoimt TfL given by 

= -ai8/r«. (7) 

The interaction energy of two atoms with atomic polarizabilities tx^ 

and mean square dipole moments is thus 

= ( 8 ) 

it being assumed that the effects are additive. 

This classical method of calculation shows the characteristic features 
of van der Waals’ forces. The negative sign in the expression (8) 1‘or 
the interaction energy implies that the two atoms attract one another. 
The force between the two atoms varies as the inverse seventh power 
of the distance; we shall see that this conclusion is confirmed hy the 
use of the methods of wave mechanics. It is found, however, that tlie 
multiplicative constant given by the classical theory is about 

five times too great if the value of j8 is deduced from measurements 
of the magnetic susceptibility.f 


32.2. Polarizability of an atom in an electric field 
The considerations of the last section show that in ordci’ to obtain 
the van der Waals attraction between atoms it is nocossai’y to calou- 
late the dipole induced on an atom placed in a static electric fiohl, and 
thus the polarizability of the atom. 

The calculation will first be carried through for an atom with on(» 
electron in a Coulomb field. The coordinates of the electron aro demdicd 
Then if an electric field F is introduced along the s-a.xis 
the perturbing term introduced into the Hamfitonian, in other words 
the potential energy of the electron in this field, is 


H' = -Fez. 

The SchrOdiuger equation then becomes 

clVcos^j^ ^ 0. 

If we take = -eV2o 

and write ^ = UI-FoobB. R{r)}, 

then TF wp differ from by a term of order F\ Thus 
rom (11) into (10), making use of the equation 


(!') 

( 10 ) 

( 11 ) 

substituting 


vv.+^(ir,+l’)^. = 0, 

t V. Debye, l^hya. ZeiU. 21, 178 (1020); 22, 302 (1921). 


( 12 «) 
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V^<f>+^iWo+^^y+^eFrcoHe,l,, - 0 . 

The ordinary differential equation for Ji(r) then boconics 

d^H J1 l\di? 2j ^ 

dr^"^ \r aj dr r^ ea 

which has the particular integral 



To deteruiiiio the coiupleinentary function wo lot 

E{r) = 2 
»=o 

and equate powers of p — 2 to obtain the iudicial equation 

(p-l)(p+2) = 0. 


(Vlb) 

(13) 

(14) 


The root p — 2 must l)o rejected since it would not k^ad to a I unction 
B which tends to zero with r. Tutting p — 1 and equating coefficionts 
of wo obtain tlio rocurrenco relation 


(In _ 2 ^+1 



«„-i a'»(w+2)’ 

which shows that, as n 

-> 00, 

a 2 

- » 



so that, lor large vahic? 

M)f r, 



Any wave function 0 contaiiiing this coinplenientary junction violates 
the boundary conditions; ^ is therefore given V)y ecpiations (11), (14). 
Hence to the first order we have 


^ I e \a 2rt'“ 


Making use of the form (11) for tlio wave function i/>, and of the equa- 
tions (12a) and (126) we iiavc 

Hiji — Wa{ilia—<i>)—e.Jt'r^aos6 
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M far as powers of order FK Thus neglecting powers of order we 
have 


W 


eF 


j K</>r 


COS 0 dr 


f 


dr 


^ CO gQ 

= Wo-iF^» J ooB<‘0sinffdd J / f 

0 0 O’ / a j J 

The integrations are elementary and give finally 

W=^Wo-^. 

4: 

But in terms of the polarizability a we have 

W = Wo-locF^ 

so that, since the two formulae are equivalent, 


-2r/o 


r^dr 


a = |o® 


(16) 

This corresponds to a value 0-677.10-24 cm.® for the polarizabiUty of 
the normal hydrogen atom. 

An ^temative treatment of the polarizability, valid for any field, 
IS as foUows: the considerations of Chapter III show that the perturbed 
wave function is 

^o+ei’ V — 

where y,z) is the wave function of the ground state, tbJx,y,z) of 
any excited state, and ^ ^ 

^0n= (17) 

The charge density in the perturbed atom, neglecting terms of order 
uP IS thus 

= e\U+e^F 2 (-^^A,^*+complex conjugate]. (18) 

The second term is not in general spherically symmetrical and will thus 
^ve nse to a dipole moment. Thus, for instance, if corresponds to 

+{« ^1, ^ ^ ^ ^ curve ( 3 ) in Fig. 27. The change in 

the charge density of the atom is also illustrated. 

The dipole moment of the atom is equal to 

/ «p(*,y,2!)dT, 
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wbich, on substituting from (18) gives for tbe polarizability (dipole 
divided by field) 

Iho quantities hero introduced for the first time, have con- 

siderable importance for the theoiy. 

It is convenient to introduce the 
climeixsionless quantity /„ defined by 

The (inantity/„i8 called the ‘oscillator 
strength’ of the transition 0->n of 
■fche atom or molecule concerned. The 
x’eaaon for this is obvious. If wo write 
~ (^1 “ substitute in (19), 

"We find for the polarizability a, Fui.27. Charge density in an atom. 

^ (1) unperturbed; (2) per- 

01 = ..r. - V (20) (3) •I'n'l’o- 

471^/w, ^ ' 

n 

Now a 'olassicar olootron l)()\nKl to a fixed point with a restoring force 
^uoh that it would vibrato with frequency v would give a polarizability 
e^l^Trhnv^, "riio real atom, therefore, behaves as though it were a 
collection of oscillators of frequency and strength/,,,. 

Ill (lhaptor X it will be shown that the quantities /,j determine the 
intensities of the coiTesponding absorption lines. 

In tho next section it will bo shown that 

Ifn == 1 
n 

for a ono-oloctron atom, or for a series of transitions in which only one 
electron takes ])art. Thus ii\ as is frequently the case, one absorption 
lino V is much strongoi’ than all the others, the polarizability ol is given 
approximately by ^2 

CY 

as on tho classical theory. 

Tho proof that for the hydrogen atom formulae (16) and (19) are 
equivalent is loft to the reader, 

32,3. The J-S7i7n rule 

We have in this section to prove that 

lfn=l- 

•th 
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As a preliminary we show that 

J J ^*#0 dr. (21) 

This may be proved in an elementary way from Schrodiiiger 's equation. 
Thus 

V¥o+^(T?"o-F)^o = 0, 
and VV^+^(Tr„-F)^* = 0. 

Multiplying the first equation by t/i^ z, the second by integrating 
over all space and subtracting, we obtain 

Since 

cz 

we have, making use of Green’s theorem, the required rcssult (21), 

It follows that 

2/. = -2 2 J «#. * J 

and, by the argument given on p, 96, the right-hand side is 


-2j^S 


<uH^dr. 


It follows firom partial integration that this is equal to f ^^t/igdr and 
thus to unity, 

32.4. Calculation of van der Waals force based on imve ?nerJi/imrs 
As already stated, the term van der Waals’ force is used in this book 
to describe the force between two atoms or molecules which aro far 

enough apart for the overlap between the wave functions to bo 
neglected. 

We Shan calculate the attraction between two hydrogen or ono- 
electron atoms, a and b, at a distance R from each other. Tho atoms 
are not necessarily of the same type; we denote by Uo(r), ujr) tho wave 
functions of an electron in the normal and excited states in atom a, 
^ y t;„(r) the wave functions for an electron in atom b. Since 
WAV ^ if is not necessary to use antisymmetrical 

IL T T ‘ “ 2 i« 

tom b, and take for the zero-order wave function of the system 
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The interaction energy V (r^, Tg) between the two atoms is then 

V = e2[4 — + — i—1 

L-R Ira— tal Ifi,— ralJ’ 

where r^, denote the positions of the nuclei of the two atoms. 

If wo use the perturbation theory of Chapter III to work out the 
change of the energy of the system of the two atoms due to F, the 
answer will obviously be zero; the integral 

J F(ri,r2)K(ri)Pdri 

is the electrostatic ])otontial of an electron outside the unperturbed 
atom (i. This will bo zero since the unperturbed atom is spherically 
aynnnotrical. We have to carry the perturbation theory to a higher 
order of accuracy and calculate the energy using perturbed wave 
functions. 

By equation (10) of Chajiter III the perturbed wave function is 


«*o(>’l)Wo(^2)+ 2 




(n,?i,'|F|0,0) 
W,,+ W'^.-Wo-W 


0 


( 22 ) 


Here 11^^ and 11'^ denote the energies of the normal and excited 
states ol' the two atoms and 


(•/t,7i'l F10, <>) ■-= JJ <(»-i)«*(»'2)^(ri,r2)wo(ri)wo(»-2) 

'J.’his means that owing to the interaction energy either atom may be 
perturbed and cany a dijiole; but the position of the electron in one 
atoriTL depends on the i)osition of the electron in the other. The average 
dipole moinont of oitlier atom is zero, although the average interaction 
energy of the dipoles on each is not. 

If we use (22) to calculate the mean value of the interaction energy 
wo obtain 


2 




To calculate (n, n' 1 K|0, 0), wo note that it simply represents the electro- 
static i)otoutial energy of two electrostatic charge densities 


cu^Uq and bv^Vq 

in one another’s Held. If these have dipole moments, the energy is, so 
long as B is great compared with the atomic diameter. 


ror- 


4 " ^'oh ^O/t' "t" Von z/o/i'}’ 
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z is here taken to be along the line joining the two nuclei, and 

2o» = J 2o»' = J 

It is possible to choose the states n so that only one of , does 

not vanish for a given state. Thus the interaction energy is 

V x'w+yL yZ- 

Wo+w',-w;,-w',. ’ 


and by symmetry this can be written 

As in the last section, if for each of the atoms considered one transi- 
tion, of frequency v, v respectively, has an ‘oscillator strength’ large 
compared with the others, the interaction energy between the two atoms 
may be written ( y 1 i 

~^^( 4 v 2 jn) vv'{y+v')W 

This term, therefore, will give the interaction energy between two 
molecules or atoms having stronff absorption lines of frequencies v, v', 
all other lines being weak. 

The theory given here of the van der Waals attraction between 
molecules is due originaUy to F. London and R. Eisenschitz.f When 
the summations are carried out it is found that the van der Waals 
interaction energy between two hydrogen atoms is 

— D 40 — ---I = — -——volts. /OKN 


where a is the atomic imit of length (0-53 A). 

The same result has been arrived at by Lennard-JoiiesJ by the use 
of his generalized form of the SchrOdinger perturbation theory. Denot- 
ing the two electrons by 1 and 2 and their distances from one nuclens 

Hamiltonian of the perturbation 


“ “““■ned 

that the electtoi^ ere neter tery &r ftom their reepeetive neelei so 

*4”i'’r MnSf ‘ ““““t 

t . •l^"d-Jo'ie8,Proc.i?o3,.Soc.A,129.698(i029). (§l8.4above.) 



9 VAN DKR WAALS’ FORCES I 73 

that rj, ;/»« are small in comparison with r^, and B, then by expanding 
tho expresHioix (2G) for 7/^ in the form 

//, —~|^{3cos(ri,R)co8(p2,R)-oos(ri,p2)}+0^^j, 

nn<l applying his perturbation tlieory Lennard-Jones derived the 
ibnnula (2r>). 

Although the calculation of tho long-range forces between hydrogen 
atoms is of groat theoretical interest it is of little practical importance. 
Tho practioally iinpoitant case of helium atoms has been considered 
by Baber and Hassef by a tnethod involving various refinements of 
tho Ijoncli>n-Ei8ensohitz nietliod. Calculations on the van der Waals 
intoractitni between heavier atoms have been performed! found 

to Unul to results in reasonably close agreement with the experimental 
ohsorvaticniH. 

'I’ho oalc.ulation of tho van der Waals force between two hydrogen 
moliKuilos has been carrictl out by Massey and Buckinghara§ using a 
variational rnothod. Particular interest is attached to this calculation 
because of tho fact that the hydrogen molecule being axially sym- 
motriiial possesses a j)ormanont quadrii)ole electric moment. Part of 
the force between two hydrogen molecules is therefore made up of the 
static interaction between these quadripole moments. It is found that 
the inlej’aetion energy in this case is 


where the angles «, j8, 0 detormino tho fixed orientations of the two 
synimetric diatomic molecules. Of the two terms the second is the 
dyiuimical dii)ole-dipoIe interaction of the type which gives rise to the 
van der Waals force between two hydrogen atoms in s-states, and 
the first the quadripole interaction refeired to above. It is foimd that 
whereas tho average of F over all orientations is finite, that of 0 
vatusiufs, so that the stati<! i’orce is not of predominant importance in 
gas-kinetie phenomena. 

'i’he intju'action of the di|)olo system of one atom with the quadripole 
sysleni of another has b(«n considered by various authors.|| It is found 

t T. I). H. and H. K. Uumw^, Proc. C'atiii). Phil. Soc. 33, 253 (1937). 

i .1. (i. Kirkwood, J‘hyM. 33, .'57 (1932); H. HoUmann, Acta Physicoehim. 

dfiHlt. 2, 273 (1935); H. A. IJiic.kinsIiain, Proc- Pay. Soc. A, 160, 94 (1937). 

S H. H. W. ManHoy and H. A. lJiiokinf;kam, Proc. Boy. Irish Acad. 45, 31 (1938). 

li H. Mai-Kenau, Pliys. Her. 38, 747 (1931); R. A. Buckingham, loo. oit.; J. E. Mayer, 
J. (Jhfm. Phijs. 1, 270‘ (U)33). 
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that this interaction gives rise to a term proportional to r-® which is 
appreciable for moderate distances; for instance, Mayer calculates that 
the dipole-quadripole interaction amounts to 20 per cent, of the dipole- 
dipole interaction in the energy of certain crystals (NaCl, KOI, KI). 


32.6. The caloula£(m of the van der Wcutls constants from observed 
polarizabilities 

In the investigations of Eirkwood, Hellmann, and Buckingham, cited 
above, on the van der Waals interaction between heavy atoms, a great 
deal of attention was devoted to attempts to relate the constant c of 
the van der Waals energy (— c/r®) to the coefficient of polarizability. 
The previous calculations were improved by Buckingham, f who made 
use of wave functions calculated by the method of self-consistent fields, 
and included the effect of electron exchange. 

For an atom with N electrons in a single shell, Buckingham found 
that the polarizability of the atom can be written in the form 


( 28 ) 

where a is the radius of the first Bohr orbit and is a certain mean 
of the square of the radius of the outer orbits measured in atomic units. 
Introducing a mean radius of the outer orbits in centimetres by means 
of the equation , . 

we can write equation (28) in the form 


4 Ncfi 
9 a 


(29) 


The constant, c, of the van der Waals field between two unequal atoms 
{N-^ and is found by Buckingham to be related to the a, thus defined, 
bythee^.Uon 


or, in terms of polarizabilities 
c = 




VM)+VK/^2)’ 


(31) 


The formula (31) is readily generalized in the case in which there are 
several shells each with a characteristic size and polarizability of the 


t R. A. Buckingham, loc. cit. 
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(W.JL, Zi) sub-group of electrons in the atom 1 by a(ni, l^) and the number 
of atoms in it by then formula (31) is replaced by 

c = ^ li)oi-{n 2 , Zg) 

^ ^2)/^(^2> ^2)} 

wliore the summation extends over all pairs of sub-groups. 

By means of this formula the van der Waals force constants can be 
calculated from observed polarizabilities. A series of valnas of c was 
calculated by Buckingham and is shown in Table 4 below. 


Table 4 


./ nterartio-n 

r 

interaetdo'n 

c 

Interaction 

c 

(10”®0ergffi cm.®) 

Ho— :iio 


A - 

-A 

03-5 

Na+— Na+ 

3-70 

Ho— 'No 

:i-48 

A- 

-Kr 

«2-7 

Nai-— K+ 

10-4 

Ho A 

<)-80 

A 

Xo 


Na'— Kb+ 

15-1 

ITo Kr 

14*4 


. . 



21-6 

lUv -Xo 

2(1-7 

Xo 

.Xo 

2»:i 







, , 

KI - KI 

33-3 

NtJ ■ -N(s 

7-4K 

Li ' 

Li' 

(>•007 

KI- Kl)i 

48-4 

No A 

2c-r» 

l/i ' 

Nu' 

0-684 

KI- (!»! 

71-3 

No‘ Kr 

,‘to-u 

Li ' 

. .Ki 

1-51 


. . 

No -X<» 

‘(2() 

Li ’ 

lib' 

2-21 

Jtbi— Kb-i 

70-6 

, , 


Li ' 

• iW- 

3-14 

J<,bi--C8i- 

104 

Kr- Kr 

lao 


, , 


, . 

. . 

Kr-^Xo 

m) 


•- 


Cb'I-— C8+ 

166 


33. Overlap forces 

Tn the last sections we have considered the van der Waals forces 
l)<*ttwceiii atoms, which arise wluui the ovcrlaj) between the wave func- 
tions is negligible. All othcM’ forces tliat occur between neutral atoms 
may bo classed ‘overlap forces’ and arise only wlien the wave function 
of one atom overlaps that of the other. Among overlap forces can be 
included: 

(a) Tho valence forces of chemistry. 

(ft) Tlio forces of repulsion which always sot in when atoms or ions 
with a closed shell configuration ai)])roaeh closely. 

Both types of force may bo calculated by tho same methods; two 
methods, m particular, arc available. Those are: 

(i) The method of London-Heitler. 

(ii) The method of molecular orbitals. 

Neither method will, of course, give an exact answer, but both can be 
treated as approximate methods from whicli a start can be made to 
build up more accurate wave functions. 
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In either method, the Hamiltonian H of the electrons in the molecule 
must first be written down; an approximate wave-function ^ must then 
be found, and the energy of the molecule calculated from tlio formula 

W = \Y*ir¥&T. (33) 

The methods differ in the form taken by the approximate wave 
functions. 

The difference can be seen most simply in the case of a diatomic 
molecule, and the hydrogen molecule will be considered first. In 
the method of Heitler and London wave functions are set up for an 
electron in one atom in the absence of the other atom. Thus in hydrogen 
let ^(,(r) denote the wave function for an electron in one of the atoms 
of the molecule in the absence of the other, and ^^(r) the wave function 
of an electron in the other. In the original paper by JHeitler and 
Londont on the hydrogen molecule Hj, and were taken to be 
wave functions for electrons in the ground states; thus if the two nuclei 
are located at points and denotes the vector r — R„ and r^, 

the vector r—Bf,, then 

^j(r) = 

where c is the normalizing constant. In other cases, in particular in 
considering the carbon bonds, the wave functions will not necessarily 
refer to the normal state, since a lower value of W, and hence a bettor 
approximation, can be obtained otherwise. 

We then set up our approximate wave-function T* ; it must have the 
required antisymmetry in the coordinates of the two electrons, and will 
thus have one of the two forms (according to the arguments of (Jhap. V) 

«2). (34 a) 

^ Ss). (34 fj) 

Here XA(h>^ 2 ) IS an antisymmetrical wave function in the coordinates 
of the two spins, giving therefore a singlet for each set of orbital wave- 
unctions when the energy W is calculated from (33); y (s, s.,) 

^ ® ””^‘*‘*alizlng 

If the energy W of the molecule is now calculated according to (33) 
usmg the wave functions (34a), (346) respectively, we find 

W = in case (34 a) 

= R^{Q—J} in case (346), 
t W. Heitler and F. London, ZeUa.f. Physik, 44, 465 (1927). 
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where = JJ 

and = J/ ^a(ri)'^6(r2)£r^a(ra)'^6(ri) ^ 1 ^ 2 - 

Tho integral J is called the "exchange integral’; for hydrogen it is 
negative, and varies with distance more rapidly than Q, It thus leads 
to attraction and to the formation of a stable molecule for the singlet 
state (34 a) but not for the triplet states (346). 

In the method of molecular orbitals, f one starts with wave functions 
for the individual electron in which each electron is supposed to be 
shared equally between the two atoms. Wave functions can thus be 

^a(r) = ^a(r)+^6(r) (35) 

or ^j 5 (r) = ^o(r)— ^6(r), (36) 

where l|s^^ and are as defined above. Alternatively wave functions 
may be obtained which are a better approximation to the problem of 
an electron moving in some sort of self-consistent field for the whole 
molecule. One then builds up the molecule, putting not more than two 
electrons into each state corresponding to the wave-functions 
ifjp, etc. 

TIio method of molecular orbitals is in general very suitable for 
handling the excited states of molecules and for the discussion of com- 
plex molecules; for the discussion of metals it is at present the only 
practicable method, the London— Heitler approximation proving too 
difiiciilt for the mathematical methods now available (cf. Chap. VIII). 
It is probably not so suitable as the starting-point of detailed numerical 
work. 

The reason for this may bo seen by setting up the wave functions 
for the lowest singlet and triplet states in hydrogen; these are, using 
the method of orbitals, 

and [*Aa(^i)*Ai 8 (*’ 2 )‘" ^ 2 )* 

The product written 

'A„(ri)!Aa(r2)+'/'j<(*‘i)'/'6(r2)+^a(ri)'A6(T2)+Wr2)!A6(ri)- 

This differs from the wave function (34 a) in including the terms 

which represent both electrons in the same 
atom. The method of molecular orbitals thus allows electrons witn 

+ 'Vh,.s i« <luo to J. K. L.>muml-Jone8 (Trans. Faraday 8oc. 2S, 668 (1929)); he 


t Tho name ih duo to J. K. Limiuml-Jones {Trans. Faraday boc. Ja, ooe 
and i Hund (ZeUs.J. Pkysik. 51, 759 (1928). ibid. 63, 719 ( 1930 )) mt^duc^ 
It has iwoii oxtotiHively dovoloi>.«l by H. A. MiUikon (flee. Mml. Phya. 4, 19 (1932)) and 
by Coulftoii (rofa. pp. 189, 192). 

6072 N 
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opposite spins to come into the same atom, and when the energ; 
calculated a large term will arise from the interaction between th 
This term is certainly greatly over-estimated in the orbital method; 
best approximation to the wave function would be of the type 

with 1c between zero and unity. 

On the other hand, the wave function (38) for the triplet st£ 
reduces exactly to the same form as in the London-Heitler approxii 
tion (346), In the orbital model, then, the symmetry of the w. 
function prevents two electrons with the same spin from coming i 
the same atom. 


33.1, Detailed discussion of the hydrogen molecule by the Londi 
Eeitler method'^ 

In this section a discussion is given of the hydrogen molecule in 
lowest electronic state treated according to the approximation 
Heitler and London. The discussion of the last paragraph shows t. 
in its lowest state the spins of the two electrons have a symmetri 
wave function and must therefore be antiparallel, that the ground st 
is therefore a singlet (spin moment zero), and that the energy of • 
molecule is given by formula (33). In this section we have, therefc 
only to set down the Hamiltonian and work out the normalizing fact 
A, B and the integrals Q, J. 

The normalizing factor will be discussed first. The wave functk 
will be taken as normalized to unity. Then it is easily se 
that ^2 ^ 1/(2+2A2), J52 = l/(2-2A2), 


where A = J 

We have thus to calculate Q, J, and A. 
The Hamiltonian for the system is 






'a2 


^62 


-^12 


'jB, 




'ab 


Here denotes the distance between the nucleus a and the electr 
with coordinate r^; is the distance between the two electrons, a: 

the distance between the nuclei. The term in ©Rsures th 

W will give the total energy of the molecule, including the repulsi 
between the nuclei. 


t For further details see, for example, Handhiuih der Phyaih, vol. 24/1, 636 (193: 
Pauling and Wilson, Introduction to Quantum Mechanics, p. 340 (Cambridge, Mas 
1936). 
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Tho simplest form to take for the wave-functions i/f^(r), is that 
of tho unperturbed hydrogen atom; this was the course adopted in the 
original paper of London and Heitler. With 
these wave functions the integral can be 
evaluated to give for the energies W^, of 

the symmetrical and antisy mmetrical states / 

— 9]y I I ^ 1+^ 2 /42\ / 

+ 1 +A‘^ ’ \X 

^2 W ___W ^ ^ 

W. = 2Wir’A 1 (42) Fig. 28. Coordinates used for 

1-A® ’ ^ ' tho hydrogen molecule. 

where Wjj is the energy {—me.*‘jih^) of the 

ground state of the hydrogen atom, A is defined by equation (39) and 

hence is i ^ 

A — I ’■Ji)/'* dri, (^3) 

wrt» J 

and Tfji and denote tlio integrals 

ir„ = e» IJ 

= _?!. f f L_ l\dr dr^, (44) 

■na^ J J Via *'a 2 ^6i/ 




I r„a 1 r/,i I »**«)/« 


^ ^ — jdTidTa. (45) 

l^’ia fal »'«2 


Tho problem is thus reduced to the evaluation of the integrals A, Tl^i, 

IF, 2 . 

To evaluate the integral A wo introduce confocal elliptic coordinates 
7 } defined by tlic relations 

£ ^ (46) 

Rah ' ^ob 

and tho azimuthal angle 0 . l^ho variables 17 so defined lie in the ranges 
1 ^ ^ 00 , — I < “I? i and tho volume element becomes 

dr - UW—n'^) m-rid^. (47) 

Substituting from equations (46) and (47) into (43) we obtain 

A _ J J = (l <“> 
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In the expression (44) for the integral first term may be evaluated 

by the use of the elliptic coordinates | and t), the second and thu-d 
directly. The final result is 


The integrals involved in the evaluation of are cumbersome; indeed, 
that involving l/r^g presents some difficulty. Heitler and London 
developed an approximation for W 12 I its value was later derived by 
Sugiura,f who found the expression 

W, = . 59 ^ n ^1 

a \8^20 a ^16 o2 ^16 

where A is given by equation (48), A' by the equation 

A' — /l ^ab I 


A' = 1- 


2 \ 

SkURalJn 


y is Euler’s constant, and Ei denotes the integral logarithm 


Ei(Z)=/^ 


dt (Z < 0). 


-1*8- \ V ^ Substituting from equations (48), (49), 

\ and (50) into equations (41 ) and (42) we 

^ ' \ W "" obtain expressions for the energies 11^ 

2 2 ^ functions of The varia- 

' tion of these functions with is 

"2*4' J — 1“^ ^ ^ — shown in Fig. 29; the function de- 

‘'■518 -Rab/a’^ creases monotonically while has a 

Fig. 29. Energies of the symmet- minimum at B^^ja = 1-518. COrre- 

rioal and states of gpo^ds repulsion at aU distances 

Hq as a function of the distance ^ ^ 

between the atoms. SO that a stable molecule is not formed. 

On the other hand, corresponds to 
the attraction of the two hydrogen atoms with the formation of a stable 
molecule. The equilibrium value of the relative position of the nuclei 


is given by 


B^^ = l-618a = 0-80 A, 


which is in excess of the known experimental value 0-7395 A. The 
corresponding theoretical value of the heat of dissociation is 3-14 eV 


t Y. Sugiura, Zeita.f. Phyaik, 45, 484 (1927). 
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in contrast to the observed value 4-48 eV. The vibrational frequency 
oi the nuclei, determined from the curvature of the function in the 
neighbourhood of its minimum, comes out as 4,800 cm -i; the value 
obtained from observations of band spectra is 4,405*3 cm.“^ 

33.2, Improveme'nis in the. approximaticm of London and Eeitler 
A simple improvement is to use for wave functions 

for an electron in an unperturbed hydrogen atom but the wave functions 
for an electron moving in the field of a charge z, which will then be 
chosen to minimize the energy for each value of This was first 
(lone l)y Wang,f who found a value of s, at the interatomic spacing 
giving minimum energy, given by z = 1*166. 

T'’ho addition to the London-Heitler wave functions of polar wave 
functions corresponding to electron configurations H+H" and H"H+ has 
also been considered by Weinbaum. J Weinbaum takes a wave function 
of the type (38 a) discussed above, with ?/f(r) as before the la wave 
function for an electron moving in a charge ze. He finds z = 1*193 and 
k 0*256 for the values of the parameters giving minimum energy. 
The fact that k is loss than ^ shows that the London-Heitler is a better 
approximation tlian that of molecular orbitals, which gives A; = 1, for 
tlm hydrogen molecide. 

Other improvonionts in the wave functions are: 

(ft) Tliat of lloHon,§ wlio takes for «/f(r) a mixture of a and functions 

He finds a 0*10. 

(/>) Further work by Weinbaum (loc. oit.), who combines this refine- 
ment with that of i)olar states. He finds 

s' 1*19, <7= 0*07, fc== 0*176. 


Table 5 


London .... 
Wan^. ..... 
WoinV)auin (ionic, therms) 

Hohoii (addition of j) i<orinw) 
Wtnnbanni (ionic. t(a*niK and p iorniH) 
JtunoB and Coolidj;o 
Kxporiinont .... 


Jleat of 

(iiNHOciation (oV.) 

(A) 

Vibratiotial 
freqyeticy (cm.“^) 

3- 14 

0-80 

4800 

3-7(i 

0-76 

4900 

4-00 

()-77 

4760 

4-02 

0-77 

4260 

4-10 



4-722 

0-74 

. . 

4-477 

0-7396 

4406-3 


t S. C. Wang, rhys. Hev. 31, 679 (1928). 

J S. Weinbantn, J. Chem, Phy/t. 1, 693 (1933). 
§ N. Koflon, Phys. Rev, 38, 2099 (1931). 
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where ^ 2 ) denotes the spin wave function which is usually omitted 
since it makes no further contribution either to the wave function or 
to the energy. The figures 1 and 2 stand for and Tg. 

The molecular orbital method therefore depends on the solution of 
the wave equation for a single electron moving in the field of two fixed 
protons. The solution of the problem of the hydrogen molecular ion 
(H^) is thus fundamental to the discussion of molecular structure by 
the method of molecular orbitals and must be investigated first. 

The Hamiltonian of the system may be written 


2m r„ Tf/ R„ 


^ah 


To solve the Sohr5dinger equation 

H<l> = W<l> (52) 

we transform to the elliptic coordinates r), by equations (46) with 
azimuthal angle x« In these coordinates 


■>7®' 

Introducing the radius % of the lowest orbit of tho Bohr atom 
(«(, = transforming the Laplacian to these coordinates, and 


writing 


W = ^{l+w), 


ad 


+ 


we find that equation (62) reduces to 

= 0. 

This equation is separable; Avriting 

^ = ximmx), 

we find that the functions X, Y, and O satisfy the ordinaiy differential 


equations 


<^X 


= 0 
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where A, are constants introduced when the equations are separated 
and the functions /, g are defined by 






In the lowest possible electronic state A = 0 , so that writing 

1 dX ^ IdY 


F= - 


we have 


X di’ 


^ Yd7]’ 


^ = ^ = (54) 

di 1 drj 

The equations (54) liave been integrated numerically by Burrau.f 
The range of the variables is 1 < | < oo, — 1 < 17 < + 1 '» l>y assigning 
a value to the ratio solution of the equations can be 

expanded in a power series for 0 ^ rj ^ ^ and in another series for 
J ^ ^ 1- The two series have the same sum at 77 = ^ only if w has 
a certain value. In this way w (and hence 1^) is determined for each 
value of the internuclear distance the results obtained by Burrau 
are shown in the table lielow. The accuracy of Burrau ’s calculations 



has been improved upon by HylleraasJ who assumed a solution of the 
form 

nHAl 

and also by Steensholt.§ These treatments correct Burrau ’s values by 
very small amounts; all three give ■ - 2 * 00 ao for the equilibrium 
value. This corresponds to a value = 1-06 A in agreement with 
Richardson’s spectroscopic estimato|| of the distance between the pro- 
tons in the ion. 


A method such as that of Hylleraas is necessary to obtain accurate 
forms for the wave function ^ for the problem ; it is found, however, 
that by taking to be a linear combination of atomic orbitals it is 
possible to construct a wave function which is sufficiently accurate for 
molecular calculations. If denote the wave functions of the 

electron treated in atoms A and B, supposed normalized to unity, then 


one may take 




t O. Burrau, K^fl. DansJcc. Vid, Fie^slcah. 7, 14 (1927). 
t K. A. Hylleraas, Zeita.f. Fhyaik, 71, 739 (1931). 

§ G. Steonsholt, ibid. 100, 647 (1936) ; Vid.-Ahad.. Avh, No. 4, 1936. 

II O. W. Richardson, Trans. Farad-ay Soc. 25, 686 (1920). 






186 INTEEATOMIC FORCES § 33 

The constants A and B are found by minimizing the energy 

TF = J drj j (55) 

in this way we find A = ±J5 = (2±2A)-=i, 
giving for the wave functions 




(56) 

and 

^“V(2-2A)<'‘“ *>■ 

(67) 


The form of these two wave functions is shown in Fig. 31. 



Fig. 31. 


For the wave function we shall assume the form 

differing from the wave function of the ground state of tho liydrogen 
atom by the inclusion of a ‘screening constant’, c, which will be a 
function of the nuclear separation Substituting from (58) into 
equation (56) and inserting in equation (55), we obtain for the energy W, 

W = ^Ifc^-Gc+-^], (59) 

% \ ^ahJ 

where F{p), G{p) are known functions of the variable p = the 

expressions for F, 0 are rather cumbersome but may bo evaluated 
in the same way as the integrals in § 33. 1 . For a given nuclear separation 
the best value of c is given by the equation 



the suffix Rfjfy denoting that is assumed constant during the 
differentiation. It follows immediately from (59) that c is a root of the 


equation 



( 60 ) 
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The values of c determined from this equation are shown in Fig. 32, 
and the corresponding curves for W as a function of are given in 




Fig. 33. Also shown on the same diagram are Pauling’s curves obtained 
by taking c = 1 in equation (58) and inserting this wave function in 
(65) with the combinations (56) and (57), and the curves obtained by 
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Hylleraas and Steensholt from the accurate forms of in spheroidal 
coordinates. 

It appears that the simple forms (56) and (57) approximate quite 
well to the exact wave functions for the molecular hydrogen ion derived 
from the solution of the Schr5dmger equation in confocal elliptic 
coordinates. 

Let us now consider the hydrogen molecule for which the Hamiltonian 
is (40), (cf. Kg. 28). In the molecular orbital method the wave- 
function iff is of the form (51). Dropping the spin factor and substituting 
for <^(1) and ^(2) from equation (56) we have 

where denotes a normalization factor. 

Using the wave function (61) with ^(r^) defined by (68) we find that 
the energy can be put in the form 

W = ^{2Fc^-20c+Jc+-^], (62) 

®o\ -^abl 

where F and O are the same functions of p as in the case of the molecular 
hydrogen atom, and J is another function of the same typo arising from 
the presence of the term l/r^g in the Hamiltonian (40). Applying the 
variation method as before we find that o is a root of the equation 

Calculating the explicit forms of F, 0, J we can draw a curve of the 
type Kg. 34 which gives c as a function of The values for the 

ion H^ are also shown on the same scale. It will be seen from this 
diagram that the repulsion between the two electrons in the neutral 
molecule tends to diminish the value of c. 

The corresponding curve for the energy (62) is shown in Fig. 35 
together with the curve obtained by Coulson using the Heitler-London 
method with the variation principle. The constants of tlie hydrogen 
molecule obtained by these methods of approximation are shown below. 



^abl^o 

Binding 

energy 

(voUa) 

c 

Moleculaor orbital . 



1-197 

Heitler-London 


3-761 

1-166 

Observed 


4-477 
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It would seem that in the simple case of the hydrogen molecule the 
molecular-orbital and the electron-pair treatments are almost equally 
good. It is found, however, that in more complicated polar molecules 



Fro. 34. r, an a function of for ITa and TT.j. 



Fia. 35. H 2 molecular energy (uirves. 

the molecular-orbital method is superior to the electron-pair (or Heitler- 
London) method. Tlie method of molecular orbitals has been applied 
to a few molecules. t 

t See, for example, C. A. Coulson, Trmw. Faraday *S'oo. 33, 388 (1937) (CH 4 ); Proc. 
Gmnh. Phil. i^oa. 31, 244 (1935) (Ho.j ); Proc. Hoy. Hoc.. 169, 413 (1939) (polyenes and 
aromatic molociiles) ; J. K. Knipf), J. Ghein. PhyiricHf 4, 300 (1936) (LiH^ ) ; H. M. James, 
J. Ghem. PhijMcn, 3, 9 (1936) (Li.j); C. A. Coulson and G. S. Rushbrooke, Proc. 
Gamb. Phil. Hoc. 36, 193 (1940) (lumaturatod hydrocarbons); J. E. Lemiard- Jones and 
C. A. Coulson, Trarm. Faraday Ho<‘.. 35, 81 1 (1939) (polynuclear hydrocarbon molecules). 





INTERATOMIC FORCES 


190 


§34 


34. Distribution of momentum in the hydrogen molecular ion 

A great deal of theoretical work has recently been done on momen- 
tum distributions in molecules.f In addition to its intrinsic interest 
the determination of the momentum distribution of the electrons in 
a molecule is of importance since it determines 

(i) the shape of the Compton line when X-rays are scattered from 
the molecule 

(ii) the distribution of the fast inelastically scattered electrons from 
the moleoule.§ 

Since these quantities can now be determined experimentally with a 
fair degree of accuracy it is important to attempt some kind of theo- 
retical treatment of the distribution of momentum in molecular systems. 
Although Coulson and Duncanson have discussed the momentum 
distribution in several molecules we shall confine our attention to that 
in the molecular hydrogen ion 

According to transformation theory, the momentum wave function 
xip) of the molecular hydrogen ion is obtained from its space wave 
function ^(r) by means of the Fourier integral 

x(p) = pJe-M^(r)^Jr. (63) 

where for the symmetrical wave function we may assume ^ is given 
by equation (56) with the ^’s given by equation (5S). If wo use atomic 
units (Chap. VI above) and denote the position vectors of the i\uclei 
by r„, r^, then (63) assumes the form 


where 


X(P) = 


■ 7(2+2A) ■ 


A(p) = — f = — 


The density function is then 


(64) 


(65) 


X(P)X*(P) = 




( 66 ) 


Now the function A{p) is simply the momentum distribution of the 
atomic orbital (58), so that the density (66) is the same as it would be 


t B. Hicks, Ph/ya, Rev. 52, 436 (1937); C. A. Coulson, Proc. Camb. Phil. Soc.. 37, 5C, 
74 (1941) ; W. E. Duncanson, ibid. 37, 397 (1941); C. A. Coulson and W. E. Diuicauson, 
ibid. 37, 67, 406 (1940), ibid. 38, 100 (1942). 

J J. W. M. Du Mond and H. A. Kirkpatrick, Phya. Rev. 52, 419 (1937). 

§ A. L. Hughes and M. M. Mann, ibid. 53, 50 (1938). 
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if the electron were confined to one of the nuclei, except for the factor 

l+cos (p .RJ 

1+A 

■which gives rise to a kind of diffraction effect and is consequently called 
the diffraction factor. 

The density function x(P)a:*(P) given by equation (66) has symmetry 
around the internuclear axis, so it is desirable to draw the contours 
of equal momentum density in a plane through this axis. The result 
is shown in Pig. 36, from which it will be observed that the contours 
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Fia. 3(3. ContourH of ooriHtant momentum density for H.j' . 
(From Coulson, Proc. Camh, Phil, 37, (32 (1941).) 


are approximately ellipses with major axes perpendicular to the 
direction of the inteniuclear axis; there is thus greater probability in 
directions perpendicular to the bond than along it. 

The probability Ijriv^d'Px component of the momentum 

along the internuclear axis lias a value between 'Px 
determined by the equation 




— 00 —00 


( 68 ) 


In the case of a hydrogen atom = 0, c = 1,A = 1, so that 

... 8 
^xXPx) - 

The variation of the functions (67) and (68) with pj. is shown graphically 
in Fig. 37, from which it is evident that in the molecular ion there are 
fewer large values of Pj. than in the atom; if we calculated the probability 
functions Ijj(Pj,), IgiPz)^ perpendicular to the internuclear axis we should 
obtain precisely the opposite effect. 
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!Por the application of these principles to more complex molecules 
the reader is referred to the papers by Coulsoii and Dimcanson cited 
above. 



Fia. 37, Distribution of component of inoinentiim 
along the intemiioloar axis. 

35. Qualitative results for more complex moleculesf 
35.1. The principle of maxiwmn overlap2^i'^^{I 

The mathematical difficulties encountered in the calculation of the 
energies of molecular orbits, other than those of Hg and are so 
formidable that problems of molecular structure are usually discussed 
with the aid of a new’ assumption known as the principle of maximum 
overlapping. It is assumed as a first approximation that the exchange 
energy is due to the overlapping of the electron clouds suiToundiug the 
nuclei and that the energy of a molecular orbit is lowest (i.e. the binding 
energy is greatest) when the atomic orbits which it resembles overlap 
as much as possible. 

In applying this principle we require a knowledge of the probability 
distribution functions for atomic orbitals. We saw in the case of the 
hydrogen atom that a Is wave function is of the form 

SO that the angular dependence of the wave function for an atomic 
orbital is of the type shown in Fig. 38 a. '^fhe angular dependence of 
the wave function 

for a 2pa.-atomic orbital is shown in Fig. 386. The squares of these 
functions give the angular dependence of the probability distribution 

t See L. Pauling, The Nature of the Ohemical Botul, eliap. iii (Ooniell Univ.) ; C. A. 
Coulson, Proe. Boy. Soe. Edin. A, 61, 116-39 (1941-2). 
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functions. The ^y, orbitals are of the same form as the one 
except that the axis of symmetry is Oy, Oz respectively in place of Ox. 
In the 5-orbit the electron is practically confined within a sphere 
whereas an electron in a 2p-0Tbit is most likely to be found around 
or within a region with the dumb-bell shape of Mg. 38. 




Tio. 38. Polar representation of absolute 
values of the angular wave function for 
l«-orbital and %3-orbitalfl. 


The use of the principle of maximum overlappmg is most simply 
illustrated with reference to the water molecule HgO. Each hydrogen 
atom is in a l5-state. The oxygen atom has the electronic structure 

the two imier -electrons keep close to the nucleus and do not affect 
the binding, while those filling the 25 atomic orbital form a closed sub- 
group round the nucleus. Of the four remaining electrons two fill the 
2^g-orbital and do not take part in the formation of molecules (since 
they are paired together); finally, there is one electron in the 2p^ orbit 
and one in the 2py orbit. They alone take part in molecule building. 
We assume further that the 25 and 2p wave functions do not mix. 
If this is so, then by the principle of maximum overlapping the greatest 
binding energy is obtained by placing one hydrogen atom along the 
flj-axis and the other along the j/-axis, as shown on the left in Fig. 39, 
which is taken from Coulson’s paper.f We see immediately that the 
angle between the bonds, HOH, should be about 90°; this derivation, 
however, ignores the mixing of the 2p and the 25 wave fimctions and 
the repulsion between the two hydrogen atoms. These corrections have 


5072 


t C. A. Coulflon, loo. cit.. Fig. 6. 
O 
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the effect of increasing the bond angle. The observed bond angles for 
water-type molecules (oxygen family) are:| 



Fig. 39. The water molecule. 


35.2. Carbon molecules: hybridization of wave functions 
In the carbon atom two of the six electrons are in A"-shell orbits and 
take no part in chemical binding. The other four electrons are A-shell 
electrons whose orbits are chosen from is, ip^,, ipy, ip^. The nature 
of the bonds that carbon forms in any particular molecule determines 
the way in which these four orbits are formed. In carbon, since the 
energy of the is is nearly equal to that of the 2j;-orbits, we may form 
compound, or hybrid, orbitals by taking linear combinations of the 25, 
ip wave functions. Denote the latter wave functions by ^(25), ^(2^^), 
ip(ipy), and assume they are orthogonal and normalized. Fi'om 

them form four new wave functions (r - = 1,2, 3,4) defined by the 
equations (69) 

(r = 1, 2, 3, 4), where the a’s, 6’s, c’s, and d’s are constant. The energy 
of the orbits corresponding to these wave functions is that of the nearly 
equal is and ip states. If we denote the direction cosines of a certain 
direction by then the wave function 

ils(ipf) = (70) 


is of the type t]j{ip) and has its maxima along the directions (l^, nf) 
and (— ?/, — m,£, —n^). With this notation we may write equations (69) 


in the form 


ifsi — a^i[/(is)~^b^il/(ip.i) 


(71) 


t A. F. Wells, Structural Inorganic Chemiatry (Oxford, 1944). 
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(i = 1, 2, 3, 4), and note that the maxima of this function are also along 
the direction r^. For the wave functions (71) we liave 


and J i/t{ 2 pf)tlt{ 2 pj)dr = — cos0.y, 


SO that the orthogonality and normalization relations yield the ten. 
equations afaj+bibjOO»e,j ^ (72) 


(iyj = 1,2,3, 4) for the determination of the eight constants 
In this equation 8 .^ denotes the angle between the directions and r^; 
cos 6^1 is taken to be unity. 


Case (i). Tetrahedral bonds. If we take the directions r^, T^y 
to be normal to the faces of a regular tetrahedron then, for i ^ j, 

cosfty = — i, 

and equations (72) reduce to 

a2+62 = 1, = 0, 

where a = b rzrz b^^ 62 h.^ — 64. We thus have 

a — -1, b — JV3, 

so that the wave functions are 

^, = -J^(2s)+-W3^(22i,). (73) 

If we take as axes the lines joining the niid-points of the edges of the 
regular tetrahedron the vertices have coordinates of the typo (1, 1, 1), 
(1,--1,— 1), (— -1,1,— 1), (— 1,— 1,1), and tho wave functions (73) 
become 

= iy>{^s)+if>{2p^)+^(2p„)+4>{2p.)} 

h = ■KlA(2«)-^(2j5*)+<A(2j»„)— 0(22)J} 

Functions of this type are called tetrahedral orbitals; in each of tliem the 
electron is concentrated in a particular direction about which tho wave 
pattern is symmetrical. The wave functions of this type have a form 
resembling that of Fig. 40. 

If, when it is ready to form a molecule, the carbon atom lias its four 
unpaired electrons each in one of these tetrahedral orbitals, the principle 




196 


INTERATOMIC FORCES 


§ 35 


of maximum overlapping shows that it can form four equivalent bonds 
directed to the four comers of a regular tetrahedron whose centroid 
coincides with the carbon nucleus. The four bonds thus make angles 
of 109° 28' with each other. In this way we can account for the charac- 
teristic tetravalency of carbon — cf. the methane molecule CH4 (Pig. 41). 
When the four radicals which are bonded to the carbon atom are not 



Fia. 40. Single tetrahedral 
orbital. 



Fid. 41. The methane 
iiiolocule. 


all identical, it can be shown that their mutual repulsions and different 
electron affinities do not affect the tetrahedral angles by more than two 
or three degrees. The tetrahedral bond can also be shown to be very 
stable. 

Case (ii). Trigonal bonds. If we take the directions r^, rg, fg to he 
in a plane making angles 27r/3 with each other and take r4 to bo normal 
to this plane, then 

cos 012 = cos 023 = cos 031 = 

cos 014 = cos 024 = COS 034 = 0, 
and SO from equations (72) we have 

ai = ^2 == ag = 1/V3, 

6i == 62 = 

0. 

Choosing r4 to he along the 2;-axis and Ti to lie along the a:-axis we then 
= {^(25)-|-V2^(2^^)}/V3 

*Aii = {"^2^(25)— ^(2jpJ+'N/3i/r(2pj,)}/V6 

fei = {V2^(25)-^(2^J-V3^(2iiJ}/V6 
^iv = 

These orbitals are called trigonal orbitals. Tliey resemble the tetragonal 
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orbitals in the sense that the first three (which are shown in Fig. 42) 


possess a marked directional property. The 
principal directions he in one plane and are 
separated by angles of 120°; the fourth orbital 
is an imdisturbed 'dumb-bell’ with its axis 
normal to the plane containing the other 
three. There is one electron in each of the 
trigonal orbits when a carbon atom is about 
to form an unsaturated molecule, such as 



ethylene (C2H4), in which the bond angles 
are 120°. 


Fia. 42. The tliroe co-pLaaar 
trigonal orbitals. 


35.3. The ethylene double-streamers 

As an illustration of the occuiTence of trigonal wave functions we 
shall now consider the structure of an unsaturated molecule, ethylene: 

H H 

>c=c< 

H H 

in which there is a double bond. The two carbon atoms are in the 
trigonal state so that we can form five 'sausage’ bonds each of two 
electrons, such that there are three bonds from each carbon atom. 
Normal to the plane of these orbitals there is a dumb-bell orbital 
corresponding to a mobile electron which is unpahed and not engaged 
in the formation of a bond as yet. The criterion of maximum over- 
lapping demands that the bonds in the CHa plane are at angles of 120° 
with each other ; the best wo can do with the mobile electrons from 
the two carbon atoms is to pair these together someliow. If the two 
CH2 planes of the molecule coincide tho two dumb-bells are in parallel 
directions so that they overlap most in this direction. These 
electrons will then form tliemselves into molecular orbitals of the type 
shown in Fig. 44, in which the probability function has tho form of 
two streamers one on each side of the C2H4 plane. For such a molecular 
orbital the wave function will bo approximately 

Both electrons have, of course, tho same 'double-streamer’ wave func- 
tion; it should bo noted that it is not a case of the upper streamer 
representing one electron and the lower streamer the other. The two 
streamers are inseparable, constituting the additional factor which 
conveits a single bond into a double bond. 
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A characteristic feature of the double bond is its high reactivity. 
Since the streamer electrons are not so tightly bound as the other 
electrons — ^the atomic orbitals from which they are built do not over- 
lap as much — ^it is easier to form new molecules by disengaging them 
from one another and linking them with other atoms. 



Fig. 43. Overlapping of atomic 
orbitals in ethylene. 



Fig. 44. Mobile electrons in ethylene. 


Similarly, the triple bond is formed by the addition of a further pair 
of streamer electrons in a plane normal to that of the other pair of 
streamers. 

35.4. The benzene molecule (C^Hg) 

A molecule of some importance in organic chemistry is the benzene 
molecule and it is one of the classic problems of chemistry to determine 
the distribution of electrons in this molecule. Now a number of sources 
indicate that all the carbon and hydrogen atoms lie in one piano. We 
see then that for this to be possible each of the carbon atoms must be 
in a trigonal state. The atomic orbitals (Fig. 45) then form twelve 
'sausage’ bonds and the molecule forms a plane ring containing six 
carbon atoms. There are then six mobile electrons left unpaired; their 
orbitals are dumb-bells whose axes pass through the carbon nuclei and 
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are normal to the hexagon formed by the carbon nuclei (Fig. 46). 
These electrons will, however, interact and will be free to move about 
from one carbon nucleus to another, forming molecular orbitals of the 
type shown in Fig. 46. The streamer bonds which we encountered in 
ethylene are now spread out over a wider space — ^we have two streamers 
going right round the molecule one on either side of the carbon hexagon. 



Fxa. 45. Overlapping of atomic 
orbitalH in benzene. 




Fia. 46. Mobile electrons 
in benzene. 


If we write 0^, for tlie dumb-bell orbitals the molecular 

orbitals streaming round the molecule will, by an analogy with the case 
of Hg, be of the form o 

^ 

r=l 

The constants have to be chosen (by a minimum energy method) 
so that this function is as good a solution ot the wave equation as 
possible. It can be shown tliat there are six possible molecular orbitals 
of the required character each with different values for the and each 
having a diffcT'cnt value for the energy. If is the energy of an isolated 
2'fK atomic orbit and jS is a certain constant, of negative value, whose 
magnitude is known IVorn comparison measurements on ethane and 
ethylene, these molecular energies are 

p, Aq P’ ^0 

The energies of the first three orbitals are thus less than that ot an 
isolated atomic orbit; these levels are called bonding orbits. There 
will be two electrons in each of these bonding orbits in the normal state 
of benzene so that their energy is supposed that 
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the molecule had a configuration 


in which single and double 


bonds alternate, the energy would have been 6Uq+ 6j8. The extra energy 
2j8 gained by removing the restriction to localization has been called the 
resorumce energy. The value 2^ is about 30 k.cals. which agrees quite 
well with the experimental value (37 k.cals.). 

Similar calculations to those we have outlined briefly for benzene 
have been carried out for other molecules of this type and have been 
found to explain many of the well-known facts of organic chemistry. 
For example, it has been shown that the characteristic colour of many 
of the organic dyes may be attributed to the excitation of a mobile 
electron from a bonding orbit to an imoccupied orbit with energy 
exceeding The results of calculations of the resonance energies of 
a few unsaturated molecules are embodied in the table below.f It will 
be observed that the agreement with the experimental values for the 
resonance energies is reasonably good when we consider the nature of 
the approximations involved. 


Table 6 


Molecule 

Besonance energy {k.caUt.) 

Calcidated 

Experimental 

Butadiene 

6 

5 

Hexatriene 

11 

. , 

Octatetraene 

17 

. . 

Benzene 

30 

37 

Diphenyl 

65 

87 

Naphthalene 

63 

75 


t C. A. Coulson, op. cit., ]). 130. 
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36. Cohesive forces in ionic crystals 

The theory of the cohesive forces in ionic crystals developed by Max 
Bomf and his collaborators was one of the first successful applications 
of atomic physics to the theory of solids. Though not strictly an applica- 
tion of quantum mechanics, it forms the basis of subsequent develop- 
ments, and it will be necessary to give an account of it here. 

The aim of Bom’s work is to account for the lattice energy, lattice 
constant, crystal structure, and elastic properties 
of ionic crystals in terms of an atomic model. 

The theory has been applied most successfully to 
alkali halides, and will be explained here with 
reference to them. Alkali hahdes have the simple 
cubic structure; this is shown in Fig. 47. 

The theory worked out by Bom rests on the 
following assumptions: 

(a) The crystal is built up of positively and 
negatively charged ions, canying charges re- 
spectively. Ions of unlike sign therefore attract 
each other and ions of like sign repel, the force in each case being equal 
to 

(b) Any two ions repel one another with an additional force that is 
practically equal to zero until their separations fall below a certain 
value, wlieii the repulsion increases rax^idly. We shall denote the 
potential energy due to this repulsion by and call it the overlap 
energy, because it only comes into play when the electronic clouds of 
the ions overlap. The total potential energy of a pair of ions of unlike 
sign is thus 

w{r)—e^jr. 


0Na 

OGi 

Fia. 47. Sodium chlorido 
structure. 



where r is tlu^ distance'. Ix’itween them. 

The form of the function 7v(r) could in principle Ix'. calculated for 
any given pair of ions by the methods of quantum mechanics, but this 
has not actually been done (cf. Chap. VH); in the theory as developed 


t For a survey soo the followinpi: N. F. Mott and U.. W. Gurnoy, Electronic Procesees 
in Ionic Cryatalft (Oxford, 1940); K. Soit/, Modern Theory of Solitla (Now York, 1042); 
M. Born, article in tiio IJandbuch der Phyffik, 24/2 (Berlin 1933). 
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at present it has been usual to take an empirical form for the inter- 
action energy w{t), either 

w{r) = with 5^9 (1) 

or w{r) = (2) 


a form which is suggested by quantum mechanical calculations of the 
force between rare gas atoms. t 

The ions adhere to form a stable crystal because of the electrostatic 
attraction between unlike ions, which outweighs the repulsion between 
like ions. They keep apart because, when two ions overlap, the strong 
repulsive force with energy w{t) comes into play. On this basis we have 
to calculate the energy required to separate the crystal into its 
constituent ions. This may be done as follows: 

Let (j) denote the electrostatic potential at any lattice point of the 
crystal due to all the ions except the one occupying that point. This 
quantity has been worked out for a number of structures; for the rock- 
salt structure at a point normally occupied by a positive ion it is 

(f) =z -^eocj^jlr, 

where r is the shortest distance between ions of unlike sign and is 
a numerical constant known as the Madelung constant. For the rock- 
salt (simple cubic) structure it has the value 


0Cj^j= 1 - 7476 .... 

The electrostatic energy per ion pair is thus 

-oc^e^lr. 

In calculating the energy due to the overlap Forces, the simplest 

assumption is that the forces fall off so rapidly with distance that only 

ions which are nearest neighbours need be taken into account. Since 

each ion has six nearest neighbours, the overlap energy per ion pair 

is then ^ , v 

6w{r), 

and the total energy per ion pair is thus 


il[r) = — - — -f 6?^(r). 

T 


( 3 ) 


To determine the two unknown constants in the function ?/’(r) we 
make use of experimental values of the lattice parameter and tlio com- 
pressibility (x)* The condition that the crystal is in equilibrium under 
zero pressure, namely, = 0, (4) 


t Cf. § 33.3. 
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gives one relation between these quantities, and for the compressibility 
X a short calculation gives 


1 ^ 1 d^U(r) 
X ~ 18r dr^ 


( 5 ) 


If we use the expression (1) for w{r), equations (4) and (5) give 


6As 


and 


_ ISr^ 

^ ~ i)' 


The second of these equations gives s and the first A, all in terms of 
measurable quantities. Estimates of the repulsive energy w{r) can thus 
be made. 

The theory has been refined by including in the energy the van der 
Waals attraction between the ions, the repulsion between ions which 
are not nearest neighbours, the zero-point vibrational energy, and so 
on. By comparison of theoretical formulae with observed lattice 
constants and compressibilities, values of w{r) have been deduced for 
the interaction energy of halide ions with alkali, silver, thallium, and 
cuprous ions.f 

For the alkali-halides a particularly convenient form of interaction 
energy is given by Mayer; J this is (in ergs) 


w(r) = 4x 


where p — 0*345 x 10“® cm. and are ionic radii shown in the table. 


Table 7. Bomc radii and r^X 10® cm. 


Li^ . 


. 0-1-75 

F- . 

. MIO 

Na-f- 


. 0-875 

cr . 

. 1-475 

K »- . 


. M85 

Br-. 

. 1-600 

Rb+. 
Cr . 


. 1-320 
. 1-455 

1- . 

. l-TSS 


The energy per ion pair required to separate tlie crystal into its 
constituent ions is, on the simple treatment given above, easily seen 
to bo given by ,, 


This lias a value of the order 5-() eV. per ion pair, or 120 k.cals. As 
s 0, tlie greater part of (0) is due to the electrostatic forces. |f/| is 


t For mforonpos <*f. Mott aii<l Gumoy, loo. cit., olitip. i. 
t J. E. Mayor, J. Chem. Phys. 1, 270 (1933). 
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connected with, the energy per ion pair necessary to dissociate the 
crystal into neutral atoms by the formula 

|J7| = U^^E+I, 

where I is the ionization potential of the metal atom and E the electron 
affinity of halogen ion. !From calculated values of U (deduced from 
formula (6)), using known values of r, x experimental values of 
C7^, /, one can thus deduce theoretical values of. the electron affinities 
E, which are not in general known in any other way. The success of 
the theory lies in the agreement between the values of E deduced from 
different compounds; this is shown below. 


Table 8 . Electron affinities of the halogens in kxals. 


Metal with which 
conhmed 

F 

Cl 

Br, 

I 

Li ... . 


86-7 

81-2 

76-8 

Ha ... . 

96*5 

86-5 


73*9 

K . . . . 

95-6 

87-1 

81*2 

73‘2 

Rb . . . . 

96*8 

86-7 


73-8 

Cs . . . . 

93-8 

87*3 


74*2 

(Sutton and Mayerf) 

•• 


•• 

72-4 


It seems that the theory built up along these lines gives a satisfactory 
account of cohesion in alkali and silver halides. For oxides and sul- 
phides and in general for crystals where the ions cairy two or more 
charges, no recent comparison between theory and experiment has been 
made.J The difficulties in doing so are due to the following facts: 

(а) The van der Waals forces between oxide ions are large and 
difficult to estimate. 

(б) It is possible that some ^homopolar’ forces exist between the ions 
as weU as the electrostatic attraction; in other words, the over- 
lap force is not wholly repulsive in character. 

(c) The oxide ion 0 — is not stable in free space. 

37. Crystals in thermal equilibrium 
37.1. Lattice vibrations 

In a crystal in thermal equilibrium at a temperature T, we must 
consider three types of deviation from the i)erfect lattice: 

(а) The lattice vibrations of the atoms. 

(б) The existence of vacant lattice points. 

(c) The existence of interstitial atoms or ions. 

t F. F. Sutton and J. E. Mayer, J, Chem. Phys, 3, 20 (1935). 
t See an early attempt by J. Sherman, Chem. Rev, 11, 93 (1932). 
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The theory of the lattice vibrations will not be considered in detail 
here.f We may remind the reader of the rather crude (Einstein) model, 
in which each atom of a monatomic solid is supposed to vibrate inde- 
pendently of all the other atoms with frequency v; the mean energy 
of each atom is thus 

3 

The temperature hvik is known as the characteristic temperature and 
denoted by 0. For temperatures large in comparison with 0, (7) reduces 
to dkT, giving a specific heat of 3Nk, where N is the number of atoms 
per gramme. If is the mean amplitude of the thermal vibrations 

^ = fi^TjMkQ^ ( 8 ) 

wliere M is the mass of an atom. 

In an exact theory of the lattice vibrations and of the contribution 
of the specific heat due to them, J it is necessary to analyse the vibra- 
tions of the lattice into its normal modes, and denote by n{v) dv the 
number of normal modes with frequency between v and v~\-dv\ the total 
number of modes for a solid of N atoms is "6N, so that 

J n{y)dv = iN. 

The total integral energy is thus 

J n{v)\^ihv^ 

The calculation of n{v) for any real solid is a very ditticult problem. 
Debye showed that for small v 

n{v) = const, 

and showed how to calculate the constant in terms of the elastic 
constants of the solid.§ 

37.2. Vacant lattice points ami interstitial iom 

In addition to the thermal vibrations, a crystal in thermodynamical 
equilibrium differs from a perfect crystal through the presence of 

(а) Interstitial atoms or ions. 

(б) Vacant lattice points. 

The case of a monatomic solid (metal) will bo treated first. 

It will be possible for atoms from the surface layer to diffuse into 
the body of the crystal, wliere tliey will bo found in the so-called 

t Soo, for example, R. >[. Fowler, matMcal Mechanics, 2ju1 od. (Cambridge, 1037) or 
F. Seitz, loc. cit. 

J For most materials tliis is inueli the most important contribution. 

§ For rocont (calculations of n{v) <*f. M. Bliickinaii, Proe, Itoy. Soc. A, 148, 384 (1035), 
159, 46 (1937) ; Prov. (Jamb. Phil. Hoc, 33, 94 (1937). Also see Seitz, loc. cit., p. 103. 




( 7 ) 
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'interstitial positions’, as illustrated in Fig. 48a. We may denote by 
the energy necessary for the formation of an interstitial atom. 
wiU tend to be large for close-packed structures, for which the space 
available in an interstitial position is small and the distortion of the 
surroundings necessary to make room for an intei'stitial atom large. 



(a) 


(b) 


Fig. 48. Showing formation of interstitial ions (a) and vacant lattice points (&). 


In any case an elementary calculationf gives for tlie number of 
interstitial ions per unit volume 


where is the number of interstitial positions per unit volume. 

In the same way, vacant lattice points (holes) can be formed at the 
surface by diffusion inwards, as shown in Fig. 486. Let be the 
energy necessary to form a hole ; then in equilibrium the concentration 
of holes is = 


where N is the number of lattice points per unit volume. 

For close-packed metals it is probable that is less than WJ, so that 
the holes will greatly outnumber the interstitial ions; for copper, theo- 
retical calculations! indicate that this is in fact the case. According 
to these workers, self-diffusion in metals takes place through the motion 
of holes. It is suggested that an atom will not move from one lattice 
point to another unless there is a hole next to it.§ 

In ionic crystals, in principle it is possible to have vacant lattice 
points and interstitial ions of both signs; in general, however, the energy 
required to put the large negative ion into an interstitial position is 


t The number of ways that the ions can be distributed is 
and the free energy is therefor© 

niWi-kT log P. 

Making this a minimum with respect to charges in and remembering that n,j 

the given equation is obtained. 

i H. Huntingdon and F. Seitz, Phya. Bev, 61, 315 (1942). 

§ For a discussion of the mechanism, cf. R. P. Johnson, Phya. Rev. 56, 814 (1939); 
G. Wyllie, Proc. Phya. Soc. 59, 694 (1947). 
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SO large that the concentration is negligible. Also any large volume 
of the crystal must be electrically neutral; otherwise large fields will 
be set up by the space charge. 

It is thus convenient to consider two types of defect, both of which 
are electrically neutral. 

(а) An interstitial ion (usually positive) and some distance from it 
a vacant lattice point from which the ion may be supposed to have 
come. This is called a Frenkel defect.f It will be noted that a Frenkel 
defect can be formed in the body of the crystal. If Wf is the energy 
necessary, the concentration of Frenkel defects is given byf 

n = 

(б) Two vacant lattice points, one of each sign, wandering about 
independently of each other. This is called a Schottky defect. If is 
the energy necessary to form a Schottky defect, the concentration 
will be 

The formulae are valid only if WJ differ considerably, so that only 
one type of defect is actually formed in appreciable quantities. 

It is believed that Schottky defects are formed in alkali halides some- 
what above room temperature, § while Frenkel defects are formed at 
a concentration of about 1()-^^ per atom in silver halides at room 
temperature. 

The ionic conductivity that all solid ionic crystals show at high 
enougli temperatures is probably due to defects of one or other of these 
types, and either to the motion of interstitial ions, or to the motion 
of holes, or botli. 

A direct ])r()of of the importance of lioles (vacant lattice points) is 
given by the well-known experiments of Koch and Wagner;|| crystals 
of silver halide were prej)ared containing small quantities of CdCl.^ or 
CdBi'a in solid solution. In these crystals each Cd ' ion replaces two 
Ag+ ions in the lattice; the crystal must thus contain at least as many 
holes as there are Cd ' ions. The number of holes is thus greatly 
increased and the conductivity, especially at comparatively low tem- 
peratures, is greatly increased also. 

38. Electronic motion in crystals 

For the understanding of the motion of electrons in both metals and 
non-metals it is essential to study the motion of an electron in a field 

t J. Frenkel, ZeitttJ, Phymk, 35, 052 (1920). 

J Mott and Oumey, loo. cit., <ihap. ii. 

§ K. Keitz, Uei). Mod. Phyti. 18, 384 (I94()). 

II E. Kooh and C. Wagner, ZeitH.f. phyn. Chcm. B, 38, 295 (1937). 
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which, is periodic in space with the period of a crystal lattice. The 
necessity for this may be seen most easily by considering a crystal such 
as sodium chloride into which an extra electron has been introduced. 
(In practice this can be done by photo-electric excitation, cf. Mott and 
Gurney, loc. cit., Chap. IV.) One can imagine the electron located on 
one of the metal ions and thus forming a metal atom. But if the 
electron transfers its position to the next atom, there is no change of 
energy; and the potential barrier between the two positions can easily 
be penetrated by tunnel effect. The electron is thus free to move 
through the crystal. The wave functions describing its motion will be 
wave packets or plane waves, like those describing the motion of an 
electron in free space, and can extend right through the crystal. 

Similar wave functions are used to describe the free electrons in 
metals. Their use depends on the assumption that, so far as its effect 
on a given electron is concerned, the field of all the other electrons can 
be averaged in the sense of the Haitree approximation (Chaps. V, VI). 
This will be discussed further in the section devoted to metals. 

In either case, therefore, it is necessaiy to study the motion of an 
electron in a field which is periodic with the period of the crystal lattice, 

38.1. Motion in a periodic field 

In order to understand the properties of an electron in a periodic 
field we shall consider first the one-dimensional case; we consider, then, 
the solutions of the Schrodinger equation 

= ( 9 ) 

where V is a periodic function of x with period a. 

For a solution ^ to represent a possible state of the electron in an 
infinite metal, \fs must be bounded for all x. We shall show that tho values 
of the energy W for which such solutions are possible fall into a series 
of bands, as shown in Fig. 49. All such solutions can be wi'itten in the 

e^^^u{x) {—nja <k < n/a), 
where u(x) is periodic with period a. 

For each allowed band of energy values, k varies continuously from 
— Tr/a to 7r/a, so that a series of allowed energy bands can be defined, 
Wi(A), W 2 {k), and so on. 

Various proofs have been given, and we shall refer to one due to 
Eframers.t Kramers first points out that, if ^^(a;) and are inde- 

t H. A. Ki'amers, Phyaica, 2, 483 (1935); see also F. Seitz, loc. eit., p. 278. 
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pendent solutions of the Schrodinger equation, then since is 

also a solution, it follows that 

ijfiix+a) = Aiffy^{x)+Bi/j2{x). 

It is then easy to show that two linear combinations of Riay be 
chosen, with the property 

<^i{x+a) = 

From these equations we have, differentiat- 
ing each equation and multiplying by the 
other, 

(01^2— 01^2)a;+a = \ ^2(^1 ^2—^1 ^2)a;- 

( 10 ) 

For any Schrodinger equation, however, if 
^ 1 , ^2 fwo independent solutions 

corresponding to the same energy, 

so that — ^ 1^2 ~ const. 

It follows from (10) that = 1- 

Now if i/j is bounded, it is clear that both X^ and X^ must be real or 
imaginary quantities with modulus unity. For if this were not the case, 
then 1^1 would increase either with increasing or decreasing x, and 
would not be a bounded function. Il'hus wo may write 

It follows that the two solutions (f)^, ^2 the forms 

( 11 ) 

where %(a;) is periodic in x with period a. 

It follows that the lowest state of each band of energy values is 
periodic, and that the higher states consist of plane waves modulated 
by the periodic field. t 

Wignor and SeitzJ. have given the following method for determining 
the wave function in the lowest state in one of tho energy bands in 
close-packed metals, which is of particular importance. They point 
out that if pianos are drawn bisecting tho linos which join nearest 
neighbours in the crystal, a polyhedron is formed surrounding each 

t Fop an evaluation of tlio wave funotions in a ])articiilarly siniplo typo of periodic 
field, of. R. Kronig and W. G. Foimoy, jProo. Jiof/. 6'oc. A, 130, 499 (1031). 

X E. Wignor and F. Seitz, Phyft, Rev. 44, 804 ( 1933) ; cf. also Mott and Jones, loo. cit., 
chap. iv. 

6072 p 



Fig. 49. Allowed values 
of the energy W as a func- 
tion of wave-number k. 



210 


THEORY OF SOLIDS 


§38 


atom. Supposing we now look for a periodic wave-function ii{x,y,z) 
which has the symmetry of an s wave function (spherical symmetry) 
in the neighbourhood of each atom. Then clearly dujdn must vanish 
on the boundary of the polyhedron. In order to calculate u, the poly- 



!FiO. 60. Wave functions for inotallic sodiuin, and silver. 


hedron is replaced by a sphere of equal volume, radius ro- 
Schrodinger equation 


dr\ dr) 


lias to be integrated subject to the boundary condition 

du ^ r 

— = 0 for r — Vq. 
dr 


Then the 


It is clear that a whole series of energy values will exist, tor which 
u vanishes on 0, 1, 2,... spheres round each nucleus. For sodium with 
configuration (ls)®(25)^(2j?)®(35)^, the states with respectively zero and 
one node will correspond to the X-ray K and L levels, and the wave 
functions will not differ much from those for the free atoms. The case 
corresponding to the valence electrons of various metals is shown in 
Fig. 50, For sodium states with more than two nodes correspond to 
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high positive energies W. Each of these wave functions and energy 
values corresponds to the lowest state of a band of energies. These 
bands will be referred to as 5-bands or 5-zones. 

The variation of energy with k within an 5-band can be investigated 
by means of an approximate method known in the literature as ‘the 
method of tight binding’. It will be seen that the wave-function 
can be written in the form 

( 12 ) 

where ^^(r) is some function with the requisite number of zeros tending 
to zero at a few atomic radii from r = 0, and the summation is over all 
lattice points r^. The wave function of Wigner-Seitz type illustrated 
in Fig. 50 could, for instance, bo so represented. Let us assume this 
done; and make the following approximations: 

(а) ^ is independent of k; 

(б) overlap is negligible between the wave-functions <^(r— r^), 
^(r— r^/) unless the lattice-points r^, are nearest neighbours. 

Then, denoting by H the Hamiltonian operator, 

H=-^V^+V, 

‘2m 


the energy of the state k will ho given hy 

Wk - J ipi Hijfk drj J t/fk At. 

With the approximations given above, this reduces to 

_ yl-7i2eW 


(13) 


Here Pi is the vector joining an atom to its nearest neighbours, and 
the summation is over all the neighbours of any one atom; also 


A = j dr, 

A' = ^ &r, 

H = J j>*(r)H<f>{r-p) dr, 
J,^*(r)^(r-p)dr. 

For a simple cubic lattice of lattice constant a for example, 
2 = 2{cos kj. a -f- cos a -f cos k^ a ] . 
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From this formula, we see that all values of k within the cube 

— ir/a <hg,< rrla 

— 7r/a aky a 7r/a 

— 7r/a <kg < 7r/a 

correspond to independent wave functions with energies in the 5-hand. 
The corresponding cube in Jfc-space (Fig. 61) is called a ‘Brillouin zone’. 


kx 


(b) 

Fig. 51. Zone in. A:-spaoefor ^-states in (a) a simple cubic lattice, and (&) in a 
hexagonal close-packed lattice (two dimensions). 

It is clear that for a crystal of N atoms the number of electronic 
states in the zone is 2N, since two spin directions are allowed for each 
wave-function i/j^. This is the case for any crystal structure. For the 
simple cubic it is instructive to verify this result by quantizing k by 
laying down the condition that 0 must be periodic in x, y, z with period 
na where w is a large integer. This is a conventional quantizing condi- 
tion; it would be appropriate for a wire bent round into a circle, for 
a coordinate measured along the circumference of the wire. We deduce 
from this condition that 

k^ == 27 m' Ina {n' = -[- In), 

which gives the required number of values. 

To find the hmits of the zone for structures 
other than simple cubic, we must draw in k- 
space the lines for which first-order Bragg re- 
flections occur. This will enclose the required 
zone. This may bo soon as follows : Fig. 62 shows 
a series of crystal planes, and it is supposed that 

„ a wave-vector k in the direction shown is re- 
FiG. 52. Showing Bragg 

reflection from crystal fleeted by them . Then, by the .Bragg condition 
for reflection, in the wave function (12) the sign 
of the coefficient of the wave function 0k will cliango in going from one 
atom to the next. It is clear that this represents the extreme form of the 
wave function, in the sense that a larger numerical value of k in the 








.X 

a 

CL 


(a) 
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same direction would lead to a repetition of wave functions already 
described by smaller values. 

We shall illustrate this principle by considering the s Brillouin zone 
for close-packed atoms in a plane (Fig. 51 6). There are then three sets 
of planes, at angles of 120° to each other, and spaced V3a/2 apart. 
The first Brillouin zone is thus a hexagon of side 1/V3a and volume 
V3/2a2. Since the number of atoms per unit area is V3/2a^, it will be 
seen that we have in the zone a number of states equal to the number 
of atoms. 

For 2 w© obtain 

2 = 2 cos a+ 4 cos a cos J V3 ky a. 

It wiU be seen from formulae (13) that near the bottom of any zone 

W = const.+ok^. 

We may write a = 

m* will then be called the ‘effective mass’ of an electron moving in 
the crystal lattice. For energies near the bottom of a band, an electron 
moving in a periodic lattice will behave exactly as a particle in free 
spacef with charge e and mass m*. The approximation is often made 
of replacing m* by m. 



L’la. .')3. p wHvo function of lowoat enor^yy for niotallio 
lithiuTii ; tlio dots roprosont adjacent atoms. 

In addition to tlie 5-zones already described, p- or cZ-zonos can bo 
formed by a similar process. They will not be discussed in any detail 
Iiere. Fig. 53 shows tlie general appearance of the lowest p wave 
function for lithium. The symmetry of such a wave fuTiction is such 
that it will bo described by k^ = -jr/a rather than A; = 0. 

Although the energy corresponding to this wave function will in 
general be liighcr tlian that of the state (k^. 7 r/a, ky Ii\ 0) in the 

.s-zonc, it will not necessarily be higher than all states in the 5 -zone. 
I?hus the energy band of the 5-zone may overlap the energy band of 
the p-zone. If one plots against energy W the number N(W)dW of 
states in the energy range dW one gets a curve such as that of Fig. 54 ct. 

t It is assumed tliat tho lattice is ri^id, i.o. that the atoms are not vibrating. Under 
those conditions tho moan free patli is infinito. In practice an electron will move with a 
finite free path, as siiown in § 40.7. 
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39. Conductors and insulators 

In metals and also non-metals such as diamond one can treat each 
electron as moving in the field of the positive ions and the field of all 
the other electrons, averaged in the sense of the Hartree or Fock 
approximation (Chaps. V, VI). This field is, of course, periodic, so that 
the wave functions are of the type described in the last section. 



(c) (d) 

Fia. 54. Density of states in solids; N{W)dW gives the niirnher 
of states with energies between W and WH-dW. (a) Monovalent 
metal; (6) divalent metal; (c) insulator; (d) graphite. 

Only two electrons are allowed to be in each state sjiecified by a 
quantized value of k. We have seen that each 5-zone contains 2N 
states. Therefore, for monovalent metals (sodium, silver, etc.), the first 
zone will be half full. This is shown in Fig. 54, where curves plotting 
jVCPF) against W are shown. 

If a zone is half full, it is clearly possible for the solid to carry a 
current, because within the zone a state can exist in which there are 
more electrons moving in one direction than the otlier. It is clear, 
therefore, why atoms such as Cu, Ag, Au, Na, K, etc., form metallic, 
conducting lattices. 

On the other hand, if a zone is fully occupied, the electrons of the 
zone cannot contribute to the current because exactly as many are in 
states with wave-vector k in one direction as in the other. Insulators, 
therefore, are materials in which eacli zone is either full or empty 
(Fig. 54c). An important intermediate case (graphite)f is sketched in 
Fig. 64 tZ. 

The fact that atoms with two electrons in tlie outer ring form con- 
ducting lattices (except helium) shows that for these materials the 5 -zone 
must overlap the p-zone, as shown in Fig. 546. 

t P. R. Wallace, Phys, Bev. 71, 622 (1947), 
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It must be emphasized that the model used here, in which each 
electron is supposed to move in the averaged field of all the other 
electrons, is of course an approximation. What is assumed is that, 
if an antisymmetrical determinant of the type of Chapter VI, equation 
(11) is set up, in which the orbital wave functions are of the form 
then this will be a useful approximation of zero order to the 
true wave function. It is very difficult to give convincing reasons why 
this should be the case for metals. 

For further discussions of the validity of the collective electron 
model, and for attempts to improve it, of. papers by Schubin and 
Wonsowskijf and by Bethe.J 

40. Applications of the collective electron model to metals 

In this section an outline only can be given of some of the applica- 
tions of the collective electron method to the properties of metals: 

40.1. Emission and absorption of soft X-rays 

If any metal is used as an anticathode in an X-ray tube, part of the 
emitted radiation will correspond to transitions from the conduction 
band (the occupied states) into a lower X-ray level. If the mean energy 



hv of the emitted radiation is not too great compared with the width 
of the band of energies of the occupied states, the form of the emitted 
band can be determined experimentally. Fig. 55 shows the form of 
the band for sodium and magnesium.§ lYom the theoretical point 
of view, we expect the emitted intensity to be proportional to 

N(W)p{W), (14) 

where p{W) is tlio transition probability from a state of energy W into 
the X-ray level. The form of the band shown in Fig. 556 has the 
characteristics that we expect for a divalent metal, namely two over- 
lapping zones and a sharp cut-olf for high energies. 

t S. Schubin oaid S. Wonaowslci, 7V>f;. Roy. Hoc.. A, 145, 159 (1934). 

t H, Botho, ZeitM.f. Phynik, 71, 205 (1931). 

§ From H. W. B. Skinnor, Rep. Proyrestt in Physloi, 5, 271 (1938); aoo also H. M. 
O’Bryan and H. W. B. Skinnor, Proc, Hoy. Hoc. A, 176, 229 (1940). 
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In the same way the absorption intensity may be expected to be 
given by (14), where N(W) refers to the empty levels. 

For a review of the emission and absorption of soft X-rays, and their 
interpretation in terms of theory, of. Skinner, loc. oit. 


40.2. Specific heats 

The electrons in a metal are subject to the Fermi-Dirac distribution 
law. According to this law, the probability that at temperature T a 
state with energy W is occupied is 


It means that if W is much less than i.e. if ^ — -IK ^ kl', the probability 
is practically unity; while, if W—^ ^ kT, the probability is approxi- 
mately 


The parameter ^ is given by the equation 
00 

J N(W)f{W) dW = total number of electrons. 

0 

^ differs only slightly from the energy of the highest occupied state at 
the absolute zero. f{W) is illustrated in Fig. 66. 



Fig. 66. Fermi distribution law for oloctrons in a niotal. 

The energy of the electrons at temperature T is 
J N{W)i{W)WdW. 

This differs from the value at absolute zero by a term of order 
N{'0[lcT)^, since the number of excited electrons will be of order N{l^)kT 
and they will each have energy of order kT, The contribution of the 
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electrons to the specific heat is thus linear in the temperature. A calcu- 
lation of its magnitude givesf 

If the calculations refer to a gramme-atom, N{Q is of order 

Nit) NIC, 

where N is the number of free electrons per gramme-atom. Assuming 
this to be of the same order as the number of atoms, we see that the 
specific heat is of order 



Since ^ is equal to several electron volts, the electronic specific heat 
at room temperature will be of the order of 1 per cent, of that due to 
the vibrations of the atoms. 

At low temperatures, however, where the contribution of the lattice 
vibrations varies as jT®, the contribution of the electrons is the pre- 
dominant term, and at the temperatures of liquid helium has been 
observed for a number of metals. Expressing the linear term per 
gramme-atom as yRT, y has the following values (X 10”^): 

Cut Al§ Nill Fett Pdtt Ptt 

0-888 1-742 8-742 6-0 16 8-0 

The value for aluminium holds only down to the transition point to 
the superconductive state, 1-13° K. 

The high values for the transition metals will be noted. These are 
associated with a partly filled band formed from the d-states of the free 
atom.§§ 

40.3. Paramagnetism 

As for the specific heat, one can argue that the number of free 
electrons (free to change their spins without infringing the exclusion 
principle) is hTN{i) and that each of these contributes iJ?lkT to the 
susceptibility (/x = ehl2mc). An exact calculation gives for the suscep- 

t Cf. N. F. Mott and H. Jones, Theory of the Properties of Metals and Alloys, p. 178 
(Oxford, 1936). 

X J. A. Kok and W. H. Keesoin, Physica, 3, 1035 (1936). 

§ Ibid. 4, 836 (1937). 

II W. H. Keesom and C. W. Clark, ibid. 2, 513 (1936). 
tt W. H. Keesom and B. Kurrelmeyer, ibid. 6, 364 (1939). 
it C. L. Pickard, Nature, 138, 123 (1936). 

§§ Mott and Jones, loc. cit., chap. vi. 
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One therefore expects a correlation between the electronic specific heat 
and the susceptibility. As shown above, the paramagnetic metals Pd 
and Pt do in fact have large electronic specific heats; but the values 
of N{Q determined from the specific heats are 2-4 times smaller than 
those from the paramagnetism. It is known that for ferromagnetic 
materials an interaction between the electrons exists which leads them 
to set themselves with their spins parallel; for Pd and Pt a force of 
this type probably exists also, not strong enough to lead to ferro- 
magnetism but enough to increase the paramagnetism. 

40.4. Thermionic emission 

An equation for the current emitted from a metal surface at tem- 
perature T under fields strong enough to give saturation can be derived 
as follows, it being assumed that the effect of Bragg reflection (i.e. of 
the zone structure) of the electrons in the metal can be neglected. 

Within the metal, the number of electrons with moments between 
^ volume element dx, dy, dz is given by the 

Permi-Dirac law 


2 dxdydzdp^dpydpg. 


(w ^ .a. 

\ 2m) 


For electrons with energy great enough to leave the metal, this 
becomes o 

— dxdydz dp^ dpy dp„ 

Let the surface of the metal be the y^-plano. Then wo have to con- 
sider only the motion perpendicular to this plane. Since 


J e,-p‘limkTdp ^(2iTm.kT), 


it follows that the number of electrons per unit area of surface in a 
layer of thickness dx and with p^ in the range is 

dp.j. dx. 


Let be the minimum energy that an electi’on must liave in order 
to leave the metal, and let r be the reflection coefficient for an electron 
with momentum p^.. Then the number leaving the surface per unit 
area per unit time is 


4^7TmJcT 




m 
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On the assumption that r ~ 0 (probable in view of the existence of the 
image force) this gives for the current per cm.^ 

where A = ^TimlcHjh? 120 amp./cm.^ 

For a discussion of the value of A for different models for the surface, 
cf. R. H. Fowler, Statistical Mechanics, 2nd ed. (Cambridge, 1936), 
p. 349, and for a discussion of the validity of the formula, of. F. Seitz, 
Theory of Solids, p. 165. 


zero 



Fio. 57. Showing potential energy of an electron, at the boundary of a metal, 

■ In the absence of a field. 

With a field. 

In fairly strong fields the work function is reduced; this effect is 
known as Sohottkyf emission. This is because the field on an electron 
outside the metal at a distance x from the surface is that duo to the 
image force Outside the surface, then, the potential energy 

of an electron is When the field F is introduced an additional 

term —eFx is added to the potential energy. The function 

—eFx—e^l^x 

has its maximum at x = ^^yJ{c/F), and has there the value —e^F^. 
Thus the effective work function is 

^-eiFK 

This is shown in Fig, 57. 

Tlie cun*ent for a field F sliould tluis satisfy the relation 
T'(log4.-^g/o) ^ 

'/i ■ Je' 

Tliis relation has been sliown to bo valid over a remarkably wide range 
of temperatures and for fields up to 10<^ volt/cm. by de Bruyne.f 

40.5. Gold emission 

For very strong fields (of the order lO"^ volt/cm.) emission from an 
electrode into a vacuum will take place by tunnel effect through the 

t W. S(<hottky, Zeitft.f. Phyaik, 18, 63 (1923). 
t N. A. de Bniyne, Proc, Roy. &^oc. A, 120, 423 (1928). 
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potential barrier ABO of Fig. 67. A current is thus obtained which is 
independent of temperature. 

The theory of the effect is as follows. Let us denote by D{pg,) the 
probability that an electron with momentum in the a:-direotion will 
pass through the barrier. Then the number of electrons leaving unit 
area per unit time is o /• „ 

where the integration is over aU values of p such that 

pI+pI+pI < 

Setting = p^, and writing Px=p—6, it is easily seen that this 
gives ^2 » 

^jDip-e)ede, 

0 

where the upper limit of the integral may be taken to be infinity, since 
D decreases rapidly with increasing d. 

The transparency factor D will be of the form AerP, where A is a factor 
of the order unity, and j8 may be obtained from the WKB approximation 
(Chap. I, §3.3) as follows; 

^ = 2/c J V(F- W)dx (k -= 2 w./^ 2 ) 

(X-^)/eP 

= 2k J ^{eFJdx 

For values oip^ in the neighbourhood of p wo have 




Putting A = 1, this gives for the miniher of olecitroiis omitted per unit 
area per unit time « m 

If the approximation -4 == 1 is not made, a result is obtained which 
does not differ from this appreciably^ if ^ ~ 

40.6. Metallic cohesion 

No detailed account will be given in tliis book of tlie theory of metallic 
cohesion. In the treatments given up till now tlio energy of the metal 
has been divided up into the following parts: 

[a) The interaction of the conduction electrons with each other and 
with the metallic ions, and the electrostatic interaction of the 
latter with each other. 

t Cf. R. H. Fowler, loc. cit. 
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(6) The repulsion which comes into play when the ions overlap. 

In copper or silver (6) is important; the ions appear to be in contact, 
so that the force between them is the determining factor for the com- 
pressibihty; for the alkali metals, on the other hand, the ions do not 
overlap. For metals such as tungsten it may not be possible to make 
a distinction between ions and conduction electrons. 



Fia. 58. Density of electronic states, (a) facjo-contred, 

(6) body-centred cubic. 

In considering the force (a), it is of importance that the ‘atomic 
sphere’ suiTounding each atom is electrically neutral; thus in calculat- 
ing the potential energy of the system one lias only to consider the 
interaction of the electrons within each sphere with each other and with 
the ion. This interaction is mainly responsible for the cohesion of the 
metal. 

For metals with more than one electron per atom the kinetic energy 
of the electrons will be much more sensitive to the crystal structure 
than for metals with one electron. This is because of the zone structure 
explained in an earlier section. Fig. 58 shows the density of states. 
N{W)dW is the number of electrons with energies between W and 
W-\-dW ioT the conduction electrons in the 5-zone in a metal with body- 
and face-centred cubic structures, and the same atomic volume; the 
calculations arc due to H. Joncs.f It will bo seen that for metals with 
only one electron per atom there is little difference between the energies, 
but for larger numbers the body-centred structure has the lower total 
energy. On the basis of these ideas Jones has shown why in alloys of 
CuZn, CuAl, CuSn, etc., transitions from the face- to the body-centred 
structure and other similar transitions occur at a nearly constant ratio 

t H. Jones, Froc. Fhya, iSoc. 49, 243 (1937). 
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of free electrons to atoms (Hume-Rothery rule). For these two parti- 
cular structures it is not difficult to see why this should be so. For the 
face-centred structure reflection occurs first for the (111) set of planes, 
and thus for a wave-number Jc equal to ^Sdlrr. For the body-centred 
cubic, on the other hand, where the longest wave-length for the Bragg 
reflection is given by the (110) lines, k is V2(i/7r. In these formulae d is 
the lattice parameter in either case. If a® is the atomic volume, then 
since the two structures contain 4 and 2 atoms respectively in the unit 
cube, these wave numbers are in the ratio 

V3a/2^ and V2a, 

i.e. l-37a and l'41a. 


40.7, Electrical conductivity 

The wave mechanical theory of electrical conduction in metals is 
based on the following deductions from the theory: 

(a) Free electrons will go through a perfect crystal lattice for an 
infinite distance without being scattered. 

(jS) Scattering, giving a finite mean free path, can be due to im- 
purities or foreign atoms in solid solution, thermal vibrations, 
crystal boundaries, or any other disturbance to the periodicity 
of the lattice. 

(y) In the scattering process an electron gains or loses an energy of 
the order kT and thus small compared with $ (the Fermi energy); 
the only electrons which can make collisions are those with kinetic 
energy approximately equal to 

Calculations of the conductivity due to heat motion at low tem- 
peratures (T < 0, where 0 is the Debye temperature) will not be 
considered here; if T > 0 for pure metals, and also for the resistance 
due to impurities, it is possible to express the conductivity of a metal 
in the following way (Mott and Jones, loc. cit., p. 258 et seq.): 

The conductivity a is given by 

<7 = ne^rjin, 

where n is the number of free electrons per unit volume and r, the time 
of relaxation, is given by , / — ojN A 


where N is the number of atoms per unit volume, v the maximum 

velocity of the Fermi distribution, and A an effective collision area 

given by r 

^ = J (l-cose)7(e)cZco, 
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where I {6) is the cross-section for scattering into the soKd angle dcx> by 
each atomf (in an alloy the mean probability). 

From this formula we can deduce that for T > 0 the resistance of 
a pure metal is proportional to T\ for if x is the displacement of any 
one atom from its mean position, it is clear that the scattered amplitude 
is proportional to x, and hence that 7(0) is proportional to x^. The 
mean value of however, is proportional to potential energy of all 
the vibrating atoms and thus to half the total heat content. This in its 
turn is proportional to T. 

We may deduce also an instructive formula due to NordheimJ on 
the resistance of alloy systems such as AgAu which form a continuous 
range of solid solutions. Suppose that the two types of atom are 
denoted by A and B and that V^{r), l^(r) denote the potential energies 
of an electron in an atom of either type. If the number of atoms of 
the two types in the alloy are in the ratio c to 1— c, then the mean 
potential energy in all atoms is 

In A atoms the potential differs from this by 

(l-~c)(F^--FJ 

and in B atoms by 

The intensities of the waves scattered from atoms of the two types are 

thus proportional to n \2 2 

vi — j c , 

and hence the total scattering (resistance) is proportional to 

C(l_c)2+(1-C)c2, 

which reduces to c(l— c). (17) 

Equation (17), thoroforo, shows the way in which the residual resistance 
of an alloy varies with composition. Good agreement with experiment 
is obtained for alloys such as PdPt, AgAu. 

41. Electronic motion in non-metals 

In this section a summary will bo given of the electronic behaviour, 
from the theoretical viewpoint, of ionic and other crystals which are 
insulators at low temperatures and if not exposed to light which they 
absorb. 

Such crystals have a full zone of energy levels separated by a finite 
energy gap from an omi)ty zone (the ‘conduction band’). If an extra 

t Cf. chap. ix. 

J L. Nordhoim, Ann, der Phy a ik, 9, 607 (1931). 
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electron is introduced into the conduction band, it will move freely 
through the lattice. Also if an electron is removed from a full band, 
the resulting vacancy, called a ‘positive hole’, can carry current. 
A ‘positive hole’ behaves like an electron of positive charge; the analogy 
with Dirac’s theory of the positive electron will be noted. 

Materials which conduct through the motions of electrons in a 
normally full band give a Hall coefficientf of sign opposite to that 
obtained in materials where the current is due to positive holes; this 
is the most important way of distinguishing them. 

If a material contains per unit volume n electrons (or positive holes) 
of effective mass m, its conductivity is 

ne^ 

o- = T, 

m 

where r is the time of relaxation. Calculations of r for ionic crystals 
have been made;t since in ionic crystals electrons will have energies 
of the order kT (0*026 eV.) instead of about 6eV. as for metals, the 
changes in the potential due to atomic vibrations will no longer be 
small compared with the kinetic energy of the electron. It is rather 
doubtful therefore whether the perturbation theory on which these 
calculations are based is a good approximation. In any case one expects 
a mean free path of the order of a few multiples of the interatomic 
distance, except perhaps at low temperatures. Thus with ~ 10’ 
cm./sec., T ~ 10“^^ sec. 

Electrons can be introduced into the conduction band in the following 
ways: 

(а) Excitation from the full band, either through the absorption of 
a quantum of radiation (photo-conductivity) or through the 
passage of a fast charged particle. 

(б) Excitation by thermal energy of an electron in an ‘impurity 
centre’ (see below). This occurs in semi-conductors. 

(c) An electron can enter at the boundary of a crystal, e.g. from a 
metal electrode. 

41.1. Semi-conductors 

In most semi-conductors the conductivity would be low for a pure 
crystal. The conductivity has its origin in the presence of a number 

t The phenomenon known as the Hall effect is the following: If a current j flows in a 
conductor perpendicular to a magnetic fleld an e.m.f. B is observed perpendicular to 
j and H. The Hall constant is defined as JBIIjH, It is easy to see that eHvjc — e£J, whore 
a, the velocity of drift in the direction of the current, mj/en, n is the number of carriers 
per cm.® Thus EljH = 1/enc. 

t H. Frfihlich and H. F. Mott, Proc. Poy. Soc, A, 171, 496 (1939). 
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of ‘impurity centres’; for these the energy Q required to remove an 
electron into the conduction band is low enough, at the temperature 
considered, for a sufficient number of electrons to be free to give a 
significant contribution to the conductivity. 

According to the theory originally given by A. H. Wilson, f if A" is 
the number of impurity centres per unit volume, the number of free 
electrons (in the conduction band) is, per unit volume, about 

3xlOWe“4Q/*^’. 

Various types of impurity centres are beheved to exist, as follows: 

(а) In materials such as zinc oxide a small excess (say, one part in 
10^) of zinc can exist. The zinc ion can be lodged interstitially in the 
lattice. Round such an ion the force on an electron in the conduction 
band is e^jKr^, where k is the dielectric constant. It can thus be shown 
that there wiU exist, just below the level of the conduction band, a 
series of stationary states leading up to a series limit, just as for a free 
atom; but that, for the jp-states, at any rate for which the field near 
the centre does not matter much, the order of magnitude of the energies, 
measured from the bottom of the conduction band as zero, is 

— (18) 

or smaller by a factor than for a free atom. Also the radial extent 
of the wave function is of order 

nWKlme^. 

These results will apply, as regards order of magnitude, for the ground 
state {n = 1), provided that the free atom is too large to go into the 
interstitial space. Since /c ^ 10 for most semi-conductors, it will be 
seen: 

(i) that the energies required to release an electron may well be as 
small as 0-1 eV. ; 

(ii) that the radial extent of the dissolved atom may bo of the order 
10-30 A, and interaction between the centres may be expected 
at quite low concentrations. This may account for the known 
fact that Q often depends on concentration. 

(б) Excess metal may also be taken up in an ionic lattice through 

the presence of points in the lattice from which a negative ion is missing. 
The field round such a point will be again of the form an electron 

can be trapped there, and the same arguments about small energy and 

t A. H. Wilson, ibid. A, 133, 458 (1931); Theory of Metals,^, 65 (Cambridge, 1936); 
Semi-conductore and Metals (Cambridge, 1939). 

6072 Q 
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large radius will apply. The 'jF-centres’ or colour centres which can 
be introduced into alkali halides by heating in metal vapour are of 
this type. 

(c) If an oxide contains excess oxygen, this will be taken up through 
the presence of lattice points from which a metal ion is missing, the oxygen 
ion being too big for an interstitial position. To keep the substance 
neutral, an equal number of positive holes must be present, which will 
be trapped in the neighbourhood of these points. As the temperature 
is raised, some will become free, and conduction becomes possible 
through the motion of positive holes. This is the mechanism responsible 
for conduction in CugO with excess oxygen. 

{d) In Se, Si, SiC the mechanism is not understood in detail. One 
can, however, say that the presence of atoms with an electronic struc- 
ture which is Tiot a closed shell in numbers greater than that demanded 
by the crystal structure should give electronic (excess) conduction, and 
the presence of vacant lattice points should give defect conduction 
(conduction by positive holes). The higher the dielectric constant, the 
lower will be Q, other things being equal. 

41.2. Optical properties of impure crystals 

Any dissolved atom (i.e. electron trapped in the field of an interstitial 
ion or place where a negative ion is missing) should have in principle 
a line absorption spectrum leading up to a series limit. This is because 
the electron moves in a Coulomb field superimposed on the periodic 
field of the lattice. In practice these absorption lines will be greatly 
broadened by the vibration of the crystal. 

The well-known J-band which accounts for the colour of alkali 
halides with excess metal is probably an s-p transition of the trapped 
electron. 

Absorption of light in the band due to an impurity, therefore, will 
not lead directly to photo-conduction; nevertheless photo-conductivity 
is often observed, for instance, in alkali and silver halides. This is 
probably because the energy interval between the excited state of the 
centre and the bottom of the conduction band is so small that heat 
motion enables the electron to escape before it falls back to the ground 
state, except at very low temperatures. 

41 .3. Photo-conductivity 

One must distinguish between photo-conductivity of a semi-conduc- 
tor, where the absorption of light merely increases the conductivity 
already present, and the primary photo-current in insulators (alkali 
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halides with i^’-centros, silver halides at low temperatures, etc.). The 
latter lias been investigated by R. W. Polil and liis school.f In this 
work a crystal is placed between electrodes, given a short illumination, 
and the quantity nex measured, where n is the number of electrons 
released (usually equal to tlie number of quanta absorbed) and x tlie 



Fia. 60. Path of an electron releasocl by light in 
on alkali halide crystal. 

distance drifted by each electron before it is ‘trapped’. This trapping 
is a marked feature of insulating crystals; an electron in the conduction 
band survives only a certain time before being trapped. The energy 
necessary to release an electron from a trap is, of course, less than from 
one of the original impurity centres, x, the distance drifted, will be 
proportional to the field F and inversely to the number of traps. 

Other examples of trapping are: 

{a) In zinc sulphide phosphors, where illumination at low tempera- 
tures gives rise to trapped electrons whicli return to their original 
centres witli emission of radiation only after warming up, 

{}>) The action of light on photographic emulsion, where the first 
process appears to be the release by light of an electron which 
is trapped at a point where the latent image will be formed. 

41.4. Optical 2 yi^' 0 ‘perties of 2 >are crystals; the exciton 

In this section we discuss the optical absorption of a pure non- 
metallic crystal, that is to say, the absorption spectrum due to the atom 
or ions that form the crystal lattice. It should be emphasized that any 
allowed transitions of this type will lead to a veiy strong absorption 
coefficient, of the order 10® cm."^ 

f K. W. Polil, Proc. Pkjjft. Soc. 49 (extra part), 11 (1!),*17); K. Soitz, Rev. Mod. Phys. 
18, 384 (1940); N. P. Mott and H. W. (luriioy, JiJlect?’unic Proceftaes in loni-c Ciyatals, 
chap, iv (Oxford, 1940). 
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In Fig. 60, if a quantum of jfrequency hv^ is absorbed, a free electron 
and a positive hole are produced; both can move in the lattice inde- 
pendently, giving (in theory) photo-conduction. The frequency is 
not, however, the lowest that can be absorbed, because it is possible 
for the electron and positive hole to exist in a series of states in which 
they are bound in one another’s field. If r is the distance between them 



(c) [d) 

Fig. 60. Potential energy of electron at metal/non-metal interface; (a) insulator; (6) 
semi-conductor in equilibrium; (c) field in blocking direction; (d) field in opposite 
direction. 

and R the coordinate of the centre of gravity, we shall expect these 
bound states to be of the form 

where are wave functions similar to those for a hydrogen atom. 
An electron and positive hole bound together in this way has been 
termed by Frenkelf an exciton; the formulation given here is due to 
Wannier-t 

If an exciton is formed by the absorption of a quantum of light, it 
will be formed in a state for which k = 0; therefore, owing to the 
Coulomb field between a positive hole and an electron, we expect the 
absorption spectrum to consist of a series of lines leading up to a series 
limit. In practice the lines wiU be broadened by heat motion. 

Attempts have been made to account for the absorption spectrum 
of alkali halides along these lines. 

t J. Frenkel, Phys, Rev. 37, 17 (1931). 
t G. H. Wannier, ibid. 52, 191 (1937). 
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An alternative description of the exciton may be given, which corre- 
sponds more closely to that of Frenkel’s original paper. In this we 
consider a crystalline array of atoms, numbered 1, 2 ,..., r,..., n. Let 
iffy,(x) denote the wave function of an electron in the ground state of 
the atom r, and (a;) the corresponding wave function for some given 
excited state. Let be the wave function describing the 

whole system of n atoms when all the atoms are in the ground state 
except atom r; this can be formed by setting up an antisymmetrical 
determinant from functions of the type 

Then it can be shown that is not a stationary state of the system, 
but that the stationary states are of the form 

2 *n). 

r 

where R,. is the position of the rth atom. A wave function of this type 
represents the place where the atom is excited, moving about the lattice 
with wave-number k. In other words, an excited atom hands over its 
energy to a neighbour, the process is repeated, and so on. The place 
where the excitation is at any moment is called the exciton. 

41,5. Contact between a metal and an insulator 
If a metal is in contact with an insulator, we may introduce a ‘work 
function’ which represents the work necessary to take an electron 
from the metal into the conduction band of tlie insulator (Fig. 60). 
<j>.i will not, of course, be equal to the work function (f> which is defined 
as the work necessary to remove an electron from the metal to vacuum 
across a clean surface. Experimental evidence indicates that usually 
<l>.i is less than <^. Prom the theoretical point of view the image force 
is le^jicr^ instead of ^e^jr^, so the contribution from that term to the 
work function will be very much smaller. 

Given two metals of work functions <f>, (f>' against a vacuum and 
against a given insulator, it is tempting to assume that 

but it is doubtful if this is a good approximation, and arguments can 
be given to suggest that has the same sign as but is 

considerably smaller. The field at the boundary of a metal will be 
changed if another solid is brought into contact with it. 

It will be assumed that is always positive. 

A non-metal with no electrons normally in the conduction band will 
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act as an insulator in contact with a metal under the following 
conditions: 

{a) <j>^ is too big for thermionic emission. 

(6) The applied field is not great enough for strong field emission. 

It is possible that another factor in the action of insulators is tlie 
presence of ‘traps’, so that any electrons which get into the conduction 
band set up a space charge which repels other electrons. 

41.6. Contact between a metal and a semi-conductor 
If the non-metal considered above has impurity centres (e.g. dis- 
solved atoms) which can lose electrons to the conduction band for the 
expenditure of energy Q less than it is clear that the centres near 
to the metal will lose electrons to it. 

A positive space charge is thus set up in the semi-conductor, and an 
equal negative charge induced on the metal. The potential energy V{x) 
of an electron in the semi-conductor is thus as shown in Fig. 60(6). 
It is shown in Mott and Gurney, op. cit. Chap. VI, that the contact 
potential between metal and semi-conductor, is equal to (f>i—iQ at low 
temperatures. 

The shape of the barrier may easily be calculated in the practically 
important case where Q In that case we may assume that all 

centres are empty up to the point A in Fig. 60(6); thus if is the 
number of centres per unit volume, V{x) satisfies Poisson’s equation 

dx^ 

At the point A, we may assume, since Q < that dVjdx == 0. Thus 
if A is a distance Xq from the metal, V{x) is given by 

V{x) = 27rNe^x^—‘2xxQ). (19) 

Putting X = x^m this equation and neglecting the difference between 
we find 

which gives the width of the barrier layer. In practical cases 
rN.' 10“® cm. 

The barrier between a metal and semi-conductor may be expected 
to have strong rectifying properties, if the resistance is an appreciable 
part of the resistance of the whole circuit. The theory indicates that 
the direction of high resistance is for motion of electrons from metal to 
semi-conductor (it will be the opposite for defect conductors). The 
reason is made clear in Pigs. 60 (c) and (d). Electrons are supposed to 
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go over the barrier with the help of heat motion (no tunnel effect); 
a potential difference equal to will remove the barrier preventing 
the motion of electrons from semi-conductor to metal, but does not 
affect the height of the barrier opposing motion in the opposite 
direction. 

The theory of the effect is as follows: 

Figs. 60 (c) and (d) show that, if a potential VJe is placed across the 
barrier, V{x) is still given by (19) with 

The equation governing the current j crossing unit area of the barrier 
per unit time is 

^ ' dx dx 


Here n(x) is the density of electrons at a distance x from tlio metal, 
V and D are the mobility and diffusion coefficient of an electron. Since 

Djv = kTje, 

this may bo written 

1 m\ dF , dn 

j- 

This can be integrated by multiplying both sides by ; we obtain 

X 

0 

We now take a value (a;^) of x beyond tho barrier; wo find 

0 

where is tho density of electrons far from the barrier. 

We note: 

(а) V ™ a, tho conductivity of tho somi-ooiiductor. 

(б) Substituting from (19) for V{x), we find 

.Ti 00 

J e.''<^)lk'J'dx c=L J dx 

0 0 

== kTl^nNe^x^. 

(c) At points wlioro 1^, — 0, j -- 0. Honco ?/.„ - - 
Hence, finally, 
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A barrier of this type seems first to have been described by Schottky.f 
For such barriers tunnel effect is probably unimportant, though for 
high voltages in the blocking direction there may be some field emission 
from the metal to the semi-conductor. 

When thin (~ 10~’ cm.) insulating layers exist on the surface of 
a semi-conductor (as, for instance, oxide layers on silicon and SiC 
crystals), tunnel effect may play an important part in rectification.! 

•f W. Schottky, Zeits.f, Physik, 113, 367 (1939 ) ; ibid. 117, 674 (1941 ) ; see also review 
by J. Joffe, JElectricdl Oomrrmnicationf 22, 217 (1945). 

t C. Dilworth, Proc, Phys, Soc. 60, 316 (1948). 
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COLLISION PROBLEMS 


The problems to be considered in this chapter are of the following typezf 
a beam of particles, for example, electrons, is incident on an atom or 
atomic nucleus or other scattering centre; it is required to find the 

number of particles that are scattered out ^ 

of the beam in a definite direction. For this ^ 

purpose we define the scattering cross-section ^ 

I {6) as follows: if the beam is such that v 
particles cross unit area per unit time, then 
the number of particles scattered per unit 
time through an angle 6 into a solid angle scattering 

do) is vl{d)daj. It will be noticed that 1(0) of particles through an angle 0 
has the dimensions of an area; the scattering 

is the same as it would be if the particles had to hit an area I{9)dco 
in order to be scattered into the solid angle day. 



IT 

The quantity J 1(6) dcx) = | I(d)27T&mdd9 


is called the total cross-section for scattering. 

It will easily be seen that if the particles are moving through a 
medium containing N scattering centres per unit volume, the proba- 
bility per unit length of path that a particle will be scattered into the 

solid angle do) is nrrimj 

NI(d)do). 


In the case of electrons incident on atoms, if their energy is greater 
than the first excitation potential, they may be scattered either 
elastically or after losing energy. In such a case we introduce the 
quantity I^^(^) to refer to elastic scattering and to refer to scatter- 
ing after excitation of the atom to the state n; the quantity NI^X6)d<x) 
thus gives the number of particles scattered per unit time into the solid 
angle dco after raising the atom to the nth excited state. 


t General referonr.es for the subjoot-Tuatter of this oliapter are : N. F. Mott and H. S. W. 
Massey, The, Theory oj Atirmio (JolLisio^us (Oxford, 1933); J. H. MciMillon, ‘Klastic 
Electron Scattering in Gases’, Uev, Mod. Phya. 11, 84 (1939) — a review both of theory 
and experiment on the subject; Ilmidhuch der Pfvyaik, 24/1 (Berlin, 1933), article by 
H. Bethe, especially for discussion of stopping power. 
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43. Scattering by a centre of force 

The simplest collision problem is that of a stream ot particles incident 
on a centre of force; by this is meant a region of space in which the 
potential energy of a particle is not zero but some function K('r) wliich 
tends to zero as r tends to infinity. If, for example, F(r) is equal to 
ZZ'e^lr, then the problem is that of a beam of particles each with 
charge Z'e incident on an atomic nucleus with charge Ze. To a good 
approximation the scattering of a beam of fast electrons by an atom 
can be treated by taking for the field of the atom a scroenocl Uoulomb 
field, such as that for which 

V{r) = — exp(— (?/•). 

T 

The Schrodinger equation for a particle in such a field is 

VV+^{Pr-7(r)}^=0, (1) 

where W is positive, being equal to the kinetic enoj'gy of an ekudron 
at a point remote from the atom. Writing 

Ic^ = 2mW/ft2, U{r) = 

this takes the form ( * • * ) 

To describe the scattering it is necessary to find a solution that will 
have the form of an incident wave and a scattered wave. Tims a solu- 
tion must be sought which, for points distant from the scattering co^t^•c^ 
has the asymptotic form 

^ e^’*®+r”V*’/(0)+terms of order Ijr^, (2) 

If this is multiplied by the appropriate time factor it is sckmi 

that the first term represents a plane wave advancing from left to i*iglit» 
along the z-axis. This wave describes a beam in which there is one 
particle per unit volume so that the number of particles crossing unit 
area per unit time is v (= The second term represents an out- 

going wave; in this \f(Q)\^lr^ is equal to the number of particles [xn- 
unit volume at a distance r from the origin, and thus the number pen* 
unit time incident on an area A is 


v\m?Alr\ 


It follows that the number 
and hence that 


scattered into the solid angle do) 

m = 1 /( 0 ) 1 ^. 


is v\f(6)['^dco 


The scattering is thus completely determined if /(0) is known. 
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43.1. thwl soliiHoii' of the imvc equation re^wesenting an incident and 

I scattered mt m 

In thiw section wc sliall show how a solution of equation (1) of type 
[2) can he obtained. We ro(iuii’o hrat an e.xpansion of the plane wave 



c^= in a s('ri('s of s])lierical hannonies. The required expansion is, 
writings . rcostt, 

f.fA-MHwW ^ (2i-[-l)W',(costt)/,(r), (4) 

c.o 

where. 

and Jmi is the Ihwst'l liine.t.ion of order For the first of these 

functions , (At) 'sinfcr. 

The asymptotic foi’in oi' ffr) is, for largo r, 

fi{r) ~ (At)- Muikr—lLn). (5) 

Plots <*f/„(/) a.nd /,„(/) are given in Fig. (12 for k -- 1. 

A proof of 1h('se i)roposil.ions is given in any text-book on Bessel 
functions. proof of ('iiougfi of tliein for the purposes of this chapter 
may Ixi olhained a.s follows; oipiation (4) may be regarded as an ex- 
])anHion of tlic! h'ft-liand side in a series of Legendre functions i;(cos0) 

t For oxiiiiipt', (i. N. Waiaoti, lienael Functions. 
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with the functions fi{r) unknown; then multiplying both sides of (4) 
by i/(cos 0)sin0 and integrating with respect to 0 from 0 to tt, we obtain, 
writing cos 6 

+1 

= J e<^Piit)dt. ( 6 ) 

-1 

This equation dejBnes/i(r); it also enables an asymptotic expression to 
be obtained; integrating by parts, equation (6) gives 

"" i- ;J;J+terms of order! . 


Thus, since i}(l) = 1 and 1) = (— ly, we find 

fi{r) = {kr)-hm{kr—il7r), (7) 

which is identical with equation (5). 

Turning now to the equation (1) for a particle in a central field, we 
see that the general solution of this equation with axial symmetry 
must be of the form ^A,P,{ooB6)F,(r), (8) 

where the Ai are arbitrary constants and the function JJ is the bounded 
solution of 

This may be written 


= 0. (9) 

It follows that if U(r) tends to zero sufficiently rapidly as r tends to 
infinity, then the bounded solution must have the form at infinity 

Fi^ (Jcr)~^sm{]cr--^l7r+rji), ( 10 ) 

The phase can in general only be determined by numerical integra- 
tion of equation (9), though approximate methods of evaluating them 
are given on p. 238; the term ^hr is added so that shall vanish if 
V[t) is zero. 

The constants Ai in (8) must now be chosen so that it shall have 
the asymptotic form (2); in other words, they must be chosen so that 

2 Ai P^(cos B)Fi{t) — (11) 

shall represent an outgoing wave only. Substituting from (4) for we 
obtain for (11) 





§ 43 SCATTERINa BY A CENTRE OF FORCE 237 

Substituting the asymptotic forms of t], /„ we have for the term in the 
curly brackets 

(fcr)-i{j4iSin(i:r— (21+ iysin(iT— 

This may be written 

^ (21+ 1 e-%- (21+ 1 

u%tCT 

In order that this may represent an outgoing wave only the second 
term must vanish; we set therefore 

Ai = (21+l)i'e<7i, 

and the scattered wave takes the form r~V*^/(fl) with 

m = ^ 2 e). ( 12 ) 

This formula for the scattered amplitude was first given by Faxen 
and Holtsmark.f Further details are given by Mott and Massey, 
op. cit., Chap. II. 

Certain theorems of importance about the phases tjj will now be 
proved. 

(а) The expression (12) for the intensity of the scattered wave does 
not depend on the assumption of a static field of force, but can be 
deduced generally from the conservation of particles if there is no 
inelastic scattering. The proof is fairly obvious and will not be given 
here. 

(б) For slow particles, of wave-length (fhjmv) large compared witli 
the radial extension of V{r), the scattering is spherically symmetrical 
so that only tjq needs to be considered. 

(c) As V tends to zero, tjq in general tends to zero in such a way that 
the scattered cross-section remains finite. In one particular case, that 
of an attractive field in which the incident particle is capable of being 
held by the scattering field in a bound stationary state of exactly zero 
energy, yjq remains finite as v tends to zero. Therefore the scattered 
cross-section given by (12) tends to infinity. 

The proof is as follows: if a bound state of zero energy exists in the 
field of potential F(r), this means that 

d(rF)ldr = 0 

at the boundary of the field. But it follows from this that, as k tends 
to zero, 7]o tends to Jtt. 

t H. Faxen and J. Holtsmark, Zeita,j, Physik, 45, 307 (1927). 
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(d) Various approximate expressions may be found for the phases rji. 
In the first place let us write 

Gf,{r) = h-Fiir). 

Thus, from equation (9), it follows that 

Integrating from zero to r, we find 

r 

0 

We assume that U{r) tends to zeio faster than 1/r, so that the integral 
on the right converges. Then, inserting the asymptotic forms (7) and 
(10) for Oi and gr^, we see that 

00 

sin 17, = - i J Oi{r)g,{r)U{r) dr. (13) 

0 

This formula is exact. An approximation valid when I is large is to 
replace Oi by gi so that 


- i J [gi{r)fU{r)dr 
0 

00 

= -^j V{r)[Jakr)frdr. 


If this approximation is used for aU I, and sin^j; is put equal to ij;, we 
obtain for f {6) 


m--^j 


2m C sin Kr 


V{r)r^dr, 


where 


K == 2k sin id. 


This follows from the expansionf 

^=|^(2i+l)i^(cos0){/,(r)}2. 

Equation (14) is known as the ‘Born approximation’ to the scattered 
amplitude; in practice it is seldom a sufficient approximation. Born’s 
original derivation is given in the next section. 


t G. N. Watson, loc. cit., p. 363. 
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An iilt('rnative and iininovcd approximate method of determining 
the pluiHOH liiiH 1)0011 given by Pais.f as follows. A suitable solution of 
oquation (9) when there is no interaction is 


iPais takes the effect of the interaction into aocoruit by using a solution 
of the typo 

where A is to l)o determined from equation (9) by a variation method. 
He is tlum aide to sliow that 


/ K(r){JJ*,(fe-))“r*. 

0 

If tins o(|uation is solved graphically or by a method of successive 
a-pproxinnitions, then the phase is given by 

Vi = '-‘-M. 

Hulthen;]; has used a variational method to obtain r^; if 


00 



0 


and i// is a. function containing undetermined parameters c, then opti- 
mum values will be given by the condition dLjdc = 0. Hulthen takes 

ifj{7') ~ eosr;sin/iT |-(l--"-c~'^^)(l+/ie”-^)sin7^cosA;r, 
with //. as an adjustable |)ai’anietor, in finding the phase tjq with a field 
of tlie type - hr us(mI in Meson theory. 

Other methods of obtaining phase shifts will be described in the 
second edition of Mott and Massey, op. cit. (to appear shortly). 

Massey a-nd Buckingham^ have worked out the scattering to be 
expected from a large number of liolds which occur in nuclear theory. 


44. Born’s approximation for the scattering of particles by a 
centre of force: alternative treatment 

For the scattering of particles by a centre of force, it is possible, as 
shown in the last section, to obtain an exact solution of the wave 
ecjiiation. An important approximate metliod was first introduced by 
Born, II in which the field V{t) is treated as a perturbation. Tliis is 
known iii the literature as the Born approximation. 

t A. I*roc. (Uimh. Phil. /SV«:. 42, 45 (1945). 
t n. Ihilt.lHMi, I^'ynioyr. aSV/Z/a'A;, TAind. Parhatidl. 14, 21 (1944). 

§ Jl. S. W. Muhh<\v uml R. A. Ruokinghain, Proc. Rmf. Fioc.. A, 163, 281 (1937). 
t| M. Rorn, Zvifn.j. Phyaik, 37, S0;j (1926) ami 38, 803 (1926). Tho former paper is the 
Tirst ill which tlin probability inter protution. of ^ was introduced, and is the first dis- 
<niSHion of a (‘.ollision problem in wave nieelianics. 
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We make use of the fact that a solution of the inhomogeneous 


equation 




where F{x, y, z) is a known function, is 

For a proof see, for example, Mott and Massey, op. oit.. Chap. VI, 
or any text-book on electromagnetic theory. 

If we write the wave equation in the form (1.1), namely 

VY+{&*-?7(r)>A = 0, 

and treat Z7(r) as small, then we may set 

ij/ = 

and neglect the product Uip^. Substituting for ^ we obtain therefore 

VVi+*Vi = Uir)e‘^, 

of which a solution is 

It is easily seen that this solution behaves at infinity like an outgoing 
wave; the asymptotic form is in fact 

filler 

T 


where f{d) = — L f dr 

4:77 J 

with n = r/r, 

A convenient way of writing this is 

m = J dr, (16) 

where kQ, k are vectors of magnitude k in the directions of motion of 
the particle before and after scattering. 

It will be noticed that the same formula can be obtained by the 
methods of Chapter X for the probability per unit time that a particle 
makes a transition from the initial state with momentum ko and wave 
function to a final state with momentum k. 

Formula (15) may be simplified (when F(r) is spherically sym- 
metrical) by taking polar coordinates with axes in the direction of the 
vector ko— k; we thus obtain 

M = eta-°“®T(r)27r sin 6' dd' r® dr, 
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where K = Ik^— k| = 24 sin ^6. On integration with respect to 6' this 
gives 

2m C 8mKr„, . „ , 

0 

as in formula (14). 

For example, if F(r) = — exp(— g^r) (screened Coulomb field), this 

r 

2^2 1 

= w°°^°°^^ i+(a/aanl9 T « - 

If qjk is small, the scattered intensity tends to 


/ ze^ y 

\2mv^} 


cosec^ ^0, 


which, as seen in the next section, is the classical expression for the 
scattered intensity. 


44.1. Scattering by a Coulomb field 

If a beam of charged particles, each carrying a charge Z'e, and such 
that one particle crosses unit area per unit time, falls on a single nucleus 
of infinite mass and charge Ze, then according to Newtonian mechanics 
the number of paiticles I {6) do) scattered per unit time through an 
angle 9 into a solid angle dco is given by 

The proof of this, the Rutherford scattering formula, is given in any 
text-book on nuclear physics. 

The same formula is exactly valid in (non-relativistic) wave me- 
chanics, provided 

(a) the Coulomb law of interaction, V{r) = ZZ'e^jr^ is assumed to 
hold down to all distances; 

(&) the velocity of the particles is small compared with c, the velocity 
of light. 

Classical results are also valid for the collision between two charged 
particles of finite mass, excerpt when both particles are identical (two 
o£-particles or two electrons, cf. Chapter V). 

For details of the proof of this the reader is referred to the original 
papers or to Mott and Massey, op. cit., Chap. III. One has to obtain 
a solution of the equation 

a 


6072 
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representing an incident and scattered wave. The solution may be 
sho^ to be ^ 1 . 

where F is the hypergeometrio function defined by 

Ha, b, a) - ^+.,. 

and a = ZZ'e^Jhv, 

The asymptotic form is «/f = I+Sf(6), 

where I represents an incident wave and is given by 

J ^ ^ikz+ioLlogkir-z) 


and S, the scattered wave, is given by 

^ — y— lg<Aa*-ialofirfcr^ 

and f(d) = cosec^ 40 

where = r(l+iot)/r(l— ioc). 

It will be seen that neither the incident nor the scattered waves have 
the normal form; this is due to the slow convergence of the Coulomb 
field. 

On forming the scattered intensity 7(0) = \f{d)\^ we see that tlie 
classical formula of Rutherford is obtained. Planck’s constant only 
arises in the phase of/, which is not observable (except in the collision 
between identical particles; cf. Chapter V). 


44.2. Collisions between electrons and atoms 

Up to this point we have considered only the scatteiing of electrons 
by a centre of force. We have now to outline a theoiy of the scattering 
of a beam of electrons by an atom, in which the interaction between 
an incident electron and the electrons in the atom is taken into account. 
In the subsequent analysis we shall discuss the scattering of a beam 
of electrons by a hydrogen atom; the extension to a many-electron 
atom is straightforward. 

We denote the Schrodinger equation for the hydrogen atom by 
{J7(^,,r)~W}^(r) = 0, 

where H is the usual Hamiltonian operator and r the coordinate of 
the electron. Let be the characteristic energies and coirespond- 

ing wave function. Then the Schrodinger equation for an additional 
electron interacting with the atom is 

{-£v?+ff(p„r,)+F(ri,r,)-F)'F(ri,r,) = 0. (10) 
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Here r^, are the coordinates of the two electrons and 

The Hamiltonian is, of course, symmetrical in the coordinates of the 
two electrons. 

To obtain an approximate solution, we expand T(ri, r^) in a series 
of characteristic functions 

'F(ri,r3) = 2-P„(ri)^«{r,). 


Equation (16) then becomes 


2 = 0- 


Multiplying by t(iX{r^) and integrating over all 

V*+ W^,}^’,(ri) - / ^*(r,)7(ri, r,)T(ri. r^) dr,. (17) 

If we denote the function on the right by ^ solution for 

behaving at infinity like an outgoing wave can be obtained, so long 
as is positive; for if we set 


the solution is 


ii = 27n{W~W,W, 


4w J 


gf&ulri— **21 

l^i-ral 




which, as shown in tlic last section, behaves in the required way. 

To obtain explicit expressions for we must make some approxima- 
tion for T(ri, r^) in the right-hand side of (17). We require that T(ri, Tg) 
should represent an incident wave falling on an atom in the ground 
state; the wave function roi)resonting this will be 

(18) 

Owing to the interaction term scattered waves will also be formed. 
The simplest approximation will he to substitute (18) forT(ri, tg) in 
the right-hand side of (17); this procedure is knoAvn as Born’s approxi- 
mation. 

Equation (17) thus becomes 

^«.(r) = J <AS(ra)7(ri,r2)^o(r2)d^'ra- 


where 
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This equation is solved just as in the last section, and an asymptotic 
expression obtained; we find 


where /„(0, ,^) = - ± ^ J e<(k.-k..r)pj„(r) 

Here kQ is the wave number of the electron before the collision and 
afterwards. 

The obvious interpretation would be that 

In being the cross-section for scattering into the solid angle doj after 
exciting the atom to the nth. state. This interpretation would, how- 
ever, neglect the possibility of a ‘rearrangement collision’, i.e. a collision 
in which the incident electron is captured by the atom and ejects 
another one in its place. To account for these we can expand r^) 
alternatively in the form 


and obtain 


^(ri, Fj) = 2 


whence an expression for 0^ representing an outgoing wave can be 
obtained as before; then if 


we might suppose that d<ok^\g^^\^lkQ was the partial cross-section for 
a rearrangement colhsion. Actually, however, this interpretation is 
only valid if the two electrons have opposite spins, and so are distin- 
guishable; if the spins are parallel a wave function antisymmetrical in 
the space coordinates must be used, of the form 

T(ri,r,)-T(r2,ri). 

It may be shownf that the cross-section for scattering is then given by 

4 = hi\f-9\^+W+9\% 

itQ 


Among the many applications of these formulae, we mention only 
some work on elastic colhsions. Neglecting the term g representing 


.1 ^ by J. B. Oppeaheimer, Phys. Eev. 32, 361 (1928); see 

ate Mott and M^y op. cit., p. 113. An analogous formula for the simpler case 
of the colhsions of one free particle with another is given in Chapter V of this book. 
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rearrangement collisions, it will be seen that the field Too(^) responsible 
for elastic scattering is just the electrostatic field due to the charged 
nucleus and a uniform negative charge distribution — -e|^o(^)P- 

For hydrogen this may be evaluated to give 

<4,W = 

where = h^jme^ = 0-64 x 10-® cm. For other atoms the best available 
approximation is to use the potential given by the method of the self- 
consistent field (Hartree field).t 

For atomic hydrogen an analytic expression for the elastic scattering 
may be obtained; this is 

T(a\ = 4(8-fa§g^)^ 

where K = |ki— kjl = 2A:8in|0. 

It will easily bo seen that an improved approximation to the elastic 
scattering is obtained by finding the exact solution of 

instead of using Bom’s approximation; this amounts to inserting 
jPo(ri)i/ro(r 2 ) instead of e^^o®*i/fo(r 2 ) in the right-hand side of (17). This 
method is the one which has actually been most used in calculating 
electron scattering in gases. 

For references to the many joapers on the subject up to 1938, see the 
second general reference at the beginning of this chapter. Among more 
recent work Massey { and his co-workers have estimated a self-consistent 
field for methane by averaging the proton distribution over all direc- 
tions, and have used this field to calculate the scattering of slow 
electrons; the results are in quite good agreement with experiment. 

44.3. Relative, intensities of elaMically a7id inelastically scattered 
particles 

The following considerations show that it is impossible to obtain 
inelastic scattering from an atom (or nucleus) unless there is some 
elastic scattering present too. Wo shall confine ourselves to the case 
where the dimensions of the nucleus are small compared with the wave- 
length, so that the scattering is spherically symmetrical. 

■f Cf. Choptors V, VI ; an analytic cxproscion for tlio field ofliolium is given by PI. A. 
Hylleraaa, Zeitii.J. Phyxih, 64, 347 (1929). 

t R. A. Buckingliam, H. S. W. Massey, and S. R. Tibbs, Proc. Roy. Soc. A, 178, 119 
(1941). 
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A spherically symmetrical solution of the wave equation of the 
system must then have the asymptotic form 

T(r, q) = (1^) 

Here ^e(3) I'epresent the wave functions of the atom (nucleus) 
in its normal and excited states, k, k' the wave numbers of the elastically 
and inelastically scattered particles. The wave function representing 
an incident plane wave and scattered wave is 

where a, chosen to make terms in vanish, must be —1/2/A;. Thus 
the elastically scattered intensity is 





and the inelastically scattered intensity 


Since, however, the conservation of charge applied to equation (19) 
gives 

l = \A\^+^\B\\ 


we see that Iq cannot vanish unless A = — 1 and vanishes too ; and 
if Jg has the largest possible value (A = 0,7^ = 1/4A;2), then 

7o = 1/4P. 

Such a formula would, for instance, apply to tlie scattering of slow 
neutrons by a nucleus of very strong absorbing power. 
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INTERACTION OF RADIATION WITH MATTER 

45. Introduction 

In this section we shall show how to solve problems of the following 
type. An atom, or molecule, or any other system, is initially known 
to be in a given stationary state, denoted by the suffix zero, so the 
energy of the state is Wq, It is then acted on by a variable external 
field for a certain time, say by the field of a passing a-paiticle or gas 
molecule, or by a light wave. At the end of that time it may have 
made a transition to any other state, with energy We require to 
calculate the probability lo/fc that the transition has occun-ed. 

The physical principles by means of which the calculation is made 
are as follows: The wave equation for the unperturbed system (atom 
or molecule) is 

where JETo is tlie Hamiltonian operator of the unperturbed system. The 
solutions of this equation are 

and the system is supposed initially, at time t = 0, to bo in the state 
with wave-function TJ,. In the presence of the perturbing field lot the 
wave equation bo ..vp* 

(1) 


The quantity (/is the addition to the Hamiltonian duo to the perturbing 
field, and will bo a function of q, didq, and of the time. For instance, 
if we are dealing with the perturbation of a liydrogon atom by the field 
of a passing ^-particle, U is the potential energy of an electron in the 
field of the a-particlo. 

The equation ( I ), being of the first order in t, enables us to determine 
Y at any subsequent time L Sui)poso at time t wo expand Y(q, () as a 

= ( 2 ) 

n 


Then, by the usual interpi-etation of wave mechanics, the quantity 
by „ . . ,.,2 


is the probability that at time t the system is in the state n. 



248 INTERACTIOISr OF RADIATION WITH MATTER § 46 

To obtain the coefficients we substitute (2) into (1); we obtain 

n 

Multiplying both sides by ^*(2,0 and integrating over all q, this 
equation reduces to 

ih^ = jY*{q,t)UW{q,t)dq. (3) 

To obtain an explicit solution we must in general assume that the 
perturbation is small, i.e. that during the perturbation the change in 
T(gr, t) is not large. With this assumption we replace T(g', t) in the right- 
hand side of (3) by its original form Yo(g, t); we thus obtain 

= J T*(g,e)CrTo(g,0d?. 

Writing J dq = («| C^|0), 

t 

we see that a„(0 ^ ^ J {n\U\0)e^<‘-^’^I^^dt. (4) 

0 

We note that in this expression (w.|C''|0) is in general a function of t. 

Certain generalizations can be made at once from the expression (4): 

(а) If the perturbing field varies slowly with time, so that many 
oscillations of the exponential function in (4) occur while U 
remains sensibly constant, the transition probability will bo small. 

(б) If 17 is periodic in the time with period v (as, for instance, if t/ is 
the perturbing energy due to a light wave), then a„(f) will not 
increase with the time unless hv = Wg — W^. We see therefore that 
for the excitation of atoms or molecules by light the Bohr fre- 
quency condition can be deduced from the theory, and that if 
U is independent of the time, transitions to states of equal energy 
only occur. 

45.1. Excitation of atoms by a passing ot-particle 

In this section we shall show how to calculate the probability that 
an atom is excited by an a-particle whieh passes a long way from it. 
Actually the first attemptf to calculate the stopping powci* of matter 
for a-particles was made in this way; but the method used in Chapter 
IX, in which the motion of the a-particle as well as that of the electrons 
is treated through a wave function, is much more convenient. The 
t J. A. Gaunt, Proe. Owmb. PhU. Soe. 23, 732 (1927). 
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ooilculation is included here as being the simplest and most instructive 
o x:aini)lc of the calculation of transition probabilities, not for its practical 
"value. 

Tho oi-particle is supposed to move with constant velocity v past a 
liyclrogen atom at the origin of coordinates, passing it at a distance p. 
It w'c take ^ = 0 to be the moment when the a-particle is nearest to 
1:1 lo atom, then the perturbing energy U at any other time is, for an 
olectroii at the point (x, y, z) 

^ = 4{X-xr+(Y-y)^+(Z-zn' 

I-1 01*0 is tho charge on the a-particle, and Z, F, Z are the coordinates 
<>r its position at time i, given by 

X = vt, 

T=p. 

2 = 0 . 

Iilxj)aiKling U lor small values of x, y, z we have 

wo liavo tusHumod that p ia large compared with the radius of the 
ikt'ont. only the firat torma in the expansion need be taken. 

'I'he (luantity a„{t) is thu.s given, after the a-particle has passed 
(/. >a>), by « 



— 00 


I-i-or I he evaluation of tlitwo integrals, the reader is referred to the paper 
I yy ( Jaunt ali’cady quoted. 

45.2. Trntmlwntt k) uwfiimiHzed aMea 

A |)(‘rt urbing (iold (o.g. tho field of a passing charged particle, or a 
I i i{ht> wave) may ionize an atom or molecule; in other words, transitions 
may be <!ausod to states with unquantized energy. To calculate the 
n pin-opriiite transition probabilities, the simplest i>rocedure will be to 
i utroduei^ lietitions cpiantization by enclosing the whole system in a 
box, of side L. say. For instance, suppose the final state of the 
j >Hrl.i<!le is reprciscmted by tho wave function of a free particle 

T*(r) = 

M'lion if we introduce our box of side L, together with, the boundary 
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condition that ^ shall be periodic with period L, the normalized wave 
function is 


(k = 2^n/L; n = {n^,n^,n^)). 
If we write (% | i7 1 0) = ^ J 


then the transition probability to the state n is given by |a,„(0l^ with 
® 7 i(*) given by (4). For values of k lying in the limits between and 
h-^-\-dki, and k^-{-dk^, k^ and k^-{-dk^, the number oF states is 


dk^ dk^ dkj( 277 )®. 

Thus if {k\V' |0) = I e-^’^U%(r) dr, 


(5) 


the chance that the electron is ejected into a state witli wave riuiubors 
in these limits is 


where 


dlc^ dJe^ dJe^ 

(27rf 


\a\t)\^ 




t 

a' it) = ^ J 
0 


(0) 


45.3. Transitions due to a perturbation 2>^'i/'iodic in the time 
This case is of great importance because of its a])plioati()U to the 
action of light waves on atoms and molecules. 

We suppose that the perturbing term wliich lias to bo added to tlie 
Hamiltonian of the system is of the form 

U = a cos(27rv^-l-e), 

where a, e are functions oi p and q but do not contain the tinio. It is 
convenient to write this in the form 


JJ ~ jfr'g27rfv/_|_ 

where jP is a complex function of and q and is its cjoniplox con- 
jugate. Formula (4) then gives for the probability that at time I a 
transition has been made to the state 7b of energy W„ 

K - Km^ 


where 


I («|F10) J exp|i|2m/— d/;+ 

0 

t 

+(nlF*|0) J exp|i| 


n 


(7) 
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(n\F\o) = j 

which is not a function of time. 

Unless \W„--Wq\ = 277 ^^ 1 ., (8) 

the integrals in (7) do not increase with the time. The sudden im- 
position of the field will cause transitions, but after a time equal to 
1 Iv the probability that a transition has taken place does not grow any 
greater. Only values of the frequency for which (8) is satisfied need 
therefore be considered. 

If we write 

and suppose that v lies in the neighbourhood of then only one of 
the two terms of (7) will be significant. Canying out the integration 
with respect to t we find 

and he.™ J;(,) _ (9) 

If V is lujual t(i v„„, the pr()bal)ilit.y P„(0 that a transition has oocuiTed 
iticroasos as the nijuarc of the time, instead of linearly with the time 
as one would ex()ect. However, this apparent contradiction can be 
resolved as follows: 

If the final state is <|uantiz<id, wc shall have to consider perturbation 
by radiation with a band of frequencies extending over the natiu'al 
width of the absorption line. This is done in §4C and it is shown that 
a transition pi’obability i)ropoi'ti()nal to t is obtained. In this section 
we supj)ose that the linal state is uiuiuantized- — in other words, that 
the calculation refers to the ionization of an atom by a light wave or 
other periodic disturbance, 'riio fictitious (luantization of §45.2 may 
be introduced, the atom being enclosed in a ‘box’ ot side L. Then 

|('//.1/-'’|())1“ - -^1 J e- 

and tlio numbcM’ of slates for which the particle is moving with its 
inoincMitum in the solid angle dil about the vector k, and with energy in 
the range d\V, is by (5) 

\2\V)hlW p{\V)d\V. say. 

To obtain the pr()l)al)ility that, allor time t, the particle is ejected 
in a direction lying in the solid angle dQ, we have to sum over the 
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transition probabilities to all these states; this gives, making L tend to 
infinity so that the summation is replaced by an integral, 

Now the quaaitity PJf) has a very strong maximum when passes 
through the value for which v—v^^ vanishes, and for large t practically 
all the value of the integral comes from here. Thus in all terms in 
except the term involving the tim^ factor, we may set 
equal to this value, i.e. 

= Wo+2it^v. 

The time factor gives 


or with 2ir(v— V(,„) = x, 


I* 2{1— cos 2Tr(v— Vo„)f} , 

fSiz^5^to. 


When i is large the limits of integration may be replaced by 

we obtain ^ 

.. f 2(l-cosy) , 


The integral is equal to 2^ ; thus, finally, the probability that a transition 
will have taken place after time t is 

{t}K)MF\0)MW^), ( 10 ) 

which increases linearly with t as it should. 

The probability per unit time that the electron is ejected with its 
momentum in the solid angle dQ is 




45.4. Transitions caused by a perturbing term independent of the time 
This is a special case of the problem considered in the last section, 
the frequency v being taken to be zero. 

Formula (9) remains valid. Since U is now independent of t, it may 
be written , on 

Here U is the perturbing potential and the matrix element {n\U\0) is 
formed with normalized wave functions. When t is large the function 
on the right has a strong maximum for equal to zero, i.e. for transi- 
tions in which energy is conserved. 
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If, as before, we introduce tlie function p( W) dW to denote the number 
of states with energy between W and dW (and if necessary subject also 
to other conditions, such as having the direction of momentum in a 
given solid angle), then the probability after time t that a transition 
has occurred is 

/ PMp{W)dW. 

As t tends to infinity, this gives as before 

t\{n\um^p{W)/n ( 11 ) 

for transitions in which energy is conserved. For other transitions it 
does not increase with L 

The following is an example: A beam of electrons is incident on a 
centre of force in whicli the potential energy of an electron is V{r), 
If we normalize %(/•) to represent a beam such that one electron crosses 
unit area per unit time, then 

Equation (10) then gives for the number of particles scattered into the 
solid angle dco ])er unit time 

dr 

which agrees with the formula found by another method in Chapter 
IX, equation (15), 

46. Emission and absorption of radiation 
li’hc correct description of tlK5 intensities of spectral lines according 
to the quantum theory was first given by Einstein. j' Corresponding 
to the transition between any two states n and 7n of an atomic system, 
he introduced throe probability coefficients 

state n is supposed to be the state of liighest energy, and tlie coeflicient 
A/,, is defined as follows: is the probability that an atom , initially 

in the state //, will make a spontaneous transition in the time interval 
dt to the state 7n. This pi'obability was supposed to bo independent 
of the j)ast history of tlie atom or of the [irocess by which it liad boon 
brought to the state n. 

The coellicients and 71, are defined as follows: suppose the 
atom is in the presence of radiation, unpolarized and incident equally 
in all directions, such that the energy density with frequency between 
V and v -\-dv is l{v)dv. Ijot be the frequency corresponding to the 
transition between the states ih, 7n. Then if tlie atom is in the states/?, 
f A. Kinstoin, Vhya. Zeits, 18, 121 (1017). 
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(the lower state), the chance in a time interval dt that it will make a 
transition to the state n with the absorption of a quantum of radiation 
is Also, if it is in the upper state n, the chance that in 

the presence of the radiation it will make a transition to tlie ground 

Einstein was able to prove the following relationships: 

A=^B. ( 12 ) 


The proof is as follows: Suppose a number of the atoms concerned are 
in thermal equilibrium in an enclosed space at temperature T, together 
with the (black body) radiation in equilibrium at that temperature. 
Then as many atoms must make the transition upwards as make the 
transition downwards. Hence 


where are the numbers of atoms in the two states. Now in 

thermal equilibrium, by Boltzmann’s laws, 


N 

which by the Bohr frequency condition gives 

N 

f!n — ^-hv^IkT 


Thus 


Hvnm) == 


ehv^kr_n 


Comparing this with the well-known formula for tlie intensity of black 


body radiation, 


l{v) = 


Stt/iv® dv 


p3 ^hvjkT I ’ 


we see that equations (12) are satisfied. 

In attempting a quantal theory of the omission and absorption of 
radiation we are faced with the following position: Tlie thoory of 
absorption and stimulated emission is relatively oloniontary; the liglit 
wave can be treated as an electromagnetic field periodic in the time, 
and the probability that the atom will make a transition from one 
state to another under its influence can be calculated by the methods 
of the last section. As we have seen, the Bohr frequency condition can 
be deduced from the theory, and the values of the Einstein B coefiicients 
obtained. The A coefficient can then be deduced from equation (12). 
But this elementary theory does not by itself predict spontaneous 
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emission ; in the absence of a field one cannot seo why transitions should 
occur at all. account for spontaneous transitions one must intro- 
duce a more complete theory in which atom and radiation are both 
considered as one system, and the radiation itself is quantized. 

Tlie elementary theory will be given in the next section; the more 
complete tlieory in §47 and the following sections. 


46. 1 . Elevivntary thcorjj of absorption 

As explained in the last section, in this section we shall treat the 
action of a light wave on an atom as that of a perturbing electro- 
magnetic field. Such a theoi-y will account for absorption, but not for 
emission. 

A plane polai'ized light wave moving along the s-axis can be written 
in the form 

n, ■- 0. 

Tt is convenient to devseribe this by a vector potential A and scalar 
])oientiaJ IVom which E and H can bo deduced froin the equations 

E : 

c dt 


II ^ curl A. 


If w(^ s(4. 


..‘1 ^ ' ■ u. (^os — /.j (a. ” bvfliTv), 


A. 


0, 


it is easily verilii^d t.hat (I. ‘5) is satisfied. 'I'hc energy (hmsity 1 in the 

wa.v(^ is giv(‘n by - 

j L** I H" 7ra“r“ 

" Stt 


lly (^(juation (4<)) of (4iapt(u- I, the perturbing term introduced by 
a V(^(4.or potential A lor \vhi(4i div A - 0 is 

'J'’ (Afjiwl). 
imr. 

In our (^ase iJus gives 

'2inir{ <Kr 

'riuis th(‘ probability t.hat. a.ft.er time / tlu^ atom has made a transition 


~\~ complex conjugatej. 
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from a state with wave-ftmction iJsq to a state with wave-function 
is given by (9) with , . , 2 

0., 


where 


«*"l/ 


Y*e&ri;.«/o£Zp (Jr 
” dx 


Substituting in terms of the energy density we find for the probability 
p m _ ^T(y\o 27y(v-vo,,)t} 

As in the previous section, if we set v equal to we find that 
increases as the squa/te of the time. We have therefore to consider that 
the atom is irradiated by a band of frequencies, with energy density 
I(v)dv in the range dv. Since 


r 2 { 1 — cos 27 r(v— Vo„)i} , _ . 

J ^ - '■ 


(14) 


we see that the probability per unit time that the atom makes a 
transition from the state 0 to the state n is 


—livn 1 — r 


It will be noted that the 2 -axis is the direction of propagation of the 
wave, the a:-axis the direction of polarization. 

The Einstein jB-coefficient will be obtained by averaging over all 
directions of incidence and polarization. 


The integral 


j 


lf*g2,riv*/c£5o (Jt 


(15) 


thus determines the absorption and emission intensities. This quantity 
can be simplified, making use of the fact that for light absoi*bcd in the 
line spectrum of an atom, the wave-length cjv of the light is large com- 
pared with the diameter of the atom. We may thus expand 

^%7TivzlC — ^ j I 

C 

To a first order of approximation, therefore, the integral ( 1 5) reduces io 


/ 




By equation (21 ) of Chapter VII this may be written 
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Thus the probability of absorption takes the form 

Averaging over all directions of polarization we obtain for the 
jB-coefficient n 2 

B = ^M+\y^,\^+\zonn 

and by (11) for the A-coefficient 

It is convenient to express these quantities in terms of oscillator 
strengths/^ (Chap. VII, p. 169); we obtain 

B = e%/mmv, A = STrWfJSmoK (16) 

This form is convenient because is dimensionless, and because 

where the summation is over all transitions which start from a given 
state. 

46.2. Selection rules 

Suppose that the state 0 has orbital quantum numbers Z, in other 
words, that the pai*t of the wave function involving 0, <j> is 

f^(cos 

Suppose also that the state n has quantum numbers Z', Then the 
matrix elements Xq,, , ?/om» contain integrals of the type 

GOSd 

PJf'(cos sin d cos ^ Pf (cos sin 9 ddd<f>. 

sinSsin^ 

It is obvious that this integral vanishes unless 

— ±1 or 0. (17) 

The integral also vanishes unless 

Z-Z' = ±1. (18) 

This is shown in the appendix to this book; it is easily verified in the 
simple case where 1=0. 

Equations (15) and (16) give the weU-known selection rules for optical 
transition. If they are not satisfied the ‘dipole moments^ 2 Jo 7 i> 
vanish, and to obtain the transition probability we must then take the 
second term in the expansion (14); the integral (15) becomes 


// 


2w r ■ 
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Transitions for which, this quantity does not vanish are said to possess 
a ‘quadripole’ moment. It will be seen that for transitions with a 
quadripole moment the transition probabilities are smaller by a factor 
of order (radius of atoms/wave-length of light)® than for those Avith a 
dipole moment. 

It is worth remarking that there is one type of transition for which 
the transition probability vanishes exactly; this is for transitions from 
one s-state to another, so that both TJ, and T*), are spherically sym- 
metrical. 


46.3. Altematim trealm&nt of emission 

For certain purposes, especially some of the applications of rela- 
tivistic quantum theory in Chapter XI, it is very useful to have an 
expression for the electromagnetic field radiated by an atom. The 
treatment given in this section is semi-classical, and can only be 
justified on the basis of quantum electrod 3 miamics; it is none the less 
very useful. 

Suppose that in an atom there exists a charge density given by 


and a current j 


j = U(p>,y,z)e-^’^+o.o. 


(19) 


Then the electromagnetic field radiated by this charge and current are 
given by the equations 


VMo- 


c® 8fi 


= —^P, 


V®A- 


1 a®A 

c® dfi 



Here A are the scalar and vector potentials. If we consider retarded 
potentials only, obtaining thus a solution representing an outgoing 
wave, the solution is 

C n27rivlr'-r|/c 

Aq = e-®’^’'' J ---^-■p^{x',y',z') dr'+c.G. 

with a similar expression for A. For large r this becomes 

fi27riv(rjc~4) /• 

Ao = j dr'. (20) 

Here n denotes the vector r/r. 

Suppose now that an atom is in an excited state 0, and that we wish 
to know the field that will he radiated into transitions to lower states. 
We shall make the following new assumption: that corresponding to 
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any lower state n, the field radiated initially is that which would be 
given classically by a charge density and cmrent density giv^en 
by (19) with 

jo = |(T„grad Yf-To*gradT„), 
hv = W,)—Wn- 

For the corresponding expressions using Dirac’s relativistic equation 
cf. p. 309. 

It may easily be verified, using Schrodinger’s equations, that the 
continuity equation is satisfied: 

divj + ^ = 0. 

The field radiated is then given by (20). 

It may be verified, by obtaining the energy radiated per unit time 
and dividing by hv, that equation (16) for the ^-coefl&cient is obtained. 

47. Proper treatment of the radiation problem : quantization of 
the field 

We have seen that an elementary theory, in which the electro- 
magnetic field is treated as a perturbation acting on an atom, can 
account for the absorption but not for spontaneous emission. To 
account for this, it is necessary to quantize the electromagnetic field 
and to treat the whole assembly, atom and radiation, as one dynamical 
system. 

The theory, due originally to Dirac, f is based on the following idea: 
The radiation is thought of as shut up in a box; tliere will thus be a 
series of normal modes each with its discrete frequency v. We know 
from the experimental evidence reviewed in Chapter I that the energy 
of light of frequency v can change only by multiples of hv; and thus it 
involves no great step forward to treat each normal mode as a vibrating 
system, with wave functions appropriate to a simple harmonic oscillator. 
A transition in which an atom emits or absorbs radiation is thus treated 
as a transition of the whole system in which the appropriate normal 
mode of the radiation changes its quantum number by imity. The 
perturbing energy (not a function of the time) is the interaction between 
the atom and the radiation. 

We have first to set up the Hamiltonian of the radiation field in the 
t P. A. M. Dirac, Proc, Roy. Soc. A, 114, 243 (1927). 
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absence of any charged particle. This field is conyeniently described 
by a vector potential A chosen so that the scalar potential vanishes 
everywhere. The electric and magnetic vectors are then given by 

E = -A/c, H = ourlA. 


A t37pioal standiog 
be written 


wave, representing radiation shut 
A = ]8esm(xr)oosKci. 


up in a box, may 


( 21 ) 


Here e is a unit vector, an arbitrary constant, and IJk any length. 
In a volume 7 the number of normal modes with given polarization, 
firequenoies between v and v-\-dv, and direction x of propagation in the 
solid an^e dQ isf 

VpydvdSi = 7v®dQdv/c®. (22) 

The function py = v^Jc^ will be called the density function of the 
radiation. 

We now write instead of (21) 


A = ^{8ire^)e^{xT)q(t). (23) 

The quantity q{t) is the dynamical variable which specifies the state 
of the vibrating normal mode. We shall treat it exactly as the dynamical 
variable of an oscillator according to quantum mechanics. Por this we 
need the Hamiltonian and hence the wave equation of the radiation 
field. The purpose of the normalizing factor .^(8irc®) will appear below. 

The electric and magnetic vectors E and H derived from the vector 
potential A (23) are 


(24) 


E = — 7(8i7)esin(Kr)g(i) | 

H = ^(87rc®)(xxe)cos(xr)g'(i) J* 

Now since x and e are perpendicular vectors and e is a unit vector 

we have , 

(xxe)® = K®. 

Making use of this result and of the fact that the mean values of 
sin®(xr) and cos®(xr) are -J-, we find that the energy of tliis wave is 


W — ^ J* (E®+H®)dT = 


(26) 


The momentum conjugate to the coordinate q in the Hamiltonian 
formalism is 


so that, putting 


« • 

c®*:® = 47 t®v®, 


(26) 


t Cf. J. H. Jeans, Dynamiedl Theory of Cfaaes, 4th ed., ohap. xvi (Cambridge, 1926). 
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we have for the Hamiltonian of this vibration 

W = J(^)2+47rVg2). (27) 

It follows that, with the normalizing factor as chosen, the vibrating 

normal mode behaves like a simple harmonic oscillator of mass unity. 
Tliis is true either in classical or wave mechanics. 

In wave mechanics we may set up tlie usual Schrodinger equation 

= 0. (28) 

The possible values of the energy will be 

Wn = {n+\)hv, (29) 

where n is an integer, and the wave functions are the Hermitian 
polynomials discussed in Chapter II and the Appendix. 

The pure radiation field may then be described by the superposition 
of fundamental vibrations of the type (23) with a range of frequencies 

Vi, V2, V3,..., Vg. 

The number of firequencies lying in any given range is determined by 
the formula (22), but the vectors Cg, Xg are considered to be distributed 
at random. The Hamiltonian of the radiation field is obtained by 
taking the sum of all the contributions of the type (27); thus it ist 

W = = 1 'Ki>l+47rM?l). (30) 

8 8 

III the quantum theory of radiation it is often more convenient to 
replace the cosine and sine waves representing the radiation field by 
their complex exponential forms, which represent waves moving in 
definite directions instead of standing waves. In this representation we 
write for the vector potential 

A = 2 Ag = 2{a»'7»(<)-l-a*7?(0}, (31) 

8 3 

where tlie field coordinate (/^(/) is now complex and 

a* = V(4wc^)®«®^P ^(’‘s *')• (^2) 

The Hamiltonian of the radiation field can be calculated as in the case 
of real wave functions; it comes out to bo 

w = ^ («ig?s+4vM?s??) = 2 '/s'7?)- (33) 

8 8 

f It can easily bo shown that the sum on the riglit-liaiid side of (30) roprosonting the 
sum of tlie onorgios of all the oscillators is equal to the energy of the radiation field. It 
should also ho observed that only the radiation field can bo roprosontod by a super- 
position of stationary waves in this fashion; such a representation is not possible for 
radiation in the presence of an external electromagnetic field. 
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Now since 2 g is a solution of the harmonic equation 

= 0 > 

it follows that 5 

we may thus write the Hamiltonian (33) in the form 

8 

This may be reduced to the form for the real variable 

a 

by the substitutions 



47.1. H(mAltoman of the complete system 

We have now to determine the Hamiltonian of the atom and the 
radiation field considered as a single mechanical system. The non- 
relativistio motion of an electron in an electromagnetic field described 
by a vector potential A and a scalar potential <f> is imiquely determined 
by the Hamiltonian ^ _ e^/c+(P_eA/c)V2m, 

where P denotes the momentum of the electron, m its mass. Writing 
V for ^/c, expanding the scalar product (P— eA/c)^, and retaining only 
terms of order 1/c, we have 

S = P2/2m+eF-e(P.A)/mc. (34) 

The Hamiltonian of the complete system comprising the atom and the 

radiation field is obtained by adding to (34) the Hamiltonian of the 
radiation field, equation (30) or (33) above, and by substituting for 
the vector potential A the corresponding expression (23) or (31). Substi- 
tuting from equations (31) and (33) into equation (34) we obtain for 
the Hamiltonian of the coupled system 

S = So+Si, (36) 

where So = (36) 

is the sum of the Hamiltonians of the pure radiation field and of a 
particle moving in a field free from radiation, and 

Sx = y {g,e«''-'5+g?e-«'‘-*)}(eg.P) (37) 

m ^ 

8 

is the energy of interaction between the electron and the radiation 
field. 
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The transition probability for a transition in 'which the electron 
from one state to another, emitting or absorbing a quantum, 
can now be written down at once from formula (11). Suppose that the 
direction of propagation of the light wave lies in a solid anglp. cK2 about 
tHe direction x. Ijet tliis wave have N quanta before the process, N' 
after, and let the sufiSx 0 denote the initial state of the atom and the 
Niiffix n the final state. Then, substituting for U in the formula (11), 
the probability per unit time that the transition occurs is 

il(i\^',«|Si|i^,0)|V(Tr), (38) 

where „ and „ are solutions of the unperturbed wave equation 

§0^=11^, (39) 

a-nd in this case 

{gfe<('")+</*e-«'“)}(e . P). (40) 


47.2. Galculfition of the matrix elements 

In the last section we showed that, in order to obtain the transition 
probability of a process involving the emission or absorption of radia- 
tiion, wo have to consider the solutions of the wave equation (39) of the 
unperturbed system. Suppose that is an eigenfunction and the 
c‘.<>rresponding energy value of the Schrodinger equation 

a nd that is an eigenfunction and a corresponding energy value 

of the wave equation 

Then the function (^1) 


is an eigenfunction of the Schrodinger equation (39) corresponding to 


t-hc oigonvalue 




(42) 


Substituting from (40) and (41) into the equation defining the matrix 
oloment (j^/'',??.|Si|j!V,0), we obtain the equation 


(/V',n|S,|i\^,0) 


(wl^^JO) J <^^#„d!7+(»i|P?|0) J (43) 


m 
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(44) 


where the matrix elements (»|i^|0) and (»i|Pf |0) are defined by the 
formulae 

(»IP,10) = J T*e«'^i(e.P)To£tr ' 

(»|P*10) = J P)Yo(^ 

Since the fimotions <f>jf are the eigenfunctions of the wave equation 
for a linear oscillator, it follows that the integral 

J 

vanishes miless |JV— = 1 and also that 




(45) 


. The energy corresponding to the eigenfunction is 

W = hv{N+l). (46) 

Substituting from equation (46) into equation (43) we see that the 
matrix element (N ' , » |Si |^, 0) is different from zero only if ^' = 1 . 

We thus obtain for the two non-vanishing matrix elements 

{N+1M^,\N,Q) = J 1 

{N-l,n\$x\N,0) = J j 

where = (Pe) 


denotes the component of the vector P in the direction of the polariza- 
tion. 

For a process in which a quantum is emitted, N is zero, and for the 
absorption of a quantum N == I . Thus the transition probability for 
a transition in which an electron jumps from one state (0) to another 
(n) with the emission of a quantum of frequency v is 


eh/ 


J T*e«“)p,Todr 


(48) 


and the transition probability for a similar process in which a quantum 
is absorbed is 




J 




(49) 


If the final state of the electron belongs to the continuous spectrum 
PjydW = mcpdWdCl/h^t^, 
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where p is the momentum of the electron. In that case (38) becomes 

(49«) 

48. First-order radiation processes 
48,1. ThA emission of radiation 

As a first example of tlie application of the general theory developed 
in the preceding sections we consider the emission of light by a hydrogen 
atom. Suppose that initially the electron is in an excited state in which 
its wave function is and that it falls to the ground state with the 
emission of a quantum of radiation of frequency v. The wave function 
of the electron in the ground state is Tq, say. Then the roles of the 
suffixes n and 0 are interchanged in equation (48). It follows from 
equation (8) that the transition probability is negligible unless the 
frequency of the emitted radiation is 

which is the value given by Bohr’s frequency relation. 

The square of the matrix element occurring in the expression (48) 
can be reduced easily to a familiar form. In general the wave-length 
of the radiation omitted is large in comparison with the dimensions of 
the atom so that the function oxpi(Kr) {k = ^nvjc) will be practically 
constant over tliat part of the space in which the wave functions of 
the electron differ aj)prociably from zero. We may therefore write 

J J YtPcX.dr. 

If, now, we wi'ite P ^ 7nv 

and denote by («) the angle between the velocity vector v and the 
(lircetion of polarization, we obtain 

J - mcosw J 

HO t.hiil. |J ~ |J 

N< )W J' T* 'i; (h r : 277tV J Y* a:M; dr 2n-iv{0 \x |») 

and similarly for the y- and s-components of the velocity v. Thus 

I J '!'*() ft. X, == 47rVm2coa*01(Olr Ito)!® (50) 

whore |(<)|r|7/-)|^ denotes the sum 

(0 |a: |»)® 4- (0 ly l»i)2+ (0 Iz |n)2. 


(61) 
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Equation (48) then gives for the chance per unit time that a quantum 
is emitted into the solid angle dQ 

^^^oos2©|(0|r|«)|*<iQ. (62) 


Multiplying this expression by hv and integrating over all angles we 
obtain an expression for the total intensity of the radiation emitted 
by the atom in unit time. The summation over the directions of 
polarization replaces eos*0 by sin*0, where 6 is the angle between the 
direction of propagation jt and the position vector r of the electron; 
making this substitution in (62) and integrating over all possible values 
of the angles, we find that the total intensity radiated per unit time is 


8 = 


647rW 

3c* 


|(0|rl«)l*. 


(63) 


This is the same formula as that given on p. 267. 

In the classical theory, if we take as a model of the light source a 
single electron bound elastically to a massive charge and moving with 
simple harmonic motion of frequency v in a straight line with amplitude 
r, we find that the energy emitted per unit time is 


8 = 


327r*cV-» 

r* 

3c» 


(64) 


We see therefore that the radiation is the same as that which would be 
given out by a classical dipole of amplitude r given by 

f* = 2|(01r|»)l*. 


48.2. The photodectric effect 

We saw in the last section that when light is emitted by an atom 
its frequency v is given by the equation 

V = (Ki—WJ/h, (66) 

where are two energy levels of the atom. In a similar way it 

can be shown that light of frequency v can be absorbed by an atom 
only if V satisfies a relation of the type (66). Another process is possible, 
however, for light of such a frequency that hv exceeds the ionization 
potential, I. It may then happen that the electron absorbs a quantum 
of radiation of sufficient energy to cause it to leave the atom with 
kinetic energy hv — I, We can easily calculate the transition probability 
for a process of this type, if we assume that the kinetic energy of the 
ejected electron is very much greater than the ionization potential 1 
and if we employ non-relativistio wave mechanics throughout. This 
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last assumption is equivalent to assuming that the kinetic energy of 
the electron in the continuous spectrum is small in comparison -with 
the rest-energy Tree® of the electron. 

We shall carry out the calculation for an electron in a (Is) state and 
thus for the Z-electron of an atom. 

In the integral occurring in the expression (49) for the transition 
probability, % is thus the wave function 

To = (a = aJZ) 

of the electron in the JT-shell, and, if the energy of the ejected electron 
is very much greater than the ionization potential, ^ is the wave 
function corresponding to an electron in the continuous spectrum with 
momentum p, i.e. the plane wave 

If we write q = p— x/^w, 

then q is the momentum transferred to the atom and we have 


J T*p,e-^”)TodT = p,(va8)-l J e-ar/«c+£(qr);«o 
where we have written a = /io/a. Using the result 


we then obtain 


/ 


g-yr+£(pr)^ — — 


= ( 66 ) 

Substituting this value of the integral into the expression (49 a) for the 
transition probability and dividing by tlie intensity of the primary 
beam per cm.^ (i.e. by c for a single quantum), we obtain the quantity 

(U-^±±PPI dLi, (67) 


which has the dimensions of an area and is called the differential cross- 
section, or the effective area that has to be hit by a quantum to eject 
an electron in the solid angle d£i. 

To obtain the total cross-section for the ejection of photo-electrons 
in any direction we integi-ate (57) over all angles. Since the JJ^-shell 
contains two electrons we multiply by 2 to obtain the cross-section <l>^ 
for the photo-effect of the if -shell; the result of the integration isf 


<I>K == ^^0 



t W. Heitler, loc. oit., pp. 122-3. 


(68) 
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where 



(69) 


If Av is neatly equal to I the exact wave functions of the continuous 
spectrum are used for in the evaluation of the matrix element. The 
formula (68) is then replaced hyf 

. _ ,og^exp(-4pcot-V) 1373/7\« 

-^[^j ’ ( 60 ) 


where p is defined by 




hv-r 


i.e. p® is the ratio of the ionization energy to the kinetic energy of the 
ejected photo-electron. 


48.3. The breadth of spectral lines 

The theory developed in §4jS.l accounts for the emission of radiation 
from an atom and is based on the supposition that energy is conserved 
in the process. Such an assumption leads to a formula for the intensity 
of a shjurp spectral line emitted by an atom. We know from spectro- 
scopic observations, however, that the lines of an atomic spectrum are 
not sharp but possess a certain characteristic breadth. That this natural 
line breadth does not follow from the analysis of §48.1 is due to the 
fact that in solving the equation 

SY = (61) 

where S is given by equations (35)~(37), we employed an approximate 
method whose use is only justifiable for small values of the time t. 
An improved method of solution of equation (01) valid for higher 
values of t has been developed by Weisskopf and WignerJ and has been 
found to lead to a simple formula for the breadth of a spectral line. 

We shall consider only the case in which the atom lias two states, 
an excited state described by the wave-function and possessing 
energy and a ground state of energy Wq whose wave function is TJ,. 
The extension of the analysis to atoms with several states presents no 
essentially new features. We assume that initially the atom is in the 
excited state in the absence of radiation and that it falls to the ground 
state with the emission of a quantum of radiation hv^ whose frequency 
Vg is approximately equal to the fundamental frequency 

vo={W^^Wo)lh, (62) 

given uniquely by the energy difference between the two states, 
t M. stobbe, Ann. der Physik, 7, 661 (1930). 

t V. Weisskopf aad E. Wigner, Zeits.f. Phyaih, 63, 64 (1930); 65, 18 (1930). 
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The solution of equation (61) can readily be obtained if the solutions 
and the eigenvalues of the Sohrodinger equation (39) are known. 
If we write T = 2 (63) 

k 


and substitute this wave function in equation (61), we obtain the 
equation ^ ^ = 0. 

k k 


Multiplying both sides of this equation by the conjugate wave function 
YJ and integrating over the space of all the coordinates — ^those describ- 
ing the radiation field as well as those defining the position of the 
electron — ^we obtain the system of differential equations 


Kit ) =12 m 

Ai=0 

It follows from equation (63) that the quantity is the probability 

of finding the system in a state of energy at time t. 

Denoting by (w, 0) the state in which no radiation is present and the 
electron is in state and by (0, 1^) the state in which the electron is 
the ground state and a quantum is the only radiation j)resent, 
equations (64) reduce to 


8 

Ki.it) = i(0, l.lSi|»,0)6„o(<)c^‘'"-’">' 

Initially, at time i = 0, 

6„.o(0) = 1, Kr.i^) == <>• 

If we now make the substitutioii 

6n,o(0 -- 

ill equations (65), we obtain immediately by a simple integration 

i e[awi(j/o -Va) -y\l 1 

As i -> 00 the exponential factor decreases rapidly to zero so that 

The probability that, after a time t, long in comparison with the life- 


( 66 ) 

( 66 ) 
(67 a) 

(67 6) 
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time l/2y of the excited state of the atom, a quantum of radiation hvg 
has been emitted is therefore 

Multiplying by Avq and the density function p,, integrating over all 
directions of propagation and summing over both directions of polariza- 
tion we obtain for the intensity distribution 

r -V Ai<x irt 1 \a/7n 


Now the total prohability of a spontaneous transition per unit time is 


so that 


27r 4fl-®(v — Vo)®-l-y* 


where we have written for Avq. 

We have yet to determine the constant y. Substituting from equa- 
tion (67 a) into the first equation of the set (65), we obtain the relation 

y _ JL V (^» 0 1 §1 1 Q. r ^ 

A 2irt(vo— Vg)— y*- 

We now replace the summation with respect to a by an integral over 
Vg, first multiplying the integrand by pyydwdJD,. We then have to 
evaluate an integral of the type 

f /(V,) * 

J 27n(vo— Vg)— y 

which reduces to J/(vo). It then follows immediately that 

7 = 

where w is given by equation (68). The formula (69) then reduces to 

liv) == — ll (701 

27r 477 V-»'o)Hw®/4 ^ ^ 

The form of the distribution function l{y) is shown in Eig. 63. I{y) has 

its maximum at v = vq when its value is 

I{Vq) = 2Jo/77^. 

It should also be observed that 

The formula (70) is identical with that deduced in the classical theory 
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for exponentially damped harmonic oscillators; in the classical result 
the formula (68) for w is replaced by 

w = 

Although the intensity of the line is measured by the total area under 
the curve, a reasonably accurate estimate of the intensity is given by 




the lieigbt of the peak. In actual ijractico it usually happens that there 
are several components of ditTerent intensities very close to each other. 
If the half-widths of the lines are comparable with the separation we 
get a distorted curve, in which it is difficult to distinguish the individual 
components; for example. Fig. 64 shows the intensity curve of the 
J^oj-line as measured by Hansen. | In this instance the experimental 
curve is composed of three component curves of which the central is 
almost completely overlapped by the other two. 

We have only considered the broadening of spectral lines caused by 

t G. Hansen, der Phys'ik, 78, 668 (1926). 
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the damping due to the emission of the radiation itself. In addition 
to this there are several other causes contributing to the broadening 
of a line: 

{a) The Doppler effect due to the fact that the radiating atoms are 
not at rest.f 

(6) The effect of collisions of excited atoms with neighbouring 

atoms.t 

(c) Interactions of excited atoms with neighbouring atoms leading 
to a shift or splitting of the excited states.§ 

We shall not consider these effects here; for accounts of them the 
reader is referred to the papers cited. 

49. Radiation processes of higher order 

In the radiation processes considered above it has been possible to 
obtain the transition probabilities by calculating the matrix element 
(9i|§i|m) for the transition from an initial state m to a final state n. 
§1 denotes the interaction between the electron and the radiation field, 
and are eigenfunctions of the wave equation (39). In these 

problems it so happened that these matrix elements did not all vanish. 
In many problems the matrix elements vanish for direct transitions 
from the initial to the final state. When this is the case it is necessary 
to improve the method of approximation. As in the case of second- 
order perturbation theory (Chap. Ill above), we have to repeat the 
calculations, retaining terms of a higher order. The inclusion of these 
higher order terms is equivalent to assuming the existence of ‘inter- 
mediate’ states n' such that (^ISil^^') and do not vanish 

although (n|Si|m) does. 

Thus in the case of scattering by an atom when a quantum ko is 
absorbed and a secondary quantum k is emitted we have two such 
intermediate states. In the first has been absorbed and k is not yet 
emitted; in the second k has been emitted and ko is not yet absorbed. 

In the general case, let us denote the initial state by the final 
state by u, and the intermediate states by n'. I'lien assuming a solution 
of the wave equation (61), in a series of the form (63), we have initially 

KiO) = 1 , 

and all the other &’s zero. 

t M, N. Saha aad B. N. Srivastava, A Treatise on Heat, 2iid ed., Appondix 4 
(Allahabad, 1935). 

J. H. Van Vlaok and V. F. Weisskopf, Bev, Mod, Phys, 17, 227 (1946) ; H. Frolilioh, 
Natme (1946). 

§ V. Weisskopf, Phys, Z&its, 34, 1 (mZ); Observatory, No. 713 (1933). 
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Thus, as a first approximation, we may take to be unity on the 
right-hand side of equation (64), and all the b^{t) zero except the 
In this way we obtaiu the system of diOferential equations: 

(71) 


Kit) = i 2 mi\n')b^<t)em,-wMn, (72) 

n' 

Integrating equation (71) we obtain 

bn'it) = in'\§,M Z . (73) 

the condition 6„<(0) = 0 being satisfied. Substituting from (73) into 
(72) we derive the differential equation 




for the determination of b^. Integrating this equation we obtain 

“ ^ w;, -w;, I w^-w, ■■ Y 

which may be written in the form 


c.W - S. ^ 


with 


= 'V (Jll Si>0(245iK) 


n* 


w„-w,. 


(74) 


If we foim |6,i(<)l® neglect teims containing since they play 

no role in this case, we obtain 

If, as before, we assume that in the neighbourhood of the final state 
there is a large number of states with energy between W and W+dW, 
then by means of equation (75) we obtain for the transition probabihty 
per unit time n 

= ¥ pw.i5xi^- m 


For radiation processes for which both the matrix element (WolSii^) 

and the sum T (m|SilJi')(«'ISil»io)/(W^»-^') vanish, it is necessary to 

w 

that two successive intermediate states n' and n" exist for 


assume 

5072 


T 
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•which {noI$il»')» different from zero. The 

traaisition probability is again given by equation (76) except that now 

is defined by the equation 

^ _ V V (”ol-5iK)(^'l$iK)KI-§il^) /77N 

TTift transition probability per unit time for the simple types of radia- 
tion problem considered in § 48 is, of course, also given by equation (76), 

5i=KISiW. (78) 

Tims *we may classify radiation processes accordmg to the type of 
formula used for the calculation of the quantity occurring in the 
formula (76). The radiation process is said to be of the first order if 
is given by equation (78), of the second order if it is given by equation 
(74), of the third order if it is given by (77), and so on for higher orders. 
Furthermore, it is evident from equation (78) that and consequently 
the matrix element (w^olSil^)? order m e, so that for a 

radiation process of the first order, the transition probability per unit 
time, is of order e^. Similarly for radiation processes of the second 
order w is of order e^, and for those of the third order w is of order e®. 

Examples of radiation processes of the first order have already been 
considered above (§48). As an example of a radiation process of the 
second order we may cite the Compton effect. In this case tlie initial 
state consists of a quantum with momentum ko ( lko| = hvQjc) and a free 
electron at rest with energy Wq = in the final state we have a 
quantum of momentum k and an electron with momentum kg— k and 
energy Ifo+A(vo— v). The only possible intermediate states are; 

(а) One in which the electron has momentum ko and there is no 
light quantum present. The quantum of light has been absorbed 
by the electron; in the transition to the final state the electron 
emits a quantum of momentum k. 

(б) Another in which the electron has momentum — k and there are 
two light quanta with momenta ko and k juesent. nie electron 
has emitted a quantum of momentum k; in the transition to the 
final state it absorbs the quantum with momentum ko- 

It is possible to calculate the matrix elements corresponding to each 
of the transitions and from them to calculate the differential cross- 
section for the scattering process.f Other examples of radiation pro- 
cesses of the second order are: 

(i) The coherent scattering of light. 

t W. Heitler, TJie Quantum Theory of Badiation, 2nd ed. § 1 C. Cf. Chap. XT. 
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(ii) The Raman effect. 

(iii) Resonance fluorescence. 

(iv) ‘Two quanta’ annihilation of positrons. 

Among processes of the third order the most important is ‘Bremsstrah- 
lung’ — ^the emission of radiation by an electron passing through the 
field of a nucleus; others include double scattering and the creation of 
positron-electron pairs m the field of a nucleus. 

It can be shown that the application of the quantum theory of 
radiation to all of these problemsf leads to reasonable results if the 
interaction, between the radiation field and an electron is con- 
sidered as small and the solution only worked out to the first non- 
vanishing approximation in If, however, the higher approximations 
in §1 are considered the result always diverges, so that the higher 
approximations have no physical meaning; thus it is found that the 
second approximation of the interaction energy between an electron 
and the radiation field diverges even if there are no light quanta present 
in the field. This energy is known as the transverse self -energy of the 
electron. The theory we have developed cannot therefore be regarded 
as exact. Recently, however, Heitler and PengJ have shown how the 
theory may be formulated to eliminate divergencies of this type. 

50. Radiation damping 

Introduction. It is well known that in considering the motion of an 
electron in classical electrodynamics it is necessary to consider the 
reaction of its field on its motion. The case of electromagnetic radiation 
in interaction with an electron is of interest in many applications, but 
the discovery of the meson in cosmic-ray experiments and the formula- 
tion of meson theories of nuclear forces has emphasized anew the im- 
portance of considering ‘damping’ effects in radiation processes. 

50.1. Classical theory of radiation damping 

The effect of radiation damping in the classical theory of radiating 
electrons was first considered by Lorentz, who used as a model for the 
electron a small sphere charged with electricity and hence possessing 
mass on account of the energy of the electric field sun*ounding it. 
Lorentz showed that the retardation of the electromagnetic field inside 
an electron produces a force which is equal to 

leHjc^. (79) 

This expression is only a first approximation to the correct result for 
t See p. 287 below. t See p. 281 below. 



276 INTERACTION OF RADIATION WITH MATTER § 60 

an electron of finite radius, being the first term of an expansion in 
ascending powers of where v is the frequency and the radius 
of the classical electron. The form of the higher terms of the series 
depends upon the nature of the structure of the electron — i.e. on the 
nature of the forces that hold the charge on the electron — and there- 
fore cannot be treated in the classical theory. The main reason for 
retaining the Lorentz model of the electron was that it gave rise to the 
concept that all mass is of electromagnetic origin. However, the 
discovery of the neutron has proved that an elementary particle can 
have mass which is not of electromagnetic origin and thus removed 
the main reason for retaining the finite radius of the electron in the 
Lorentz model. 

The main difiSculty in returning to a model of the electron as a point 
charge is that, if we apply Maxwell’s theory, the field in the immediate 
neighbourhood of the point electron has an infinite energy. This diffi- 
culty may be resolved in either of two ways. It might be possible to 
devise a scheme of electrodynamics in which the field of a point charge 
is modified for distances smaller than a certain critical radius in such 
a way that the energy of the field becomes finite ; the field strength 
calculated from the modified theory would then be less than the classical 
value for distances smaller than the critical radius. A modification of 
the classical Maxwell equations of this type is the non-linear field theory 
of Bom and Infeld;t because of the non-linearity the equations of this 
theory are not easily handled and can be carried over into quantum 
mechanics only with great difficulty. 

Another way out of the difficulty is to consider that the classical 
value of the field strength as measured by tlie force on other particles 
is valid for all distances, but the particle’s own field does not contribute 
to its rest mass. This is the basis of Dirac’s classical theory of radiating 
electrons.^ Dirac retains Maxwell’s theory to describe the field right 
up to the point-singularity which represents the electron, and by sub- 
tracting the infinite self-energy of the point-electron from the total 
energy of the system in an invariant way obtains a relativistic expres- 
sion for the force of retardation of the electromagnetic field inside an 
electron which reduces to the Lorentz expression (70) in the non- 
relativistic approximation. 

Furthermore, Dirac brings forward evidence for believing that this 

t M. Bom, Proc. Poy. 8qo. A, 143, 410 (1934); M. Bora and L. Infold, ibid. 144, 426 
(1934); 147, 622 (1934); 150, 141 (1936). 

t P. A. M. Dirac, ibid. 167, 148 (1938). 
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expression is exact within the limits of the classical theory. The self- 
consistent scheme of equations set up by Dirac for the calculation of 
effects due to the interaction of electrons with radiation is identical 
with the set due to Lorentz. The two theories differ, however, in their 
interpretation of the finite size of the electron; in Dirac’s theory the 
finite size reappears in a new sense, the interior of the electron being 
a region of failure, not of the equations of the electromagnetic field, but 
of some of the elementary properties of space-time. 

For instance, let us consider the case of an electron initially at rest 
being set in motion by the passage over it of a pulse of radiation of 
infinitely short duration. If the pulse is moving along the t^-axis but 
is polarized in the aj-direction the electric force may be represented by 

E = (*8(«-j/),0,0), 

where Jfc is a constant and 8 denotes the Dirac delta function.f If A; is 
so «TYin.n that the electron acquires a velocity small in comparison with 
that of light we may use the non-relativistic equation of motion 

mv-|^V = F, (80) 

o C” 


which reduces in this case to 

xIt—x = / c 8 (^), 

where t = k = 3c®A;/2e^. 

The solution of equation (81) is readily found to be 

. _ I {t < 0) 


I kjm {t > 0). 

Thus for positive values of t the electron is moving with constant 
velocity kim, as we would expect. There is, however, a departure from 
the ordinary ideas of causality; although the pulse does not act on the 
electron until the time t = 0 the electron acquires an acceleration before 
that time. It would appear that the electron knew in advance that 
the pulse was coming and acquired an acceleration ]ust sufficient to 
balance the effect of the pulse when it does act. We can surmount this 
difficulty by assuming tliat the electron has a finite radius of order 

ct = 2e2/3mc® 

•f The Dirao delta function, is defined to bo zero when the alignment is not zero and to be 

infinite when the argument is zero in such a way that the fiinotioii and the axis enclose 

unit area. i.o. ^ , /-.x t^/ \ / rw 

S{x) = 0 {x ^ 0), 8(a;) = oo (uj = 0) 
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since the electron begins to acquire an acceleration when the pulse is 
distant from the centre of the electron by this amount. 

Suppose now that electromagnetic waves are being radiated from a 
point A and detected at a point B a distance x+y away; and that 
there is an electron at a point E on the line AB distant x from A. 
Then if a pulse is emitted by J. at ^ = 0, the electron will start radiating 
at a time 


and a signal wiU be detected at B at time 

{x-\-y)lo—r. 

If -we denote by o' the equivalent velocity of light in the interior of 
the electron and by b the radius of the electron, we then have 

x—h y—b 2b x+y 

> Z I U" I 


whence we obtain o' = c{l—crf2b)-\ 

Now 6 is of order cr so that c' is of order 2c; that is, it is possible for a 
signal to be transmitted through the interior of an electron with a 
velocity exceeding that of light — ^in contradiction to our ideas of the 
nature of space and time. 

The theory proposed by Dirac thus violates the postulates of the 
theory of relativity; for aU that, the theory is constructed in such a 
way as to be invariant under Lorentz transformations. 

The difficulty that the electromagnetic energy becomes infinite in the 
neighbourhood of a point charge has been removed by Prycef by the 
introduction into the energy integral of an additive vector field, which 
depends on the variables of the charge alone, so as to make the integral 
finite at the point charge. This additional field may be regarded as 
a negatively infinite energy having its origin in the charge itself. The 
procedures adopted by Dirac and Pryce are different, but both consist 
in adding terms to the usual expression for the field energy wluch make 
the total field energy of a point charge finite. That this procedure is 
physically sensible and not merely a mathematical device was suggested 
by Bhabha and Corben,J who extended the method to give the com- 
plete classical theory of a spinning particle moving in an electromagnetic 
field. 


t M. H. L. Pryoa, Proe. Rcy. Soe. A, 168, 389 (1938); see also G. Wontzel, Zeits.f. 
Phynh, 86, 479, 636 (1933); 87, 726 (1934). 
t H. jr. Bhabha and H. C. Corben, Proo. Boy. Soc. A, 178, 273 (1941). 
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Dirac’s theory leads to the non-relativistio equations of motion 

mv-gv = F, (82) 

where F denotes the external force and dots denote differentiation with 
respect to t These equations differ from the usual Newtonian equations 
of motion mv = F 

in that they involve differential coefBLcients of the third order. To solve 
the system of equations completely for the space coordinates (x^y^z), 
we need to know their initial values and those of v and v, thus intro- 
ducing more arbitrary constants into the solution than are necessary 
to fix the actual motion. The solutions of the equations of motion fall 
into two types — ^physical and non-physical solutions — ^which must be 
distinguished. In solving particular problems the procedure is to write 
down all the solutions of the equations (82) and then determine which 
of them are physically possible. For example, in the case of an electron 
moving in the absence of an external field, there are two solutionsf of 
the relativistic equations, one in which the velocity of the electron 
tends to that of light and a second in which the electron moves with 
uniform velocity; the former solution is non-physical, the latter physical. 
The solutions corresponding to the motion of the electron of the 
hydrogen atom have been discussed by Eliezer, J who shows that there 
is no solution in which the electron falls into the nucleus. Eliezer has 
also considered the effect of radiation damping on the motion in a plane 
of an electron in a uniform magnetic field§; the physical motion is one 
in which the electron spirals round inwards until it comes to rest, but 
there is also a non-physical solution in which the electron spirals out- 
wards with increasing velocity. 

As an example of the use of equations (82) we shall consider the effect 
of radiation damping on the scattering of light by a free electron. 
A light wave with the frequency v and the field strength 

E = 

may fall upon a free electron which is initially at rest. The equation 
of motion (82) then becomes 

mx— yx == (83) 

where, for convenience, we have written 

y = 2e2/3c3. (84) 

t P. A. M. Dirao, loo. oit., p. 166. 

t C. J. BUezer, Proe. Oamb. PhU. 8oe. 39, 173 (1943). § Ibid. 42, 40 (1046). 
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Equation (83) has the periodic solution 

X = 

where — m(27iv)^o+i(277v)®yXo = cEq, 


cEn 


SO that Xq = — :_a_2/ -V . 

^ — 2%TTvy) 

The total energy radiated per second is now 
^ 2|v|^_2e^ 1 

3 c8 ““ m^{l+K^y 


where 


2'7Tyi/ 4Tre^v 

m 3wc® 


and the total oross-sectionf for scattering is thus 

^ 3 \mcy 


( 86 ) 


50.2. Quantum theory of radiation damping 

The incorporation into the quantum theory of the classical methods 
of Lorentz and Dirac has recently been discussed by several authors. 
The first quantum treatment of the effect of radiation damping on the 
scattering of light by fi’ee electrons was given by Waller, J but it was 
only by ignoring the initial conditions which the solutions of the per- 
turbation equations must satisfy that he was able to derive a solution 
of the equations. Waller’s theory was developed further by Gora,§ 
who overcame the difficulty arising from the initial conditions by 
assuming that the interaction, between an electron and the radiation 
field, is switched on adiabatically. Thus we assume that = 0 initially 
and is switched on over a time period large com})arod with the period 
of the light wave. Gora’s results are also incorrect because of the 
omission of some of the terms in Waller’s equations. The cori'ect 
equations to include the effect of radiation damping for the special 
case of scattering were derived simultaneously by Hoitlor|| and Wilsonff 
by entirely independent methods; Heitler adopted fJora’s assumption 
of adiabatic switching on of the perturbation energy, and Wilson em- 
ployed a limiting process to eliminate the terms which make the 
solution of the problem difficult. A divergence-free quantum theory 
of radiation including the effects of radiation damping was formulated 

t Cf. H. Casimir, Zeits.f. Physik, 81, 490 
t I. WaUer, ibid. 88, 436 (1934). 

§ E. Gora, Acta Phys. Polonica, 7, 169, 374 (1938-9). 

II W. Heitler, Proc. Ocmb, Phil, Soc, 37, 291 (1941). 
tt A. H. Wilson, ibid. 37, 301 (1941). 
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subsequently by Heitler and Peng.f The theory proposed by these 
authors is frankly heuristic; they arrive at a divergence-free formation 
by simply omitting the divergent integrals from the original theory. 
This formalism is then shown to be Lorentz invariant. A general pro- 
cedure for this omission has so far only been formulated for one class 
of problems, the calculation of transition probabilities. Despite the 
heuristic basis of the Heitler-Peng theory its authors claim that, in view 
of its close agreement with experimental results, it will form a correct 
part of future quantum electrodynamics or a good approximation, 
having perhaps a similar relation to future quantum theory as the 
Bohr theory had to wave mechanics. 

Independently of these investigations Dirac^ made an attempt to 
produce a new method of field quantization which would remove the 
divergence difficulties from quantum electrodynamics. By introducing 
the idea of quanta of negative energy and maldng use of a certain 
limiting process, Dirac showed that in his theory the integrals corre- 
sponding to the divergent integrals of the previous theories are con- 
vergent. Dirac’s theory has certain features in common with the 
Heitler-Peng theory; in the limit of quanta of low energy both theories 
reduce to the classical theory of radiating electrons due to Dirao.§ The 
relation between the two theories has been discussed by Gormley and 
Heitler, 1 1 who find that, contrary to expectation, the Heitler-Peng 
theory is not a consequence of Dirac’s quantum electrodynamics. It is 
found that for processes involving the scattering of high-energy quanta 
the two theories give rise to very different results, and that, in certain 
cases, Dirac’s theory has no solution at all whereas the Heitler-Peng 
theory has. This last difficulty arises from the quanta of negative 
energy, and it would seem that this part, at least, of Dirac’s theory 
lias to be abandoned. 

No completely satisfactory basis for the subtraction process employed 
by Heitler and Peng has yet been found, but numerous applications 
liave led to results in agreement with experiment. As this theory is 
discussed at some length in the last chapter of Heitler ’s bookf f we shall, 
in the following sections, mainly follow the method of treating radiation 
damping developed by Wilson. The connexion of this method with the 

t W. Hoitlor and H. W. Pong, ibid. 38, 290 (1942). 

t P. A. M. Dirac, Proc, Boy. tioc. A, 180, 1 (1942) ; Comm. Vublm Inst. Adv. Studies, A, 
No. 1 (1943). Cf. W. Pauli, Bev. Mod. Phys. 15, 176 (1043). 

§ Cf. last section. 

II P. G. Gormley and W. Heitler, Proc. Boy, Irish Acad. 50, A, 29 (1944). 
tt W. Heitler, The Qvxmtvm Theory of Badiaiion, 2nd ed. (Oxford, 1042). 
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physical concept of ‘damping’ is not immediately obvious; it would 
seem that Wilson’s method consists merely of a more accurate solution 
of the wave equation for a Hamiltonian involving the electron and the 
radiation field. The relation of this process to radiation damping is 
purely formal— the mathematical analysis corresponding closely to the 
subtr8M}tion method of Dirac for the classical theory. 


50.3. SohtiUon of the radiation equaHons for direct transitions 
We first of aU consider the case m which the transition between the 
initial and fiual states takes place directly, and not through iuter- 
mediate states. Let n^ denote the initial state of the system, and n 
one of the possible final states of the system in which a quantum of 
radiation of any fiequency, polarization, and direction of propagation 
has been emitted, such that the energy of the complete system is 
approximately conserved. As in §48.3 we have to solve the wave 
equation -vp. 

of the coupled system where So is the sum of the Hamiltonians of the 
pure radiation field and of an electron moving in a field free from 
radiation and Sj is the energy of interaction between the electron and 
the radiation field. We assume again a solution of the form (63) where 
the Tjj,, Wjc are the eigenfunctions and eigenvalues of the Sohrodinger 
equation = 

It follows immediately from equation (64) that the perturbation equa- 
tions for the probability amplitudes b^ft), bjf) are 


n 

Kit) = ^{mi\no)b^{t)em,,-wxm+ I 

The initial conditions satisfied by the probability amplitudes are 

KfO) = 1, 6„(0) = 0. 


( 86 ) 


(87) 


If we write the solutions of equations (86) and (87) in the form 


bn,it) = e-^, b„{t)=U„l 




( 88 ) 


(88 a) 


we see that the initial conditions (88) are automatically satisfied. The 
function is a function of the variables defining the final state; it is 
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assumed to be a slowly varying function of which is neither infinite 
nor zero when Wn = If we substitute for 6^^, in equation (87) 
we obtain immediately 


As before we replace the summation by an integral over Wa- Denoting 
by pjjr^dcDndWn the number of states with energy between TJJj and 


Wn-\-dWn for which the quantum of radiation is scattered into the solid 
angle the sum is then replaced by 


L-ll —UJn\9)-,\n')par.dw„>dW„. 

= f in\§,^\n')U^.p^^dco'J 

•-J 

Substituting for the sum in (89) and for 6„(i) by its value (88 a) we 
obtain finally 

Un = (»»l$il«o)+»v[ J {n\$,^\n')U^.p^^d<o„]^^^^^. (90) 


Equation (90) is an integral equation for the determination of the 
function C7^. 

We have next to determine the parameter y. Substituting from 
equation (88 a) into equation (86) we obtain 


y 



2 (^olSll^)^w, 


1 _ 


Replacing the sum by an integral as before we have 


7 = ^1 {na\^l\'n)UnPwJ^n- ( 91 ) 

As an example of the solution of equation (90) we consider the 
scattering of light by free electrons. If we denote by the initial state 
of the whole system (i.e. electron+ quantum) and its final state by n, 
then the matrix element (^olSil^) is given by equation (49a). Substi- 
tuting the Sohrodinger wave functions for a free electron into (49 a) 
we obtain i ;-2 

(rioISiN = — (^0©), 


where, as before, Bq and e denote unit vectors in the initial and final 
directions of the polarization respectively. As a trial solution we put 

= £^(eoe), 
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then 


where 


V = — = 
mv 


K = 


I-IK 

eh, /(eoe')(e'e)da,' 


2mc® 

Now it is readily shown that 


(©oe) 


J 


Sit j 


{eaQ'){&'e)do}' = yCcoe), 


so that K = 4areh,IZmc?. Integrating over all directions of the emitted 
quantum and summing over the two polarizations we obtain the 
fonada j 

^"t(s3)i+3 <*'“•> 

for the total orosS'Seotion of scattering, in agreement with the classical 
equation (85). 


50.4. Transitions through intermediate states 

If in considering the scattering of light by free electrons we use 
Dirac’s relativistic equation for the motion of an electron, we find that 
the transition between the initial and final states cannot take place 
directly but must take place through intermediate states. We shall 
now derive the integral equations corresponding to equation (90) for 
transitions of this type. As before, let us denote the initial and final 
states by n^ and n\ and let us denote an intermediate state attainable 
from the ground state of the atom by the absorption of a light quantum 
with a given frequency, polarization, and direction by m. The per- 
turbation equations then take the form 

= 2 KISi (92) 
-ifiijfy = 2 ” (94) 

irei 


In these equations and are approximately equal, but may be 
very different from W^, the energy of the intermediate state; the inter- 
mediate states are such that momentum is approximately conserved. 
The probability amplitudes b^^{t), hjfy again satisfy the initial condi- 
tions (88) and in addition 6^(0) = 0. Substituting from equations (88 a), 
the solution of (93) satisfying this initial condition is found to be 








W - 


( 96 ) 
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Substituting from (88 a) and (96) in (94) we obtain 

»» I lJ J|pr,,=jp^) 

X ^ — tp. , -j. • (96) 

Let us now consider in particular the scattering of light by a free 
electron. If a free electron absorbs a quantum the resulting inter- 
mediate state is sharply defined by the law of conservation of 
momentum and the sum with respect to m reduces to a single term — 
that with m replaced by The resulting equation has no solution 
since there is no term on the left which we can equate to the term with 
factor on the right. Instead of considering the electron to 

be free we consider it to be bound, the binding energy of the electron 
being small in comparison with the energy of the quantum of radia- 
tion. There is then a continuum of intermediate states and it is possible 
to make the cori'esponding terms involving on the right 

of equation (96) give a zero contribution to the final result. To 
demonstrate this we have merely to observe that the matrix elements 
(TOolSlm) are not delta functions — although («ol§iNo) is — so that the 
summation with respect to m gives zero for sufficiently large values of t, 
since ig a rapidly varying quantity and the denominator 

does not vanish at any point where the matrix elements are not zero. 
In tins way wo can equate the coefficients of and then 

pass to the limit of a free electron by replacing the sum by a single 
term. In this way wo obtain the equation 




(w|6iK)(OTo|§x|Wo) 


(n ISiimo) [ J (wio ISi \n') U„: dco,,,] 

■ rrr tTj? 




no 




(97) 


for the determination of the unknown function 

This procedure gives us the formulae for the scattering of radiation 
by a free electron initially at I'ost; by applying a Lorentz transformation 
we obtain the results for the case in which the electron is in motion 
originally. The method outlined above seems at first sight rather 
artificial, but, as remarked by Wilson, it is in fact closely analogous 
to the procedure by which the scattering of an electron by a Coulomb 
field is derived from Bom’s scattering formula by calculating the scat- 
tering produced by a screened nucleus and then proceeding to the limit 
of zero screening. 



286 DJTBRAOTIOir OF BADIATION WITH MATTER j 60 

parameter y of equation (97) we substitute from 
equations (88 o) and (96) into equation (92) to obtain 

= 2 ((wl5i|«o)+i7r[ J 

toXS T the factor eW-iMft and proceeding 

to the limit of zero bmding we obtain ^ ® 

iSy 

^WSlKK^lK), • 

It 

biurfiW^ “ ^ °“® intermediate state in the case of zero 

Dmaing the aaialysis proceeds along siinilar lines. 

an Jt/Ir d^ominators of equation (97) can usuaUy be neglected 

and we obtain an integral equation of the type 

= U%+%iT j K(n, n') Un'p^^.dot^,, ( 98 ) 

(99) 


where 


m = y W^iNK^ISiK) 

157 ttT 

m 




K(n , »') = y (^l^iN)(w|^W^0 

m no 


®'^d j\ in '17. 1 — . "v \ - iwii--''/\"*'|^i i#ct j 

( 100 ) 

m ••’w »rt 

^ investigate the influence of radiation damping on 
g processes by a more conventional method, namely the 
perturbation theory. Ma and Hsueh have 

by nllt anJ“wT f equations derived 

radiation damn' two-stage transitions when the effect of 

radiation dampmg is mcluded in the analysis. 

50.6. Solutions of the integral equaiims 

ea^rst,!*^ ^Mplioatod nato of the kernel of tl.e integtal 
Jluaboa It se^ hopeless to attempt to derive a general soluto. 

eqSnt^fo * however, been made with the solution of the integral 

SSroa th °f*“. 'f of “iiottori 

Tina ^ ^ formula for the scattering of radiation by free electrons 
equation for the electron. Wilson considers the scattering in the frame 

^-»w.p..sh 
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the kernel does not then depend too strongly on the angle of scattering 
and we can replace it by an average value. Thus equation (98) is 
replaced by the equation 

= VI 

where the bar denotes a mean value of the nature of a root mean 

square. Hence , j-rg .g 

|j7„p= liiaL . 

With this approximation Wilson obtains the general formula 






( 101 ) 


for the differential cross-section, d<l>, in terms of the differential cross- 
section for zero-damping, d<l>Q] the initial momenta of the light quantum 
and the electron are p and — p. This formula is not exact; the second 
term in the denominator should be multiplied by a numerical factor 
of order unity to improve the approximate method of averaging. 

By means of this formula Wilson shows that the damping is given 
correctly by the classical theory for low frequencies; however, at high 
frequencies {hv > ISTmc^) he finds that, contrary to classical expecta- 
tion, the influence of damping on the cross-section is always negligible.f 
Since all applications of radiation theory to high-energy problems of 
the type arising in the theory of cosmic rays depend on the smallness 
of the damping effect, this result is of considerable importance. Because 
of this, and the fact that Wilson’s procedure of averaging under the 
integral sign may not lead to correct results, the problem has been 
re-examined recently by Power expanding the solution of the integral 
equation in ascending powers of Power shows that the extra term, 
due to damping, in the Klein-Nishina formula is small in comparison 
with the main term, thus confirming Wilson’s result. 

Approximate solutions of equations (90) and (97) have also been 
discussed by Hsueh and Ma§, by means of a variational method. 
(Separating the summation over the directions of polarization from the 
other integi’ation they write equation (90) in the foirn 




t The formula (Klein-Nishina) for the cross-section without damping is discussed 
on p. 316. 

i S. C. Power, Proc. Roy, Irish Acad, 50, A, 139 (1946). 

§ C. F. Hsiieh and S. T. Ma, Phya, R&o, 67, 303 (1946). 
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and note that it is equivalent to the equation 

a?iiO •- •' •* 


where 8Z7J denotes an arbitrary variation of the complex conjugate 
of £^. Substituting 

where os is a parameter independent of n and and varying V^, we 
have 

8q!* 22 f KISil«)x 

Pn •' 

x[(«'|Sil»o)(“— !)—»«■“ 2 f = 0. 

L p^J J 

Solving this equation for a we obtain 


l — tK 


where 


»«. »« »«< J J 


ytH Pn Pk 


22/f 

2>»0 Pn 


The formula for the cross-section is now 


d<j) = \oc\^d<l>Q 


_ d<f>a 

1+K^‘ 


(102) 


This formula is of the same form as Wilson’s result (101), but the 
damping factors in the two formulae are different. To test tlie validity 
of formula (102) it is of interest to use it to calculate tlio cross-section 
for the non-relativistic scattering of a quantum of radiation by an 
electron at rest and then to compare the result with the exact solution 
(85 a). Now from the equation 


we have that 


(%|§i|fto) = — (eoe) 
mv 


K = 


222/J (eoe)(ee')(e'e„)da,„da>„ 


mv hc^ 


22 f 

Cq e J 


and equation (102) then gives 

U, 

in agreement with the exact result (86 a). 


TT (®0®) 

'~r~ 1 7~ 

mv 1 — ^K 
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§ 50 

We have seen that the effects of radiation damping are unimportant 
for processes involving free electrons. On the other hand, it was found 
by Heitler and Wilson that damping effects are appreciable in all 
processes involving mesons. Since then there have been various investi- 
gations of the effect of damping in problems on the motion of mesons. 
Relativistic formulae for the scattering of mesons by nuclear particles 
under the influence of radiation damping have been derived by Ma and 
Hsiieh.f The theory of radiation damping has also been applied to the 
creation of mesons by various processes. It was shown by Heitler and 
PengJ that in a collision between a fast nuclear particle and another 
nuclear paiticle at rest mesons are emitted with a very high probability; 
the production of mesons by light quanta has also been investigated.§ 
These papers form the basis of a theory f, t which gives a satisfactory 
account of all the chief cosmic-ray phenomena associated with mesons, 
includiug their creation, their diffusion through the atmosphere, meson 
showers, and the ti*ansforniation of charged mesons into neutral mesons; 
it is assunicd tliat the mesons are produced by a primary radiation of 
protons. Tlie agreement with the experimental results is sufficiently 
close to make it seem probable tliat the theory of cosmic-ray mesons 
based on the (]uantimi theory of radiation damping is fundamentally 
correct. 

t S. T. Ma, Vroc, Camh, Phil, 39, 108 (1943); S. T. Ma and 0. F. Hsiieh, ibid. 
40, 107 (1944). 

J W. Hoitlor and If. W. ]*roc. Uoi/, 7rUh Avml, 49, A, 101 (1943); W. Heitler, 
ibid. 50, A, 155 (194.5); H. VV. INmg, ibid. 49, A, 245 (1944). 

,1. IlHinilloii and II. \V. ibid. 197 (1944); J. Hamilton, W. Heitler, and 

H.’ \V. IVii;r, rhya. Rw. 64, 78 (1943). 
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XI 

RELATIVISTIC QUANTUM MECHANICS 

51. Introduction 

The theory of the spinning electron developed by Pauli and Darwin 
(Chap. TV) on the basis of the Schrodinger wave mechanics is incom- 
plete in two important respects. Though it provides a suitable mathe- 
matical scheme for the description of many of the properties of the 
electron’s spin deduced from spectroscopic observations, it gives no 
satisfactory account of its origin. Furthermore, no attempt was made 
to take account of the special theory of relativity, so that the theory 
cannot be applied to the discussion of problems involving electrons of 
high energy; and for many problems, such as the fine structure of the 
spectral lines of hydrogen, the corrections introduced by spin and by 
relativity are of the same order. Before the introduction of the concept 
of electron spin into wave mechanics vaT*ious attorn pts'|* were made to 
establish a wave equation of the Schrodinger type invariant under 
Lorentz transformations. Unlike the non-rolativistic Schrodinger 
equation, these equations were of the second order in the time- 
differential operator didt. Dirac solved both j)robleins, that of con- 
structing a relativistically invariant wave ccj nation ai\d that of 
explaining the origin of the electron spin, by observing that if the 
general interpretation of non-relativistic wave mechanics is to be ])re- 
served, the relativistic wave equation must be linear in djdt, T'he 
beauty of Dirac’s method lies in the fact tluit once a Lorentz -invariant 
wave equation, linear in the operator dl'dt, has been constructed, the 
magnetic moment assumed in the model of the spinning electron pro- 
posed by Uhlenbeck and Goudsmit appears as the result of a simple 
calculation without the addition of a new physical assumption. Dirac’s 
theory of the electron has met with consj)icuous succ(\ss in its applica- 
tion to the fine structure of atomic si)ectra, the scattering of fast 
electrons and of hard y-rays, and the formation of pairs of elccti'ons 
and positrons. The agreement with the observed experimental results 
is so good that it appears that Dirac’s equation for a single electron is 
essentially correct. On the other hand, there is considerable doubt as 
to the validity of the extension of the theory to two electrons. 

Before considering in detail the possible I’orms of the relativistic 

t E. SohrCdinger, Ann. der PhymJc, 81, 109 (1920); O. KI(mii, Zcits.J. PhyHik, 37, 895 
(1920); V. Fock, ibid. 38, 242 (1920); ibid. 39, 220 (1920), 
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wave equation for an electron it will be of advantage to state the general 
conditions that we should expect such an equation to satisfy. The 
equation should satisfy the requirements of the special theory of rela- 
tivity, that is to say, that it should be invariant under the group of 
Lorentz transformations. There is another kind of invariance which 
the equation must possess; this is "gauge-invariance’, the importance 
of which was realized first by Hermann Weyl.f In classical electro- 
dynamics tlie field strengths E and H are related to the scalar and 
vector potentials and A by the formulae 

H = curl A, E = — gradt^ — i^, 

Cf ct 

divA+l^ = 0. 

8t 


The transformation 

= f + A -= A'-JgradA, 


where A ia a solntioii of the wave equation 


V^A = 


1 ^ 
c2 ’ 


loaves the form of the above equations unaltered and is called a gauge 
transformation. 

We should also expect to bo able to form a 4-vector representing 
current and charge density and to prove by means of the wave equa- 
tion that the current satisfies a continuity equation both in the presence 
and in the absence of an o.\ternal olcctroinagnotio field. (The analogous 
case in the non-rolativistic theory is given on p. 250.) Finally, we 
should bo able to predict the existence of the spin and of the magnetic 
moment of the electron from the wave ecpiation. 

At first sight it would appear that it is necessary for the theory to give 
only ])ositivo values for the energy of the jmrticle. Wo shall see that 
negative energy states of the electron, ai’ise in Dirac s theory but that 
it is possible to make use of them to account for observed properties 
of positrons (positively charged imrticles with the electronic charge 
and mass). Though Dirac’s theory had tliis unexpected triumph of 
identifying the positron with a ‘hole’ in the aggregate of negative 
energy states, such a hypothesis, strictly speaking, removes fiom the 
theory its original basis as the theory of a siwpZe electron. Indeed, if 

t H. Woyl, Gruppentlieorie und Q%uintenmechanik (Leipzig, 1928). 
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we wish to obtain valid relativistic interpretations we cannot even 
properly formulate the problem of a single particle; we must instead 
study the many-partiole problem from the beginning. In the many- 
particle problem in which the particles are considered to be moving 
at very high speeds the charge density — -eP need not be negative (in 
the algebraic sense) because of the possibility of the creation and 
annihilation of positrons. In other words, the probability function P 
need not always be positive in the many-electron problem. 


52. Scalar relativistic wave equations 
52.1. The Hamiltonian for the relativistic moticm of an electron 
In this section a derivation will be given of the Hamiltonian of a 
charged particle moving in an electromagnetic field. Consider the 
motion of an electron of rest mass m and charge —e in an arbitrary 
electromagnetic field whose electric and magnetic vectors are dcTu^ted 
by E and H respectively. When the velocity of the electron is v its 
momentum is given by 

^{i—v^ic^y 

so that the equations of motion are 

Now if we denote tlio scalar and vcctior potentials ol‘ the field by ^ 
and A, then 

E = — grad^ — , H — curl A, 


and the vector equation of motion of the electron ( 1 ) reduces t<j 

The equations of motion (2) may ho written in tIK^ Lagraiigian form 

d ldL\ 0L , , 

dtyqqj dq • 

if the Lagrangian function L is taken to ho 


c 


This may easily he verified, 
the relations 


The conjugate momenta are defined hy 


Pi = 


dqy 
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SO that for the dynamical system described by the Lagrangian function 
(3) the momenta are Py, where the vector p is given in terms 
of the vectors v and A by the equation 


^ ~ V(l— «Vc2) c^' ^ ^ 

Tlie general expression H = ^ 

for the Hamiltonian of a system whoso Ijagrangian function is 
reduces for a single particle to the simple form 

^ = (p.vHi:, (5) 


Substituting from equations (3) and (4) into equation (5) we obtain 




mc^ 




^(1— 4)2/c2) 

Solving equation (4) for v and substituting in this last equation we 
find tliat in terms of the momentum the Hamiltonian of a single particle 
moving at speeds comparable with that of light is 

H == c->/{wV^+(p+eA/c)^}— c<^. (6) 

For a conservative system the Hamiltonian, if, is equal to the energy 
of the system, which is denoted in this book by W. Writing Pq = Pf/c, 
we see that equation ((>) may bo written in the symmetrical form 




2h + ~ 


( 7 ) 


52.2. Apimrximate. relativistic eqvxitions 

The difficulty in setting up the relativistic Schrddinger equation 
directly from tlie Hamiltonian (0) arises from the interpretation of the 
square root. Approximate ecpiations can, liowevcr, be derived by 
expanding the Hamiltonian H defined by equation ((>) above in terms 
oF v/c. Jn this way wo ol)taiii as a first approximation (of. Chap. I, §8) 

In the second approximation wo replace equation (8) by 

If in this ec|uation wo write H -= and replace (p+eA/c)*/8w®c2 

by its first approximation (lK'+r<^)®/27ftc’^ given by equation (8), wo 
find that to the order v^jc^ 


( 9 ) 
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The Sohrodinger equations corresponding to these Hamiltonians are 
obtained in the usual way by making the substitutions 



in equations (8) and (9). This procedure applied to (8) yields the 
equation 

^{»gr.d+^){*grad+!^jl' + (mc»-,^)-l'+l ^ _ 0. 

wliich may be reduced to the form 

^V2T+— {AgradT+-J-Tdiv A} + )'F 

2m ^ ^ J-r| r 2 wic®/ 

7/ 

= -i+mc^T. (11) 

% ot 

la this equation it should be noted that div A does not vanish unless 
the scalar potential is constant with time, since ^ and A are related 
by the equation , ^ , 

divA+l.^ = 0. 

di 

The equation (11) is correct only to the order pjc., wliere v is the velocity 
of the electron. 

It will be noticed that equation (II) (liffers from the non-relativistic 
equation used in § 8 only in the small term in i'l®, which can ho neglected 
in most applications, and in the term which can ho removed by 

transforming to the new wave-function 

Y' = 

If we multiply equation (11) by M***, and its complex conjugate by 
and subtract, we obtain an equation which may be written in the 
form of a continuity equation 

?^- + divj:-(), (12) 

if p and j are taken to be defined by 

p = -e'Fq^* 

3 = ^^(Y*gradT-Tgrad'J'‘*)- /'“-ATT* ■ 

2%m me 

Similar results may bo obtained from equation (S) giving a bettor 
approximation. 
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52.3. The Klein-Oordon Equation 

It was suggested by Gordonf that the exact relativistic wave equa- 
tion should be established by making the substitutions (10), not in 
equation (6), but in the more symmetrical equation (7) and allowing the 
operator so formed to act on a wave-function Y. In this way we obtain 
the relativistic wave equation 


= (14) 


d e<f^ 

\ic dt c ^ 

This equation is known as the Klein-Gordon equation. 

Tlie Klein-Gordon equation involves us in serious difficulties in 
interpretation which arise because it is not linear in the time-differential 
operator djdt. In non-relativistic quantum mechanics the Schrodinger 
equation 


!)'*■= 


ia linear in djdt. It follows that if T is known initially, the equation will 
determine it at all subsequent times. The results of any measurements 
on the position arul momentum of a particle are used in forming the 
wave-function T; the correct initial condition is thus that T should 
bo known, not T and With the Klein-Gordon equation, on the 

other hand, it would be necessary to know both T and SVjBt in order 
to determine T at all subsequent times. 

The second difSculty arises when we attempt to find an expression 
for the cuirent and charge density. Multiplying equation (14) by T*, 
the complex conjugate equation by Y, and subtracting we find that 
the resulting equation may bo written in the form (12), where now 


p ^ -cP ) - —AYY* 

^ ()t dt j 

j _ ^1': {H^*gradY -'rgnwlY*)-- AYY* 

awr ^ ^ me 


(15) 


'riieso expressions for the charge density and the cuiTont density are 
due to Gordon and Klein. $ The difficulty arises from the interpretation 
of the (piantity P defined by the first equation of (15). In the non- 
relativistic Hohriidinger theory P would be the irrohability function for 
the position of an electron. Such a probability function satisfies two 
general conditions: 

(i) P>0, (ii) yPdr=0, 


•f W. CJonloii, Zc-ilH. f. Phi/Nik', 40, 117 (1926). 

J W. Gordon, ibid. 40, 121 (1926); O. Klein, ibid. 41, 414 (1927). 
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the integral being taken over aU space. In a completely satisfactory 
relativistic theory we should expect P to satisfy both of these conditions 
together with the further condition that 

fPdr 

is invariant under Lorentz transformations. Wo have already shown 
that the condition (ii) is satisfied by showing that p satisfies a continuity 
equation of the type (12). The third condition is satisfied automatically 
if it can be shown that p may be expressed as the fourth component 
of a 4-veotor. This is readily done by considering the transformation 
properties of the set of four quantities 


The condition (i), however, is not satisfied, since 


P = 


^mcH 


T 




U 


dt) 


mc^ 


(16) 


and this can be made negative, both Y and dYfH being arhiti-ary at 
the initial point in time. P is not therefore a satisfoetory expression 
to replace the probability function YY* of the non-relativistic theory. 

Although the expression for P given by equation (I.*)) seems at first 

sight to be totally different from the non-relativistic. forjnula 'FY*, it 

can easily bo seen that tlie formula derived from the Klein-doi-don 

equation reduces to that given by the Heln-odinger e(|iiation when the 

kinetic energy of the particle is very much smallei' than its rest energy. 

For if we substitute a.,;' 

i ^ _ Y Y 

i dt 


in the first of equations (15), wo obtain 


irnp* 

P = * ^ (e4+W). 
mc.2 


(17) 


From the fact that W = W'+nic^ it follows immediately that 

If now the kinetic energy is aasunied to l)o wnifill in coinparison with 
the rest energy mc^ we find that P is approxiniaU^ly equal to 'FT* as 
in the non-relativistic theory. 


53. The Dirac wave equation for an electron 
53.1. The Dirac equation for an arbitrary field 

The considerations of the last section show that the coiTcct relativistic 
wave equation must be linear in the differential operator djbt’, further- 
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more, in confonnity with the special theory of relativity, the equation 
must be invariant under a Lorentz transformation. In the theory of 
relativity there is complete symmetry between the space coordinates 
X, y,z and the time coordinate ict^ so that if our equation is linear in 
djdt it must also be linear in djdx, djdy, and dfdz. For this reason 
Diracf took the relativistic wave equation to be of the form 

( 19 ) 

whore, as in the last section, (f> denote^ the scalar potential and 
the vector i)otcntial; the operators are defined by 

equation (10) and denotes the operator {iUlc){dldt). In equation (19) 

the quantities a^, a-, jS are not ordinary numbers; their nature will be 

defined below. To determine the laws governing these quantities Dirac 
made the additional assumption that for an electron in the absence of 
a field the wave equation (10) would reduce to the Klein-Gordon equa- 
tion (14). In the absence of an electromagnetic field both <f> and A 
vanish and equation (10) reduces to 

Multiplying this equation l)y the operator 

wo obtain the second -on lor wave ecpiation 

{— j !' o -|- 2 2 i«x’^i,+'*U^^x)PxPu+^+ 2 ('^xP+P°‘x)Yl'‘ == 0 . 

This reduces to the Klein-(Jordon equation for a free i)article 

if il»e cjuantities ix., fi obey the relations 

" iXff - 1, fYj, --- 0 , etc., I (‘^O) 

0, etc. J 

Once the (|uantities (x^, (x^,, fx,, and have been determined from those 
equations, the wave ecpiation for an electron in an arbitrary electro- 
magnetic field can bo taken to bo (10). It should bo noted that the 
wave-function T appearing in this equation need not be a scalar; we 
sliall see later that, because of the nature of the ex’s and j8, the wave- 
function T must, in fact, be assumed to have four components. 


t r. A. M. Dirtwj, Proc. Roy, Soc. A, 117, 610 (1928). 
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The Dirac equation (19) assumes a convenient form if we write 
{x,y,z,ict)= 

(•^ajs ^ (-^Ij -^2* ■^3> 

fai. a«, Og, — ) = (ai.aa.ag.a^), 

\ me/ 

andput = (i= 1,2.3, 4). 

With tliia notation equation (19) may bo written in the form 

( 2 n^- in4+ ^4 nicVv = O, (21) 

\y=al I 

where now the quantities a^, ol^ satisfy the relations 

«A“i.+“v“A = (22) 

(A, V = 1,2, 3, 4). If we write the three quantities nig) as a vector 

a and introduce a vector operator 11 in the same way, wo may write 
equation (21) in the form 

(a.II— in4+a4mn)U^* 0. 

It is sometimes more convenient to write the Dirac etjuation (21) in 
a more symmetrical form by introducing tlie opei'ators 

jSi = ia4 0£i, = - 

Multiplying equation (21) on the left l)y and substituting from 
equation (23) we obtain the equation 

{^tpjUj+imryV.^O. (24) 

The relations (23) give tho operators Pj in lenns of the operators (Xj; 
the inverse relations can bo readily shown to lx's 

odj = ipiP^, 0(2 ^ ip*iP^i ““ ^PuPa^ - P*v 


53.2. The Dirac miUricc.fi 


So far the only information we j)ossess about the (|ua.ntities 
(j == 1,2, 3, 4) is that they satisfy the ecjuations (22). From these 
equations wo now attempt to obtain a mat!*ix r(q)i'esentat.ioii of these 
quantities. The equations (22) arc, of courses, satisfied by the Pauli 
spin operators o-^, oTg introduced on p. 1)7, but if we choose those 
operators as three of our a’s we find it impossible to determine the 
fourth. If, however, wo extend tho Pauli matrices in a diagonal manner 



( 20 ) 
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where c denotes the symbolic vector (a 
matrices 


Pi = 


ajj if we introduce the 



(27) 


we find that the a’s and p’s satisfy the relations 

CT,(7g+cr«o-, == PrPa+PsPr == 2S„ | 

Pr®’< = O’iPr > 

If tlow wc (lofilio a set of quantities by the equations 

= Pi (T]l> ^2 ^ Pi ^3 “ Pi ^3» 0^4 ~ P3> 

we find that all the conditions (22) are satisfied. Performing the matrix 
multiplications wo obtain for the a’s the four matrices oc^ = P 3 and 


(28) 


(29) 



(30) 


Prom eciuation (23) wo ()l)iain for the j8’s the four matrices ^ ol^ = 
and 




/" 

0 

0 



0 

0 

1\ 

I (1 

0 

i 

0 

i 0 1 ** 

0 

— 1 

A 

" 

— i 

0 

u 


-1 

0 

0 } 

\-i 

0 

0 

0/ 

\l 

0 

0 

0 / 





(31) 


Kurl.horinor(^, it can bo proved that any four-rowed square matrix 
can be expressed as a linear combination of the sixteen matrices 

Cii, a2, 0(3, Pi, ^25 ^ 

aioc^, 0(2 tYg, 1X3 cXi, aiOdgag, oc^oLia^, oCiOL^ol^, oLiOL^oc^ol^^, 
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where I denotes the unit matrix 

( 1 0 0 0 \ 

0 1 0 o\ 

0 0 1 or 

0 0 0 1/ 

It should also be noted that all these matrices are unitary and 
Hermitian.f 

The following properties of the <t and p matrices are of use in the 

application of the theory to the solution of special problems. The first 

set . , 

PlPi PaPl— ^’Psj 

follows directly from the definitions of the (piantities involved. Also 
if B is any vector commuting with a, then by making use of equations 
(32) we can show that 

(a.BY = B^+i 2 (33) 

1 , 2.3 

Substituting B = p 4- f A = ^ grad 4- - A 

c ^ c 

into this equation, we obtain the relation 

|o.p + -Aj = |p + -a| (a.cuii A). (34) 


53.3. The relativistic invaridnee of the. Dirac, cqimtiom 
Since the quantities a and j8 may be repiesenled by niatriec^s of four 
rows and columns it follows that the wave-function upon which these 
quantities operate must itself bo a column matri.x witli four elements; 
we shall write it in the form 



With this form of T and tlie matri.x rej)reseul.a.t.ious of t he /J's given 
by the equations (31) we obtain by direct matri.x multi |)lieatiou 



t If A is a matrix, A' its transposotl (obtained by iutorc.baiiKiiij? its rows and eolumns), 
A ^ its inverse, and A* tlie matrix whose eloinontH are tiio eomplex (tonjiip^atoH of those 
of Af then if A =, A* , A is sai<l to bo IlfirttiiiitiH and if .4 -- (.*1*^)'"’, A is said to bo 
unitary: see Turnbull and Aitkon, Oanonical Matrices (1932), p. 33. 
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Substituting these expressions into the left-hand side of equation (24) 
we obtain the Dirac equations in the following form: 

^in^-ecl>J^mc^'^%+cU.'¥^+cU3% = 0 

f m ^ - 4 + wc") + 'Fj-cna = o 

^ ' . (36) 

|.,:^^-_4_mc2j'Fs-[-cn_T2-f-cn3Ti = 0 

|ihl-e4-mc^'jW^+en^Yl-cIl^% = 0 

(36) determines the four scalar wave-functions Tg, 'Ig, and T 4 . In 
these equations we have written 0 +, n_ to denote the operators Hubllg. 

In the form (36) the Dirac wave equations are iinsymmetrical and 
so it is necessary to study their behaviour under a rotation of axes or 
under a Lorentz transformation. The proof of the invariance of the 
Dirac ecjuations under a general transformation of the type indicated 
was due originally to Dirao;t an interesting proof based on the in- 
finitesimal elements of the Lorentz group was given subsequently by 
Pauli. J The general formulae are complicated, but it is a simple matter 
to verify the invariance for certain special transformations. 

We consider two observers moving with constant velocity relative 
to one another, one describing his observations of the behaviour 
of an elee.tron in an electromagnetic field by a sot of coordinates 
(ri,;r. 2 ,;r.j,;r 4 -- irt) in a space of four dimensions, the other by a similar 
set of coordinates -- ict'). Then according to the special 

theory of relativity the two coordinate systems are related by the 


matrix e(| nation 

that is, '<i’j ^ 

Ji 


when’! the (ux^flicients aj;j are constants. 

'Tlu^ lirst observer will riqresent his knowledge of the coordinates 
of thc! (^lecd.ron by a wave function of the typ(% (35) satislying the Dirac 
wave ecpiation 

(3S) 

\y,l / 

Writing (37) in the form x' -- 

t V. A. M. Dime; /'m-. Jioi/. »SVw. A, 117, (>10 (1928). 

J \V. Uauli, Ilandbucli tier Hiymk, 24/1. 
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and noting that 

A — ^ 

dx^ dx^ dx' dx * dy' dx ’ dz' 
we see that the transform according to the rule 

n = co-in'. 

Now there are two possible ways in which we may discuss tlie trans- 
formation properties of the Dirac equation. We may regard tlie wave- 
function T as an invariant (T = T') and the as the components of 
a 4-vector. The components of this 4-vector are, of course, matrices. 

transforms as a 4-vector it transforms like x so 

jsn = p'ww-m' = jS'n' 
and the Dirac equation is transformed to 

i2PjU'^+imc)Y' ^0, (39) 

which is of the same form as equation (38). 

Alternatively, we can always find a matrix S such that 

n = (o-nv = ( 40 ) 

If now the j3^ are regarded simply as determining the coellicients in 
the four wave equations (36) and are kept constant, they are exchange- 
able with 8 since they act on the inner variable only, so that 
{S-^^n'S)^+i7ncY - 0 . 

Multiplying on the left by 8 we obtain 

{^n'+i7nc)(8W) - 0 , 

which is equivalent to equation (39) if we write 

V' = 8^r. 

This point of view must be adopted if we consider tluit Dirac? ecjuations 
as field equations, for then Y must bo translbrrned i-o a \w\v (coordinate 
system in a manner analogous to that in which E a.nd H translbriu 
in the Maxwell theory. 

The form of the matrix 8 has been dc^termiiucd by Darwinf for some 
special two-dimensional linear transformations; the iccsulls luv- tabu- 
lated below: 


Rotation through 

an angle 

oc 

ahovt the z^axls 





1 cos a 

sin a 

0 



0 

0 

\ 

/ —sin a 
-■[ 0 

cosex 

0 

u)’ 

I " 

V. i ' 

0 

1 

0 

1 

0 

0 


<* 1 

\ 0 

0 

0 

1/ 

\o 

0 

0 

5i.«/ 


t C. Q. Darwin, Proc. Roy, Roc. A, 118, 054 (1U28). 
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/cos a 

0 

—sin a 


/ COS-^Oi 

sin 

0 

® \ 

1 ® 

1 

0 

o\ 

1 -sin Jot 

cos J-q: 

0 

0 \ 

1 sin 01 

0 

COSC3d 

ol’ 

\ ® 

0 

cos^ 

sin^a 1 

\ 0 

0 

0 

1/ 

\ 0 

0 

— sin^a 

cos ^qlJ 


(iii) Uniform relative motion along the z-axis 


/I 

0 

0 

® \ 

/cosh -Jj8 

0 

sinh J]8 

® \ 

(0 

1 

0 

0 \ 

1 ® 

cosh IP 

0 

— sinh JjS \ 

r 

0 

coshjS 

sinhjS r 

1 sinh Jj8 

0** 

cosh Ip 

0 1 

\o 

0 

sinhjS 

coslijS/ 

\ 0 

— sinh Jj3 

0 “ 

oosh IjS/ 


These three transformations are all that need be considered since any 
Lorentz transformation can be built up from them. The matrices S 
have the peculiar characteristic that their elements involve the angle 
^OL when the axes of coordinates are rotated through an angle a, so that 
S is somewhat analogous to the square root of co. The wave-function 
Y cannot therefore be a tensor. We thus find that the Dirac equation 
of the electron is invariant under Lorentz transformation and yet it 
could only be written in tensor form in a liighly artificial manner. 
This is an example of the mathematical principle that tlie ordinaiy 
tensor formalism does not comprise all possible rejnesentations of the 
Lorentz group. We shall retum to this point later (§58 below); for the 
moment we merely observe that the four wave functions can bo split 
into two pairs, for instance, (^1,^4) and (^3,^3) in case (i) above, with 
transformation equations of the form 

Y; - 

Y; < Y,+a* Y,| 

M- ^ < Y,+«* 

and with the coeflieients satisfying the relation 

til 


Pi) 

vj' 


(41a) 


(41 b) 




*-12 


a.) 


22 


r- 1. 


(42) 


53.4. The fipin of the electron 

If in Dirac’s ecpiation (21) we substitute for the oi’s from equation 
(29), we obtain the wave ecpiation of the electron in the form 

+ = 0. (43) 

Multiplying on the left of this equation by the operator 



RELATIVISTIC QUANTUM MECHANICS 


304 


§63 


proceeding as in §53.1, and making use of the relations (28), we obtain 
the equation 


The expression in the curly bracket may he induced to 
ielil 11,1 3A\ \ 

where E is the electric vector of the field. Substituting for (a.p+cA/c) 
from equation (34) and writing 

H = curl A 


for the magnetic vector of the field, we obtain finally the wave-equation 


+(p+3Aj 


+ -f (o . H) + (a . E) M" ( ». 


c ' ' c 

The Hamiltonian on the left-hand side of this ociuatioii differs from 
that of the Klein-Gordon equation by the addition of two terms. 
Dividing these two extra terms by 2m we obtain an expression for the 
potential energy of the electron due to its si)in. The former of the 
terms in tliis expression for the potential energy 

eh 


2mc 




shows that the electron possesses a magnetic moment of amount 
ehal2mc due to its new degree of freedom. 'I'liis is precisely the mag- 
netic moment assumed in the Uhlenbeck-Goudsmit model of the spin- 
ning electron; in Dirac’s theory the electron spin is a direct conscujuonco 
of the form of the relativistic wave equation for the electron. 

The second additional term in the Hamiltonian shows that the 
electron behaves as though it had an electric moment iehaj^nic, whiijh, 
being a pure imaginary, does not aj)pear in tlic s])inning ele(d.ron model. 
This imaginary quantity only appears when the Hamiltonian (4;{), 
which is real, is transformed in a rather artiKcial way so as to make 
it resemble the Hamiltonian of the Klein-Gordon theor-y, and does not 
appear to be capable of being incorporated into any model of the 
electron. 

We shall now determine the angular momentum operators associated 
with the Dirac equation; we shall assume that tlie operator representing 
the total angular momentum of the electron is the sum of the orbital 
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and the spin angular momentum operators, and that it is a constant 
of the motion; this means that it commutes with the Hamiltonian of 
the Dirac equation. If we take A to be zero in equation (43) and write 
e(j}lc = F(r), we see that the Hamiltonian reduces to 

II = Po+y{r)+Px{o.p)+p^7nc. (44) 

Now the orbital angular momentum L is defined by the equation 

L = rAp, (45) 

and satisfies the relations 

I^xPx Px ^ ® 

LxPv-PvLx = iI^Pz ’• (46) 

LxPz-PzI'x = 

Substituting for H from equation (44) we have 

= pi{D,(a.p)-(a.p)LJ 
= Pi{a.i^p-.pLJ 
= ifi'Pi{<^2Pz'-^3P2} 

by the use of equations (46). Similar equations may be derived for the 
components Ly and loading to the vector equation 

LH-JfL = i%(a Ap). (47) 

Similarly wo have 

== pi{o*i(a.p)— (0.p)o-i} 

by the help of equations (32). Thus we obtain the equation 


gH—Hg = — 2ipi(aAp). (48) 

Eliminating the vector product (aAp) between equations (47) and 
(4S) we obtain the ccpiation 

J//-//J = 0, (49) 

whore J = L+Ma. (60) 

Ecjuation (49) establishes that J is a constant of the motion; we can 
intci’prc^t this result by postulating that the electron has a spin angular 
momentum delined by the equation 

s = Ilia, 

or, in terms of the ol'h, 

'^1/ ~ —i;Moc^oLi, Sg = — J/iiodiaa- 
It follows at once from these ccpiations that 


£072 


X 
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in agreement with the spin postulated by Uhlenbeck and Goudsmit, 
and that the operators satisfy the formal equations 

of the Pauli-Darwin theory. 

The manner in which the spin comes out in a natural way as a result 
of setting up the proper relativistic Hamiltonian is one of the major 
triumphs of Dirac’s theory. By contrast, in the Pauli-Darwin theory, 
the spin had to be added as an additional physical assumption. 

53.5. The qucmtization of the total angular momentum 
As a first illustration of the application of Dirac’s theory we shall 
calculate the quantization of the total angular momentum of a single 
electron. This calculation is an extension, to include the spin of the 
electron, of the method in the non-relativistic theory by which we 
classify the states of the electron in terms of the orbital angular 
momentum. The problem is to determine a wave function Y to repre- 
sent a state in which the square of the total angular momentum and 
one of the components of the total angular momentum ai*e quantized; 
i.e. we wish to determine a wave function Y satisfying the equations 

J2Y = ay, = BY, (62) 

where A and B are constants and J is the operator coiresponding to 
the total angular momentum. This is made up of the sum of L, tho 
orbital momentum and s, the spin angular momentum, so tliat 

J = L+s. 

If, for simplicity, we write 

then J2 = (L+s)2 == U+s^+{L+8_+L_fi^.+'2.L,.%). 

Now in polar coordinates (cf p. 87) 



We may therefore wnrite the second of equations (52) in the form 

+ pioii ocg + Jsj T 0. 


(52 a) 
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Now 


iaia2T = 


( 


-1 

0 

0 

0 


0 

1 

0 

0 


0 

0 

— 1 
0 




so that equation (52 a) may be written as 

= 0 . 

Similarly the former of the equations (52) when expressed in terms of 
scalar wave functions takes the form 


(L2+P^+^4-^)(Ti,T3)+sl4^2,T4) = 0, 

= 0 , 

where the operators L^, are defined by the equations (63). An 

inspection of these equations shows that they form two identical sets, 
one containing only the wave-functions 'll, 'E 2 and the other only 
and The solution of these differential equations is very similar to 
that of the equation for the determination of the angular function in 
the Schrodinger theory of the hydrogenic atom, and will not be repro- 
duced here. The quantized values of and are found to be 

^ == j+ ^ 

where m = ±fj-- and j = -J, f,... and is such that j ^ |m|. 

The solutions of equations (52) for given choices of m and j are readily 
found to be 


where Yi j^{d, cf)) denotes the surface spherical liarmonic 

yi.m{0,<f>) = (- P|»(cos (-1 < m < 1). 

The functions f{r), g{r), F{r), and 0{r) are not determined by the 
equations (62). 
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53.6. Darwin's variation principle 

Darwinj has shown how to derive both the Maxwell and the Dirac 
equations from a variation principle 

8/S = SjJJJi^ dxdydzdt = 0, (56) 

where L is given by the equation 



+ complex conjugate of this expression 


+®4^(T* %+W* Ya+T* 'IVf Y* %) 
c 


4-?4,,(-iY}' Y+iY? Y, 'P,) 

0 

+®4{Yf m'3-y|M';+m7 m;) 

C 


(nc) 


The function L is considered for the purposes of the variation to bo 
a function of the T’s, Y*’s, Aj., Ay, A„, and 0. IF we vary tlu^ function 
8 it is readily seen that the Eulcr-Lagrange etjuations yield i^cpiations 
(36) and their complex conjugates and also thes e(|uations 

" -47re(Yi* Y 4 +Y* Y,-l-M7 M^+M^ M'i), (58) 

with two similar equations for Aj. and Ay, Coni|)aring those equations 
with the corresponding equations in the Maxwell-Lorentz theory wo 
t C. G. Darwin, Proo, Roy, Soo. A, 118, 054 (1928). 
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find that the electromagnetic effect of the electron can be represented 
by a charge density — pe, and a current density — ej, where 

p == m %+^t ^ 4 ), ( 59 ) 

further the components of the probability current are given by the 
equations - -cmT.+'FJ'F.+'FyTa+TJT,) 'j 

j, = +ic{W* %+Y* Ta-T* YJ I ( 60 ) 

j, = -c(Tf Y 4 +T* 41-T* Ta) J 

provided that the T’a are normalized according to the rule 

1 f %YfdT= 1 (61) 

to ensure that the total cliarge shall bo — e. 

With these definitions of p, j it may readily be verified that the 
continuity equation 

f + divj = 0 (62) 

is satisfied. 

An interesting interpretation has been given to tliese results by 
Breit.f From the first of eciuations (30) we have that 



and lienee tliat 


M't %+r* M'* +T.t H'a+T* Ti. 

''I’hns we may write the right-hand side of the first of equations (60) 

as T*(— roti)'!^. Similarly the right-hand sides of the second and third 

ecpiations can be written as Y*(— caa)^*, T*(-“Ccy 3 )'F. Introducing the 

vector ^ \ 

a (cxi,a2,a3) 

we may thorolbre write equations (60) in the vectorial form 

j = T*(~-ca)'F. (63) 


This equation suggests that in the Dirac theory the vector operator 
—COL rejircsents, in some sense, the velocity of the electron. For instance, 
when we set up the wave eciuation for the relativistic two-body problem 
(p. 336), wo replace the scalar product (v^.v^) occurring in the classical 
Hamiltonian by r.2(a^ .a^); though this substitution is suggested by the 
analysis given above, its justification lies in the fact that it leads to 
results which are in agi*oement with experiment. 


t a. Broit, Ftoc, Nat. Acad. Hci. 14, 553 (1928). 
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The Dirac theory differs from the Schrodinger theory in that in the 
latter there is no operator for the velocity, only for the momentum. 

54. States of negative energy in Dirac’s theory 
54.1. Solution of the Dirac equations for a free particle 
For an electron moving in free space both the vector potential A 
and the scalar potential <j} are taken as zero in tlie equations (36). 
These equations then reduce to the form 



The functions 

= (7Aexp^(p.r-H"«) (A=l,2,3,4), ((54) 

which represent an electron moving in free H])aco with momcntinn 
P = aiid energy W, arc spt^cial solutions of tlio above 

differential equations if the relations 

{W+mc^)C.i-cp^C^+c{pi+ip.;)(!^r..-. {) I 

{W—nui^)Ci—cps(J 2 +c{pi-\-i'p^)(!f : o j 

are satisfied. In the eqxiations (65), 2>i, j!> 2 ’ Pi’ *'■■'‘1 *>'’e real and tlio 

constants C* may be comple.\. Eliminating the qiiantiticis from these 
equations, we obtain as a condition for the existence of non-vanishing 
solutions of typo (64) the dctorminantal equation 

W+mc^ 0 cp.^ ft(yq ip,,) 

0 W+wc^ ciPi+ipi) - (‘Pi 

QPs W- nu‘? 0 " 

<^iPi+iPi) -f'Pi 0 If. 

which is easily seen to reduce to the form 

{If*— 0. 
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Kegarded as an equation for the determination of Vf this equation has 
the two double roots 

W+ = +c(mV+p^)^ = — c(m^c2+p2)^ (66) 

Only the positive root Pf + would have any physical significance in the 
classical theory; in quantum mechanics, as we shall see below, both 
solutions must be considered. 

Since both of the roots are double we may choose two of the 
constants arbitrarily and determine the remaining two from any two 
equations of the set (65). Suppose we take IT to be the root W+ and 
choose C 3 and C 4 to be arbitrary complex constants A and jB, say, then 
from the first and second equations of the set (65) we have the solution 

,P3-^+{Pi—iPz)B _ A Pi+iP2)^— P3B ^ 


Cl = — C-! 


G3 = A, G^ = B 


(67) 


The number of electrons per unit volume described by this solution is 

m +{AA*+BB*) 

W+-\-me^ 




Similarly if we take W to be W-, G^ =C,G^ = D, we obtain from 
the third and fourth equations of the set (66) the solution 

Gi = G, C^==I) ] 

n _ n ^{'P\+¥2) G— :P3B I (68) 

(’ 3 =-o } 


whioli corresponds to 

_ ^2 W-{GG*+DD* ) 

" W--mc^ 

electrons per unit volume. 

In each case the four scalar wave-functions are obtained from 
equation (64). 

The existence of solutions of the wave equation for negative energies 
gave rise to much speculation on their proper interpretation, since states 
of negative kinetic energy have not been observed. If they were, the 
acceleration of the electron would be in the oppodte direction to that 
of the external force producing it. In the classical relativistic theory 
this difficulty does not arise, since, though the energy of a free particle 
in terms of its momentum is given by either of the roots (66), the energy 
of an electron can only change continuously; thus an electron which 
initially has positive energy can never reach a state of negative energy, 
owing to the gap between ±_mc^. In the quantum theory, on the other 
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hand, discontinuous energy transitions are common in applications to 
practical problems. The possibility of transitions from a positive to a 
negative energy has been investigated by Kleinf and in more detail 
by Sauter,J who found that transition probabibties between states 
of positive and negative energy are small for the fields occurring in 
ordinary circumstances. Nevertheless, all theoretical attempts coin- 
pletely to eliminate such transitions have been unsuccessful. 

The physical interpretation of the states of negative energy is duo to 
Dirac, § who formulated the 'hole theory’ to avoid tlic difficulty of an 
electron making a transition from a positive energy state into one of 
negative energy. The first basic assumption of tlio Dirac liolo theory 
is that, in the physical world as we observe it, almost all of the states 
of negative energy are 'occupied’. In accordance with the .Pauli ex- 
clusion principle it is assumed that each state is occupied by only one 
electron. The second assumption is that when all the negative energy 
states are occupied the distribution of negative energy electrons does 
not produce an external field and is consequently not observed. The 
distribution in which all the negative energy states arc^ occupied and 
all the positive energy states are empty may bo taken a.s a zei*o j)(>int 
for the measurement of electric charge, momentum, and energy. 

If we assume that an external field can remove one of* the eIe(d.rons 


with negative energy W = —\W\ and momentum p leaving a ‘hole’ 
in the distribution of negative energy electrons, then, by the scncond 
of our two assumptions, we shall observe the hole a.s a pa.rt.ie.l(^ with 
electronic rest-mass and with its other physical pr()p(M’ti(*is givcin hy the 


equations 


W+ = -W= \wu 


where e denotes the electronic charge. A hole in tlio distribut ion of 
negative energy states would thus appear as a i)artic^lo with positive 
kinetic energy, which is more in agreement with our (^()n(H^|)ts of the 
nature of fundamental particles. Furtherinoi'e, the tlu'oi’v predicts 
that such a particle, though possessing the same mass a-nd numori(^al 
charge as the electron, will be positwely charged. Th(>i existeiu^c'j of 
such particles was confirmed shortly afterwards hy I). And(M*son,|| 
who in the course of some observations of tracks produevd in a Wilson 
chamber by cosmic-ray particles in the presence of a sti’ong inagnotic 
field obtained the photograph of a track which could only have boon 

t 0. Klein, Zeita.f. Physik, 53, 157 (1929). 

t F. Sauter, ibid. 69, 742 (1931); 73, 547 (1931). 

M 126,360(1930); A/fV/f/n/V/; { I!M7), rliap. xii. 

II C. D. Anderson, Scieme, 76, 238 (1932); 77, 432 (1933) ; Phya. Jtw. 43, 491 ( 1933). 
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produced by a positively charged particle with the same mass and 
numerical charge as the electron. Subsequent experimental workf has 
confirmed Anderson’s observations oij>ositrons, as the new particles are 
called. 

Dirac’s hypothesis that the positrons should be identified with holes 
in the distribution of negative energy states is in agreement with all the 
experimental facts now at our disposal. In the theory of the positron 
we have, however, to consider an infinite number of electrons occupying 
the states of negative energy ranging continuously from —mc^ to — cx). 
Various attempts J have been made to resolve the mathematical diffi- 
culty of handling this infinity, but none of them can be regarded as 
completely satisfactory, though they have all met with some success 
in certain directions. Tlie theory of holes in its present form, though 
not yet completely satisfactory, appears nevertheless to be correct in 
general outline. 

54.2. The. 2>roducf.ion and annihikiUoyi of positrons 

The experimental discovery of the existence of positrons in the 
secondary cosmic rays has led to a search for other sources of positrons. 
Shortly after Anderson’s discovery of the existence of the positron it 
was found that when certain substances were bombarded by high-speed 
ions positrons were produced. For example, by bombarding aluminium 
witli n£-])articles Curio and J()liot§ produced a radioactive isotope 
of ])hosphorus which then disintegrated into a stable isotope of silicon 
with the emission of a positron. Perhaps the most spectacular discovery 
was that positrons can bo produced by the passage of hard y-rays 
through matter. This process can be interpreted on the hole theory in 
a simple manner. If the field of the y-ray causes an electron in a state 
of negative energy (— llVl,p) to jump to a state of j)ositive energy 
then the transition results in the creation of a pair consisting 
of an electron of energy W == W' and momentum p' and a j)ositron 
of energy = \ W\ and momentum —p. This phenomenon is called 
jmir prodncUon, If the energy of the y-ray is hv, then, since for the 
creation of a pair an energy e<pial to is necessary to give the 
pai’ticles the correct rest energy, it follows that for the process to occur 
we must have ^ 

■\ L. McM'tnor an<l IMiili])]), Nafurmftft. 21, 280 (1033); fT. Chadwick, P. M. S. Blackett, 
mid (h P. S. 0(^chialini, Roj/. aSW. A, 144, 235 (1034); Nature, 131, 473 (1033); 
1. Curio aiul F. .Joliot, tUmiptVH ItetuhM, 196, 1581 ( 15)33) ; J. de Physique, 4, 404 ( 1033). 

J P. A. M. Dirar, Pror. (Uimh. Phil. aVoc. 30, 150 (1034); W. Hcifloiibcrg, Zeits. f. 
Physih, 90, 200 (15)34); V. WeiHskopf, Kyi. Dmwk. Vid. Sehk. 14, 6 (1034). 

§ 1. (Jurio and F. Jbliot, Oomptes Rcudus, 198, 254, 408, 550 (1034). 
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Substituting the known values of the electronic mass and the constants 
A, c, we find that for pair production to occur the y-ray must have 
energy in excess of 1-02 Mev. and therefore a wave-length less than 
0*012 A. The excess energy hv—2mc^ appears as the kinetic energy of 
the positron and the electron. The cross-section for the creation of a 
positive electron with energy W+ and a negative one with energy FI 
has been calculated by Bethe and Heitler.f In the case where all the 
energies are very much greater than the rest energy mc^ of the electron, 
but not so great that the screening of the Coulomb field by the outer 
electrons is appreciable, the cross-section for the creation of a positron 
of energy between W+ and and an electron of energy FL 

(=: hv—2mc^—Wj^) is found to be 


*f the 


where ^ is defined in terms of the nuclear charge Z by the equation 


137toV 


For the case of complete screening and high energies the corresponding 
formula is 









(70) 


The total number of pairs created in a process of this type can be 
determined in the oases of negligible and complete screening by inte- 
grating equations (69) and (70) over all possible values of W\.. In this 
way we obtain for the cross-sections for pair formation 


^ log 


Zhv 

218\ 

mc^ 

In] 

183 



27/’ 


Corresponding results can be obtained^ by numerical integration in the 
case of energies for which the screening is partial. The theory of pair 
formation developed in this way has been compared witli experimental 
data§ and found to bo in good agreement with the observed results. 

Pairs can be formed in several other ways. They can be formed 
during the passage through matter of a proton or an (^-particle whose 


t H. A. Bethe and W. Hoitler, Proc. Roy, Soo. A, 146, 83 (IJ)34); H. A. Botho, Proc. 
Can)b, Phil, Soc, 30, 524 (1934). 

i Log. cit. and H. R. Hulme and J. 0. Jaogar, Proc. Roy. A, 153, 443 (11)30). 

§ W. Heitler, Qiumtum Theory of Radiation, pp. 201-2 (Oxford, 1944). 
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kinetic energy exceeds twice the rest energy of an electron, f or by. 
the motion of an electron through the field of a nucleus.} Turthermore, 
an electron pair can be created in the field of a nucleus by a y-ray 
emitted by the nucleus itself, § or by the action of two light quanta 
whose total energy exceeds 2mc2. Finally, if an electron of energy 
greater than Imc^ collides directly with an electron at rest an electron 
pair can be created. || 

Since a pair consisting of a positron and an electron can be created 
we would expect that they can also be destroyed. In the hole theory 
this would correspond to the transition of an electron from a state of 
positive energy to a hole in the distribution of electrons in negative 
energy states. The energy of the positron and the electron is given 
out in the form of radiation. The most common process of annihilation 
is that in which a positron combines with a free or lightly bound electron 
and their energy is taken away in the form of two photons. If the 
momenta of the colliding particles are equal and opposite the photons 
have equal frequencies, but if the electron is at rest the two photons 
have different frequencies. Since the energies of the colliding particles 
must exceed 2mc^, a simple calculation shows that the wave-length 
of the annihilation radiation must in the former case be less than 
0*024 A. The cross-section for such a process in which a positron of 
energy W.^ collides with an electron at rest has been calculated by 
Dirac, ft who derives the formula 




Tre^ 


y + 1 


y4-4y+l 


log{y-t-V(r®— 1)}- 


V(r 




(71) 


where y denotes the ratio Wj9rufi. For very high energies this equation 
reduces to the simple form 

TTC* 




yrn^o^ 


(72) 


'I'his tlieory of tw()-(iuanta annihilation has been verified experimentally 
by Klemperer.}} 

An alternative ])rocess is the combination of a positron and an 
electron near a nucleus with the emission of a single photon which acts 
as a carrier ibr the total energy of the two j^articles. The case which 
can 1)0 calculated most easily is that in which the electron is bound 


•f W. lioitlor iind L. Norclhoiin, Journ. d. Phys. 5, 449 (1934). 
J For r(^f<^r(ni(iOH W. TT<Mtlor, op. cit., ji. 203. 

§ W. H<utIor, op. cit., p. 204. 

i| F. Forrin, (Umtplf'ft Hmdiw, 197, 1100, 1302 (1034). 
f-f J*. A. M. Dira<i, Proc. Camb, Phil. Hoc. 26, 361 (1930). 

Jt O. Klomporor, ibid. 30, 347 (1034). 
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in the -shell of an atom; the formula for the cross-section of tliis 
process corresponding to equation (71) is 


47r6«-Z8 1 




where as before the energy of the positron is = yrnc^. For large 
energies this reduces to 

J -A/7K P f 1 


137%w2cV. 


.log2y 


A comparison of the formulae (72) and (74-) allows tliat the cross- 
section for the annihilation of one photon is always smaller than that 
for the annihilation of two. The maximum value of the ratio 
occurs when y is approximately equal to 10; in lead this gives 

= 0 * 20 . 


54.3. Relativistic theory of the Compton effect 

One of the most striking proofs of the fact that the states of negative 
energy arising from Dirac’s equation must be cousidered as well as 
those with positive energy is provided by tlie relativistic theory of the 
Compton effect.! The radiation process considered in the Compton 
effect is the collision of a quantum of light of momentum with a 
free electron of rest-mass m which is initially at rest. In calculating 
the transition probability from this initial state to a final state in which 
the electron has a momentum p and the light (|uantuin a momentum k 
we must consider intermediate states in which the energy is not con- 
served though the momentum is. It is found that the only possible 
processes are the following: the electron absorbs the (|uantum ko and 
acquires the momentum p' = ko and then emits a (piantum k in the 
transition to the final state; alternatively, the electron first emits a 
quantum k changing its momentum to p" ^ — k and then absorbs the 
quantum ko in the transition to the final state. 

Now to each of the values p of the momentum of the electron there 
are altogether four states corresponding to the two directions of spin 
and the positive and negative values of tlio enei’gy. If wo take the 
negative energy Kstates as intermediate states as well a.s the positive 
ones we obtain for the differential cross-section the Kloiii-Nishina 


formula! 


rh h 


-f-‘lCOS®('^) 


t O. Klein and Y. Nishina, Zeitn.J, Physik, 52, 8(59 (1921)). 

t W. Heitler, Quantum Theory of Radlatio^i, 2nd ocl., § 16 (Oxford, 1944). 
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where 0 is the angle between the directions of polarization of k and 
and Tq denotes the classical electronic radius 6^/mc. If 0 denotes the 
angle between ko and k, the relativistic relation between energy and 
momentum and the conservation of energy and momentum lead to 
the equation 2 

^*0- (76) 


7/2^^+ /Cq c(l — cos 0) 


If the primary radiation is unpolarized and of intensity Jq the 
intensity of the scattered radiation at a distance i2 from the scattering 
electron is then readily shown to be 1(0) dC2, where 2(0) is given by the 
formula 


m = 


r 1 

f y*(l-OOsfl)2 ] 

1 {l+y(l— cosfl))® 

[ (l-(-cos®0){lH-y(l— COS0)} 


(77) 


and y = Icjmc, The intensity distribution for a radiation of wave- 
length 0-14 A (y = 0*173) in carbon has been measured by Friedrich 
and ()oldhaber,t and it is found that the curve for /(0)//o derived from 
those measurements is, within the limits of the experimental error, in 
exact agreement with that determined from the above equation. 

The total scattering may be obtained from equation (77), by inte- 
grating over 0, and the results compared with the experimental values. 
It is found that the theoretical curve so determined agrees well with 
the experimental values at least for energies up to On the 

other hand, otlior relativistic wave equations, such as the Klein-Gordon 
ecpiation, lead to results which are not in agreement with the experi- 
mental measurements. The Klein-Nishina formula may be regarded as 
])roved, at least for ciicrgies in the range considered, and its exactness 
considered as direct evidence in favour of the Dirac theory of the 
electron, when the negative energy states are treated with the same 
weight as those of positive energy. For, if wo entirely disregard the 
intermediate states of negative onci^gy, the formula we obtain for the 
(V)mj)t()n scattering is appreciably different from the Klein-Nishina 
formula and is no longer in agreement with the experimental evidence. 


55. The relationship of Dirac’s equations to previous theories 

The fact that in practical ])roblemH two of the scalar wave-functions 
% (k 1,2, 3, 4) have usually greater magnitude than the remaining 
pair enables us to develoi) the Dirac wave equations in an appi*oximate 

t W. Friedrich and C{, Goldhabcr, Zeits.J. Phynik, 44, 700 (1927). 
t W. Heitler, loc. cit., p. 160. 
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manner which brings out their relation to the non-relativistic theories 
of Schrodinger, Pauli, and Darwin considered in previous chapters. 

If we wish to find a periodic solution 

of the scalar wave equations ( 36 ), then we have to solve the system of 
equations 

(F— e^+mc2)xi+c(ni— in2)x4+6n3Xs = 0 

(IT — e^4-w*<5®)x2+c(ni+in2)x8~cn3X4 = o I ,,^g. 

{W—e<j>—mc^)X3+c{Tli—iUz)x2+cIlsXi = ® ) 

(Tr—e^—m62)x4+c(ni+in2)xi— 0113 X 2 = 0 / 

Now in the case of positive energy states, if the velocity of the electron 
is small in comparison with the velocity of light, W is approximately 
equal to the rest energy mc^ of the electron; therefore 

-{W—e<j)-\-mc^) ~ 2mc. 
c 

Substituting from this equation into the first two equations of the above 
set we obtain immediately in the case A = 0, 



If we substitute these values of xi and xz third equation of 

the set ( 78 ), we find that ^3 satisfies the equation 

^\z+^iW-mc^-e<i>)x 3 = 0. ( 80 ) 

Now if is nearly equal to the quantity W~rnc^ represents the 
kinetic energy W' so that xs is a solution of the non-reJativistic 
Schrodinger equation 

jv2+^(F'-F)}x = 0. (81) 

The same result holds for Xi- It is clear from equations ( 7 «) that lxi| 
and IX2I aJ6 small compared with Ixsl and |x4| ; thus, in a fii’st approxi- 
mation, they can be neglected in the expressions ( 50 ), («()) for the 
charge and current density. We then have approximately 

P = 
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These results provide an approximate solution of the Dirac equations 
(36); if T is a solution of the non-relativistio Sohrodinger equation (81), 
then the foUo'wing are approximate solutions of (36): 

Ts = Y, % = -C^W, 

■q/* _ ^2 (^1 ^n3)-[-c^ 113 ^ ^ _ ^i (ni+ffl 2 ) — C2 

2mc ’ ® ~ 2mc 

where Cj, 0^ are arbitrary constants and Di, 1X2, Hj are interpreted in 
the usual way as operators. 

For negative energy states the roles of Yj, Y^ and Y^, Yg are reversed. 

To show more fully the relation of the Dirac equations to the non- 
relativistic theory of Pauli and Darwin, we introduce the two wave- 

(82) 


(83) 


(84) 


functionsf 


r — ^inusHIhl 


Xl 






The Dirac wave-function T can tlien be written in the form 

/^i\ 

^ = I I = (;ei-Axa)c-«‘. 


where A denotes the matrix 


A = ioLi 0 L 2 0(3 = 



Differentiating both sides of equation (83) witli respect to the time, 
wo obtain s^-\\ 

(86) 

Now T satisfies the Dirac equation 


and since 


and 


\ih^ A-e<f)-\-c 2 oL.j T* 0, 



(86) 


t We (consider here the ease of poHitivo tMiorgy atateH only; tho analysis is similar for 
negative energy states, of. K. L. Hill and H. Landshoff, liev. Mtxl. Phye, 10 , 120 (1938). 
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we may write osiXi = — 

or, in general, a*Xi = -Ao-fcXi, oiiXi = Xv (87) 

where i; = 1, 2, 3. Similarly 

“*Ax 2 = — “4^X2 = — Axa- (88) 

Substituting jfrom equations (85), (87), and (88) into the Dirac equation 
(86) we obtain 

|c arj Xi+i^^+ (2«M!2-l-e^)Xi| + 

Since the operator A and the unit operator are indci)endcnt, each of 
the expressions in brackets must, vanish. In this way wc obtain the 
equations / « \ 

h7i™ + 2mc2+e^jxi+c(c.n)x2 -= 0, (89) 

(»^‘^+e^);(2+c(«.n)xi = 0, (90) 

where we have written 

(o.n) = 

Now we can write equation (89) symbolically as 

i°-P)X2, 

^ 2mc[f +{i/^(^7^0 I ’ 

showing that xi is given approximately by tlio 0 ({iiati()n 

Substituting from equation (91) into eciuation (9(1) \v(< <)I»l.aiii 


a|* = 8 *.. 


wha. s=-«^+™(..n)«-ji^(».n)(a,^+f^)(o.n). (iis) 

Now from equation (34) 

(o.n)a = nH-(o.ourlA) n2+*''^(o.H), 

c c 
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and 


(o.n)(o.E) = (E.H)+fdivE-i(cx.EAH)+«(o.curlE) 
= (E.H)-i(a.EAH)-|(o.^), 
divE = 0, and curlE = — 

c dt 

Substituting these results into equation (92) we obtain 


Since 


To this degree of approximation we may write (cr . TLfj^m for 
so tliat we have finally for the Hamiltonian § the equation 




He 


4m®c® 


(o.EaH)- 




where denotes the Hamiltonian operator of the non-relativistie 
Scbriidinger equation, viz. 

—■n?-e4, 

2m ^ 

and //>(o.H)/2mc is tlie energy produced by tlio spin of the electron 
in aTi external field. The term 


The fourtli 
;(a.EAH) 


is a relativistic coixection term. The fourth term 

He 


4m V 


is tlie term attributed by Thomasf to the spin orbit coupling. The 
remaining terms have no counterpart in the non-relativistic theory. 


■f L. H. Thomoa, PhU. Mag. 3, 1 (1927). 
Y 


r>07ii 
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56. Solutions of Dlrac^s equation 
56.1. Rectilinear ^notion of an electron 

We now consider the motion of an electron parallel to the rr-axis in 
a field that is a function of x only. We suppose that the vector potential 
A is zero everywhere and that = — V{x). The wave function may 
be written in the form 




(93) 


Substituting this expression, into the Dirac equation (9) we obtain 

x{«) = 0- 

Written in terms of four scalar functions (h-— 1>2, 3, 4), this 
equation becomes 

W-V(x) 




-ih 


dx 


-Xi+mXi-PaXi—incXi = 0 , 


( 

-m- 


W-V{x) 


dx 
.sx^Xa 


Xa—WaXa+P3Xi—*‘^Xa = 0 , 


W-V(x) 


dx 


Xa+WaXa—PaXi+^('Xa =■ <>> 


W-V{x) 


dx 


Xi-iPzXi+P3Xa+»«‘Xi 


If we substitute the expressions 


Xa = 


Xl = Xi = + 

into the second and third equations of this set of cliflorential oquations, 
we find that they reduce to 

d<f>2 i W—V{x), k, L j_P3+imc\ f 

i W—V(x), k, klj 

These equations can he written in the form 

^ i W—V(x) , k, _ 

dx I’ 0 (94) 

if a, 6 are chosen according to the equations 

a = —{Pz+imc)Jk, b = {p^+imc)lk. 
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With these values of a, b inserted in the expressions for x\^ 
substitute for the hi the first and fourth equations of the original 
set. Taking aecount of the equation (94-) vve find that both equations 
reduce to ^ j , ij, „ 


We have thus reduced the problem to that of solving the two first- 
order differential equations (94) and (95). When the functions and 
^2 are determined from these equations, the scalar wave functions are 
obtained from the relations 


% = ^^2(»)©Xp|(P22/4-iJ32— 


'** = -^^2(a:)exp|(j32S/+jP3«— 

The case of a uniform field V{x) = aa; has been treated by Sauter,f 
that of a simple hai'monic oscillator, V(x) = (ox^, by Nikolsky,! and 
that in which F(a:) is a polynomial of any degree in x, or in l/aj, by 
l*lesBet.§ 

56.2. The. energy hvels of the hydrogen atom 

The most important success of the Dirac theoiy, apart from the 
solution of the problem of the spin of the electron, has been the 
derivation of the fine structure of the energy levels of an electron 
moving in the Coulomb field of a single nucleus. Dirac, H using the 
methods of non-commutative algebra, showed that Sommerfeld’s fine 
structure formula for the energy levels of the hydrogen atom was a 
natural consequence of the use of the relativistic wave equation. The 
same result was later derived by Darwintt and by Gordon by more 
familiar methods; we shall follow the latter treatments here. 

I’lio Coulomb field of an electron moving in the field of a nucleus 
of atomic number Z may bo derived from the potentials 

A = (), <f> = Ze^jr. 

t F. Sautor, Zeitn.J. Physik, 69 , 742 (1931). 

J K. Nikolsky, ibid. 62, 677 (1930). 

§ M. S. FJosHet, Phya. Itev. (2) 41, 278 (1932). 

11 P. A. M. Dirac, Proc, Pay. JSoc. A, 117, 610 (1928). 

tt C. G. Darwin, ibid. 118, 664 (1928); W. Gordon, Zelta.J. Phyaih, 48, IJ (1928). 



324 RELATIVISTIC QUANTUM MECHANICS $ 66 

We substitute from these equations into equations (36); introducing 
polax coordinates r, 6, <f> defined by the equations 

a: = rsmdeos^, y = rsinflsin^, z = rcoa6, 


we obtain 


d , . d u\ • d , . d I 

= e-^\ahxe—+^^ ——i — 1, 

8x dy [ dr' r 86 rsinflS^J 


^ 5= cosd-^— sin^-la- 
dz dr rdS 


We thus obtain for the scalar wave functions the following equations: 


I, ze®. ; 
{ r 


U^+mc® 


>Wi-i^e-i^fsindl+— 1 ^ ^^4- 

I ^ \ dr^ r dd r^mdd<l>) ^ 

—ihc (cos 6^ — sin 0 -4;:^ '1 3 = 0, 
\ dr rdd) ■* ’ 

y‘-‘’^*hl+^w+7ir4)'‘>+ 

+a<!|oo»e|-BineAj'r4= 0, 


\ dr r / ® \ dr^ r 89 ram6d<l>) ^ 

—Uic I cos 6— - sill 0 r = 0, 

\ dr rddj ^ 

8 Ze® ,\™ . nd , cosfl d , i 3\it). , 

\ dr r j * \ dr^ r d9 ' ramO d^) ' 

H-i/ic (cos (? - — sin(?-4;Vl» ~ 

\ dr rd6) “ 

In these equations we substitute 

\ = %{r, 9, 4)e^^{-iWtjn) (/a = 1 , 2 , 3 , 4 ), ( 90 ) 

and express the function in terms of F, f, G, g by equations (54). 
As a result we obtain, after some reduction, the system of differential 




(97) 
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?+(^+l)7+s(‘^+^+”“‘)» = " ' 


dr 


(98) 


The differential equations for the four functions f, g, F, 0 thus fall 
naturally into two pairs. Consequently for each permissible value of W 
we can find two independent solutions for the Y-function by equating 
to zero either of the pairs of functions (/, 0) or (,F,g). 

The solution of the pair of equations (98) is similar to that of a pair 
(97), so we shall consider in detail only the solutions of (97) here. 
If we malce the substitutions 


t = Ze^l1vc, € = mc^lW, A = »m:( 1 -€*“)% /> = 2Ar, 
/(r) = i{l-e)h-ii>pY-^fi{p)—Mp)} J 
G(r) = (l+€)*e-*Ppy-HA(p)+/ 2 (p)} f 
tlie pair of equations (97) is transformed to 




( 100 ) 


If wo asHume tho functions /^(p), /a(p) to be given by power series of 

tlU! form a, 00 

fi(p) = 1 Mp) = 2 ^oP"’ 


s=0 


8 = 0 


then substituting for the functions in equation (100) and equating 
powers of p"“^ we obtain the recurrence formulae 

for l.he coefficients d„. Hinco we are considering only ])ositivo powers 
oCp wo may take. s — 0, Cj - 0 iue<)uation (101) In obtain tlio e(|aations 
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The necessary and sufficient condition for non-vanishing solutions of 
the type (99) is therefore 

J O 


3+-+-^ 


—y 




== 0. 


Regarded as an equation in y this determinantal equation has two 
roots, equal in magnitude but of opposite sign. Discarding the negative 
root since it would lead to wave functions which beliave as r~^ {n > 1) 
in the neighbourhood of r = 0 and hence give a divergent integral for 
J I'Fl^dr, we find that the value of y is given by the positive root 

y = ' (102) 

Since j ^ 1 and ^ = Z{e^j}ic) = Z/137 < 1, it i'ollows that y is always 
real. 

Eliminating dg from equations (101) we obtain the rocurrenco rolatioir 






If the function f^ip) is to be a polynomial of the typo 2 which 

8 0 

the last term does not vanish, then we must have 

Regarded as an equation in e this oquatioii has I’oots 

e= + 

Taking the positive root of this equation and (l(’*lining the principal 
quantum number, n, by the equation 

n = n'+j+l, 

we obtain W = vie? ( 1 + 1 . (1 03) 

I (w— 

Subtracting the rest mass of the electron and snbstitul.ing lor $ and y 
WG obtain Sommorfehrs line structure formula 


W - »/tc“ j 




1 


(Kt-l) 


For small values of Ze^jftc this formula reduces to ('lie iion-nilativisiic 
formula 


Zhn<'* 1 
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The analytical forms for the functions / i(/d) and/gCp) can be determined 
easily; it is found that when W is given by equation (103) and /a are 
given by the formulae 

Uf) = ' 


( 106 ) 


« e 


where the hypergeometric function is defined by 

F(^ r(^)r(a+n) ^ 

" Zr(a)r(i8+n)n!|- 

If we substitute for from equation (105) into equation (99) and 
transform back to the original variables, it can be verified easily that 

|G‘|>|/1. (106) 

The solution of the pair of differential equations (98) may be carried 
out in a similar way. If we write 

F = i^{l+,).e-iPpy-Wp)-F,{p)}^ g = -e- V-W)+^ 2 (p)} 

and proceed as before, we find that the condition (102) and the 
Sommerfeld formula (103) are obtained once more, and that 

w -/.((-)• im 

Corresponding to equation (106) we then have the relation 

\F\ > |?1. (108) 


56.3. Motion of an electron in a uniform magnetic fidd^ 

Consider the motion of an electron moving in a uniform magnetic 
field H in the a-direotion. Then the potentials are given by 
^ = 0, A — 

so that the Dirac equation (43) reduces to 

where we have written to = eHflc. If we assume that the wave function 
T is independent of z and write 

'F ^ #r)o.xpj;^(a)a;y/+T0— IfO. 

we find that satisfies tlio equation 

|^•y+Pl{o•®2’a+<^J/(2ft>*+17)}+P3»«'cj^ = 0- 
t L. D. Huff, linv. (2), 38, 501 (19.31). 
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Substituting x' = a:+ij/2to and writing out the four component equa- 
tions we obtain the system of ordinary difierential equations 




Eliminating between the first and last of this set of equations and 
writing 1 IW^ \ 

^= 2 x'Hh)*, v = — (5— 

we obtain the diSerential equation for a harmonic oscillator 


-^+(''+i-ia^4 = 0. (109) 

whose solution may be written (cf. Appendix, § 2) 

where Ey{i) is the Hermite polynomial of order v. 

Similarly if we eliminate ^4 between the first and last ocj nations of 
the set we obtain <f>i = The two solutions are not, however, 

independent. Substituting the two expressions for ^4 into the first 
equation of the set we obtain a relation between a, b. In this way we 
obtain 

<I>,{X') = aDM 

as the expressions for the functions and 
It can be shown in a similar manner that 

Ux') = iC, 

where C is an arbitrary constant. 

The current densities in the field are given by 

= -Y*cc^r - I 


where 


pz _ jnV. 
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From the properties of the 2)-ftinotions it follows that is negative 
for some values of x\ this is apparently a consequence of the spin, since 
the coixesponding expression in the Schiodinger theory turns out to 
be always positive.f 
Using the results (cf. Appendix, §3) 

f m)DUi) « = (r(i%r I ^ 

0 ® 

we find that the average cc-coordinate of the current defined by 


00 I 00 

= jxJydxjj jydX 


has the value 



[wj v! 


2i'(27t)^. 


(110) 


Now the classical value of this quantity is 

X = irr/4, 

where r = cfjeH. The quantum mechanical value reduces to this if we 
use Stirling’s formula /„\n 

%\ = (27r7ir)^ (--I . 


The eiTor in the Stirling formula is of the order 1/v, i.e. 10-® to 10““, 
so that the deviation of the classical formula from that given by the 
Uirac theory is entirely negligible. 


56.4. The scattering of fast elecf.rons b-y a nucleus 
If a beam of electrons with velocity comparable to that ot light falls 
on a single atomic nucleus, Dirac’s equation of the electron must be 
used to calculate the scattering. We have in tact to find a solution 
Y _ ^ of this equation which represents an incident plane 

wave and a scattered wave, and thus which has the asymptotic form 

'Ifc 4>)^^ (* = 2, 3, 4) (111) 

for largo values of r. The constants are jiot all arbitrary constants, 
it follows from ctiuation (07) that ii wo take 

f J, A, G^ - Ji, 

where A, H are arbitrary complex quantities, t.hen 

a = G^ = ^^, (112) 

^ p+mc p+mc 

t G. E. Uhlenbeck and L. A. Yornig, Phys. Rev. 36, 1721 (1930). 
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■where we have ■written p for WjG. We shall choose A, B such that 
AA*-{-BB* = 1. As already noted the scattered current depends on 
u^(9,4') and Ui{9,^) only, so that, if l{d)nt sin 6 ddd<f> is the proportion 
of the original beam scattered in a given solid angle, we have 

Furthermore, if we take the direction of the spin to mean the direction 
referred to axes ■with respect to which the electron is at rest, then 

-2 = e^“cot^X. (113) 


where x> are the spherical polar angles of the sx)iti direction. 

Now it can be shown that the general solution of the form (111) is 

u,(d, <f>) = Am-B9{e)e-^^ \ , 

Ui(e,<f>) = Bf{e)+Ag{e)ei<l‘ r 

where f{6) and g(d) are functions of 6 alone and depend on tho form 
of the potential function F(r) describing tlie interaction between the 
electron and the nucleus. Tluis 

m = {AA*+BB*){mr{d)+g(e)g*{e)} + 

Mfi^)9m-f*i9)9{6)}{A*B(ri^-AB*(‘% (1 16) 

so that if A, B satisfy the equations (112) and (113) we have 

\f{^)\^+W)\^+B{9)smx»it\(co—^), (116) 

where the function D{9) is defined by the relation 

B{9) = i{mg*(9)-f*(9)g{9)] (117) 

and Xi ^ determine the direction of tho spin axis ol* iho incident 

electrons. 

If the incident beam is unpolarized so tliat the s])in axes arc jDointiiig 
in all directions, we average over all possible directions of the spin axis 
and obtain / = |/(5)P+l!7(0)|*^. (118) 

In the general case the function P will depend on the j)olarization of 
the incident beam, and even if the incident beam is un|)olarized the 
scattered beam will in general possess a polai*izat.ioii. 

Tho functions /(0) and g{6) for scattering by a.n atoniic nueleus with 
inverse square law field 

V{r) = Ze^lr 

may be determinedf from Gordon’s solution of tho Dirac equation for 
t Cf. N. F. Mott, Aw. Jioy, Soc, A, 124, 425 (11)21)). 
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the hydrogen atom (§ 56.2 above) and from the asymptotic expansion 

m 






-2«) > 0) 
-2oi) < 0) 


r(i8-«)' 

rw 

and larg(— z)| < w, |arga| < it. For the details of the calculation the 
reader is referred to the original paper; we shall only give the result 
here. The functions f(d) and g(9) are such that 

m - 

= Jfl-^“cosee®^0H-7rai^~|^||+6»((x®)j (119) 

and fg*—f*g = ~^(l—/3^)Haooseodlog(ooaeo^0), (120) 

P 

where m, v, e denote the mass, velocity, and charge of the electron, Z the 
atomic number of the scattering nucleus, and a = Ze^fTic, j3 = vjc, and 
Tq = e^jmc^. 

The formulae (119) and (120) determining the total scattering and 
the polarization of the scattered beam are calculated with neglect of 
radiative forces which are appreciable for fast electrons. 

If wo let j3-»-0 in equation (119) we obtain the non-relativistic 
formula / 2 ,^% ^2 


m 




2mvy 


cosoc^-10. 


Now the minibor of particles N scattered in the angular range 

(^1*^2) 27r 03 

nt j d(l> j 6 dd, 

0 9i 

so that substituting for I {9) from (115)) wo obtain the formula 

-|-27riv^(Min Jfli- sin l-oosoc -oosoc .J0a)-|-6>(a“)j, (121) 

which reduces to tlio wdl-kiiowii result 


N 




(cot^ cot*-* 


in the non -relativistic approximation 0. 
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For laxge values of Z and mall angles, d, we have approximately 

For large values of Z and large angles there is no simple formula for 
the scattering cross-section. The scattering has, however, been calcu- 
lated for gold at a scattering angle of 90° and for various velocities. 
We can express the scattering at 90° in the two forms 

m = {^^00860^ ( 122 ) 

or m = (123) 

where jB and 8 are numerical factors which are functions of v[c. The 
values of 2J, S are given in tabular form below: 


Table 9 



02 



0^5 

0^6 

0‘7 

0-8 

0‘0 

1‘0 

R 

in 

1-2 

1-4 

1-6 

1*9 

2*2 

2-6 

30 

3-4 

3 

1-0 

M 

M 

1-2 

la 

M 

0*9 

()-5 

0 


There have been a number of experimental investigations of scattering 
of fast electrons by nuclei, mostly by the method of the expansion 
chamber. A review of the position in 1938 was given by Champion.f 
!Por more recent work, see RandelsJ and co-workers. Scattering has 
been investigated in H, N, F, A, Kr, I, Xe, and Hg, for energies usually 
up to about 3 Mev., though for xenon recent investigations have gone up 
to 12 Mev. Except for some early work on mercury, discrepancies with 
theory are seldom as great as 2, and may be due to experimental error. 
However, there is little work on large angle scattering with heavy 
elements. 

56.5. The polarimtion of electrons by double scatteriTig 
In §53.4 we saw that formally the electron has a magnetic moment 
of magnitude eS/2mc. When the electron is bound in an atom this 
magnetic moment cannot be observed directly; all that can be observed 
is the magnetic moment of the atom as a whole, or the splitting of the 
spectral lines which we may attribute to the magnetic moment of the 
electron. It is natural then to inquire if a free electron possesses a 
magnetic moment and if there is any experiment by which we may 

t F. C. Champion, Rep. Prog. Phys. 5, 366 (1938). 
t R. a. Randels, K. T. Chao, and H. R. Crane, Phys. R&v. 68, 64 (1945). 
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determine this moment. It can readily be seen that a magnetic moment 
can never be observed directly, for instance, by the use of a 
magnetometer, t Suppose, for example, that the free electron whose 
spin is to be observed is at a distance r from a magnetometer. Then 
the magnetic field due to the spin moment is of order 

ehlmcr^ 

and the magnetic field due to the motion of the electron is of order 

ev 1 
c 


If the effect of the spin is to be observable it must be greater than 
the uncertainty in the field due to the electronic motion, so that we 
must have 


A 

mr 


> A.V, or 


h 

mAv 


>r, 


(124) 


where Av is the uncertainty in our knowledge of v. Now by the un- 
certainty principle we cannot observe both r and v at the same time; 
the uncertainties of our knowledge of r and v are related by the equation 

ArAv>film. (125) 

Substituting from this equation into equation (124) we find 

Ar > r, 

showing that such an experiment will be impossible, since the un- 
certainty in the position of the electron under observation would exceed 
the distance of the electron from the magnetometer. In other words, 
the uncertainty in the field we want to measure would have to be 
greater than the field itself. The only way in which we can hope to 
detect the magnetic moment of a free electron is by obtaining dbpolanzed 
beam, that is, a beam in which all the spin axes are pointing in the same 
direction or at any rate more in one direction than another. A Stem- 
Gerlach experiment would appear to be the obvious way of producing 
such a beam of electrons, but here again it can be shown by means of 
the uncertainty principle that this is impossible. It appears certain 
that the magnetic moment of a free electron can never be observed 
in any experiment based on tlio classical conception of an electron 
magnet. 

The idea that an unpolarized beam of electrons (i.e. one in which the 
spin axes are pointing in all directions at random) scattered from a 

t Tho argument is duo to N. Bohr; cf. N. F. Mott and H. S. W. Massey, Theory of 
AUmic ColVmonSf p. 42 (Oxford, 1933). 
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target might be partly polarized was first put foiward by Mott.f This 
polarization could be measured by allowing the scattered beam to fall 
on a second target. By projecting an unpolarized beam of electrons 
on to a foil thin enough to ensure single scattering, and allowing some 
of the scattered electrons to fall on a second thin foil, we slioidd be 



Fig. 66. Experiment for producing and detecting electronic polarization. 

able to detect an asymmetrical scattering about the direction in which 
the beam falls on the second target. The theory of such an experiment 
was developed by Mott,t making use of the Dirac wave equations for 
the electron. 

Suppose the initial beam LT^ (cf. Fig. 65) is reprosoiitcd by 

then the direction of the spin axis of the scattered beam is determined, 
according to equation (113), by the ratio of the amplitudes of the two 
components of the wave function of the scattered beam which, according 
to equation (114), are 

Am-Bg(6^), Ag{d,nBf{e^), 

where is the angle between the incident electron beam and the 
scattered beam. Rotating our axes through an angle 0^ so that 
becomes the axis of z we find the beam of electrons is represented by 

% = [{Af(ej)-Bg{d^)}oos ie^+{Ag{ei)+Bf(e,)}mi 
^^ = [{A9(e{)+Bf(e,)}oosie^-{Am-Bgie,)^^^^^^^ 

By making use of equation (116) and averaging over all directions of 
the spin axis of the initial beam LTj^, we can obtain tlie number of 
electrons scattered by the second target in a given direction (ffg, <^ 2 )' 
We are interested primarily in the asymmetry in the scattering about 
the line For prescribed values of 6^ and Sg straightforward 

t N. P. Mott, Proc. Pay, Soc, A, 124, 425 (1929); 135, 429 (1932). 
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calculation shows that the number of electrons scattered per unit solid 
angle is proportional to (126) 

wliere 

p _ o {/(gi)fl'*(gi)-/*(gi)g(gi)}{/(g2)g*(ga)-/*(g2)g(ga)) 


(127) 



Fio. 06. Theoretical values for the polarization ratio for gold, 
together with an experimezital point. 


By means of these equations and the equations (119) and (120) derived 
f<)r/(0), g{9), we can estimate the order of magnitude of the effect to 
be expected in the double-scattering experiment outlined above. If 
we take both of the angles 6^ and 02 be 90° we have approximately 

a = (128) 

Differentiating the right-hand side of this equation with respect to j8 
and equating it to zero, we find that 8 has a maximum when j3 = 0‘7G4; 
for this value of the velocity of the incident electrons we obtain 



Calculations of 8, without using any approximation, were carried out 
for gold {Z = 79) hy Mott (loc, cit.) and repeated by Bartlett and 
Watson, f who liave calculated somewhat more accurately the rather 
slowly convergent series involved. Massey and Mohrf have made the 
calculation for the self-consistent field of the gold atom. These results 
are shown in Fig. 66, compared with the experimental ratio obtained 

•f J. H. Bartlett and K. E. WatHon, Phya. Reu. 56, 612 (1939). 
t H. S. W. Massey and 0. B. O. Mohr. Proc. Roy. Soo. A, 177, 341 (1941). 
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by Skull, Chase, and Myers.f No asymmetry was obtained for alumi- 
nium, in agreement with theory. 

57. The relativistic wave equation for two electrons 

57.1. Equations of Eddington and Breit 

Until now we have considered only the relativistic motion of a single 
electron moving in an external field, and no attempt has been made 
to discuss the interactions between two or more electrons. At the time 
of writing no complete relativistic theory has been formulated for 
the discussion of problems in which the interaction of two or more 
elementary particles is taken into account. Such a theory depends on 
a proper treatment of the interaction of a number of charged particles 
with an electromagnetic field. The difficulties encountered in formulat- 
ing a completely satisfactory theory of quantum electrodynamics appear 
at the moment to be so formidable that their resolution may be expected 
only along lines rather different from those so far attempted. For this 
reason quantum electrodynamics will not be discussed in this book;t 
we shall merely indicate the results relating to the interaction between 
two electrons which have been derived from this source. 

The first attempts to set up a relativistic wave equation for two 
electrons, similar to Dirac’s equation for a single electron, were made 
by Eddington§ and Gaunt||. In the classical theory the energy of 
interaction between two electrons is 


where v^, denote the velocities of the two particles and distance 

between them. The first term of this expression roFers to the electro- 
static energy and the other to the magnetic. Oannt and Eddington 
replace this energy by 2 

^12 

and so obtain the wave equation 

0 = |no+ 2 ( 0 ^ n|)+{aJ+a|)W()C-f — (DIO) 

where the wave-function T has sixteen components wliicdi may bo 


denoted by 


1 , 2 , 3 , 4 ), 


t C. O'. Skull, C. T. Chase, and If'. B. Myers, Phya. Rev. 63, 29 (1943). 
t Bor a disoussion, see P. A. M. Dirac, Quankim Elcctrodynamha; Uomm. JJub. Inst. 
Adv. Stud. A, 1 (1943) ; A, 3 (1946). 

§ A. S. Eddington, Proo. Roy. Soe.. A, 122, 368 (1929). 

11 J. A. Gaunt, Proc. Roy. Soc. A, 122, 513 (1929) ; PAii. Tririis. A, 228, I.'il (1929). 
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the suffix m referring to the electron denoted by 1, to that denoted 
by 2. The matrices a}, o^, are the usual Dirac matrices, but now they 
opei‘ate on the first and second suffixes respectively. As before 


^ ^ aajj-^c ^ 


n| = 5 

^ t 8x^0 ’ 


(131) 


A^, A^ deuotmg the potentials of electrons 1 and 2 disregarding their 
interaction, and 


no = 


® i. 

io 8t 


+£(^ 1 +^ 8 ) 


or 


(132) 


Ho = (133) 

It was, however, shown by Breitf that the consequences of equation 
(ISO) are unreasonable. Making use of the quantum theory of the 
electromagnetic field developed by Pauli and Heisenberg, Breit has 
investigated the form of the Hamiltonian for two electrons. The wave 
equation corresponding to this Hamiltonian is found to be 

j^IIo+a'- . n^+ a® . n*+ (aJ+a|)nio c+ 

«") + = 0 - ( 134 ) 

This equation, of Breit’s is not exact. It does not hold when the 
velocities of the electrons are too great or when the distance between 
them is too large, since the potentials are not retarded. With a slight 
modification, however, this equation has been shown to explain, with 
a fair degree of accuracy, the observed facts of the hyperfine structure 
of tlie helium spectrum. J 

The Breit equation (134) has been derived by Nikolsky§ using Dirac’s 
theory of quantum electrodynamics.|I In this theory the Hamiltonian 
of the system of two electrons is the simple sum of the two Hamiltonians 
for the single electrons. No interaction terms are required in the 
Hamiltonian, the interaction being introduced by a wave-function Y 
which is a function not only of the coordinates of the two electrons 
but also of the variables describing the field. The interaction energy 
follows as a consequence of the quantization of the field. 

'l.'he Breit equation for two electrons is satisfactory only when cor- 
rections of the order (v/c)^ to the non-relativistic terms are required; 


t G. Breit, PMja. Rev. (2), 34, 663 (1929). 

t Ibid.; 36, 383 (1930); 39, 61G (1932); 51, 248 (1937); 53, 163 (1938). 
§ K. Nikolfiicy, PJvys, Zeits. d. Sowjetwnimht 2, 447 (1932-3). 

11 P. A. M. Dirac, Proc, Roy. Soc. A, 136, 453 (1932). 

Z 


5072 



338 


BELATIVISTIC QUANTUM MECHANICS 


§ 67 


V denotes the velocity of either electron. It is fortunate that an equation 
correct to this order should be sufficient for calculating the stationary 
states of two extranuclear electrons and that the present gaps in our 
knowledge of quantum electrod 3 raamics do not make the calculation 
of spectroscopic energies impossible. It appears that the approximation 
to terms of order vjc is sufficient for the rough treatment of energy 
levels while the approximation to (vje)^ apparently gives a satisfactory 
account of their fine structure. 


57.2. TJie correspondence method of Holler 

We have noted above that the general theory of the interaction of 
two electrons can only be based on a proper theory of quantum electro- 
dynamics. An important class of problems can, however, be solved in 
a more elementary way. The method is due to Meller.*!' 

In these problems one considers two electrons initially in states with 
wave-functions %( t ), Xi(r). These are taken to be Dirac functions, and 
thus correspond to definite spin directions. We require to calculate 
the probability that a transition occurs to a state in winch the two 
electrons are in states with wave-functions x/- 'I’hc tra.usition occurs 
under the interaction of the electrons alone, llsing non-relativistio 
quantum mechanics it is of course possible to calculate the transition 
probability to any power of the interaction. The relativistic theory- 
given here gives an answer to the first power only, and is adequate 
when this is sufficient. 

The method is as follows. First one forms the charge and eun-ent 
densities associated with the transition of one. of the elocti-ons, in the 
sense of Chapter X, § 46. Using the Dirac theory, these are 
p = complex conjugate, 

j = j/fC-2’^’'tf'-|-coTni)lex conjugate, 
where v^f denotes the transition frequency {Wi—Wj)jh, and 


P„ = -eWf%, 
j/i = ceY;aYi. 


(i;{6) 


One then writes down the scalar and vector potentials of the eleci.ro- 
magnetic field that such a transition would prodime. 'l’lics(» are given, 
as in § 46, by the equations 



(167) 


t C. Mailer, ZeiU.f. Phyaik, 70, 780 (1931); Ami. tier Vhyaik, 14, n.'ll (1932). 



§57 


RET.ATIVISTIC WAVE EQUATION FOR TWO ELECTRONS 


339 


We take the solution corresponding to retarded potentials (i.e. to an 
outgoing wave). These are 

1 j- dr 

Ir-r'l 
|r-r'| 

We then allow these potentials to act on the second electron, and 
calculate by the ordinary methods of perturbation theory the probability 
per unit time that the electron will make a transition to a state Xf- 
Owing to the term in the formulae (137 a) for and A, the 

transition probability will be zero unless energy for the whole system 
is conserved. 

In the Hamiltonian for the second electron the perturbing term is 
(cf. equation (19)) 

f{€>+(a.A)}. 

c 


(137 a) 



To calculate the probability that after a time t a transition has taken 
place from the state Xi state Xf make use of formula (10) 

of Chapter X. This in our case may be wiitten 

p{W)t\ 


a 




(138) 

It is here assumed that all the wave functions are normalized to unity 
and tliat p{W)dW is the number of states of the final system in the 
energy interval dW, 

This formula cannot be coiTect, because if we make c co (non- 
relativistic case) it does not tend to the coiTect non-relativistic result, 
using antisymmetrical wave functions. We must therefore replace it by 

p{W)l \ 

n 


X ’’■«i'‘-'»''“[Ti(ri)xi(r2) — 'Ii(r2)Xi(»’i)] 


(139) 


'This expression has the correct symmetry; but it will be appreciated 
that the derivation does not depend on any very consecutive argument. 


57.3. Collisions between two fast charged particles 
The method outlined above was first applied by Mollerf to tlie 
discussion of the non-radiative collision between two free electrons. 


■f Loc. «it. 
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The accuracy of Holler’s calculations is of the same order as that of 
the first approximation in Bom’s method, so that for fast particles his 
results neglect terms of order e^jfkc in comparison with unity. They 
should, however, be exact to all orders of vjc. 

In his treatment of the problem Holler refers the scattering to a 
Lorentz frame of reference in which the centre of gravity of the two 
electrons is at rest and their momenta are equal and opposite. The 
angle of scattering, 6*, in this frame is related to the observed angle of 
scattering, ff, by the formula 

0 * = oon-i 2-(y+3)sin^g 
^ 2+(y-l)sin20’ 

where y is given in terms of the relative velocity of the two electrons 
before collision by the equation 


=(>-r 


For 'i}, Xi> Xf MoUer takes plane waves. Ho finds that tlie cross- 
section for scattering between angles 6, 0-\-d6 is 


\moV^I y* Li 


(l_^a)2 (i_^i 


■)+ V I 


where we have written, for convenience 

fjL = oose*. (142) 

This formula, it will be noted, contains no terras in /i, tlio Planck 
constant. 

It is of some interest to compare Heller’s formula (141) with others 
of a similar nature. For low velocities equation (141) rtHhiees to the 
form 


/ e® \2(' 

I{d)dd = 477 f J (oosec*0-}-sec*fl— cosoc^0sec*0) 


— j(4cosec‘0-f 3Bec*0— 2cosec20se(!“(? •:isoo*fl) sin '2d(IS. 


Now the corresponding formula for the scattering of slow )3-partic)les 
{vjc 1) by electrons is (cf. § 24.4) 

( e^ 

5) {cosec*fl-|-sec*0— co.se(!®tisec“Wcos lJ\nu\20dd, 


U = ~logcot0. 
nv 


where 
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If e®/fic is small enough to allow us to put U = 0, while vjc is small 
enough to be neglected, the two formulae are equivalent. This is the 


case if 


1/137 < vJc << 1. 


The scattering of fast jS-rays by electrons up to angles of about 12° 
has been investigated experimentally by Williams and Terrouxf and 
by Williams.J Instead of measuring the angles of scattering they 
measured the energy of the recoil electrons; for vjc ranging from 0-60 
to 0-97 along a track of length 18 metres they observed about seventy 
branches with energies between 7,600 and 40,000 volts. This number 
they compared with the effective cross-section§ for loss of energy 
between Q, Q+iQ, namely, 


which may be deduced from Holler’s formula for small angles. At the 
higher velocities the observed scattering was roughly twice that pre- 
dicted by this formula, but the ratio diminished as vjc decreased. 

A more direct attempt to verify Heller’s formula (141) has been 
made by Champion,|| who from the analysis of about 650 m. of track 
of fast )3-particles in nitrogen, photographed by the expansion method, 
obtained 260 collisions with atomic electrons in which the angle of 
scattering lies between 10° and about 30°. The values of the ratio vjc 
ranged from 0-82 to 0-92. The number of particles scattered into the 
ranges 10°-20°, 20° -30°, > 30° was measured and the corresponding 
tlieoretical values obtained from Heller’s formula by numerical integra- 
tion. The results are shown in Table 10. 


Table 10 


A ng^iIoiT 

Number scattered 

range 

Observed 

OalfyuUxted 

> 30° 

10 

13 

20°-30° 

26 

30 

10°-20° 

214 

230 

Total 

250 

273 


It will bo seen that the observed values and those calculated from 
Heller’s formula are in good agreement; it should, however, be noted 

t E. J. Williairm au<l K. R. Torroiix, I'wi. Sor.. A, 126, 289 (1920). 
t E. J. WillianiH, ibid. 130, 328 (1930). 

§ N. Bolir, Phil. Mof/. 25, 10 (1913); 30, 58 (1916). 

II 1’. C. Champion, Proc. Boy. i'oe. A, 137, 688 (1932). 
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that most of the observed scattering angles were less than 30° when the 
contribution of the spin to M 0 ller’s formula is very small. 

The theoretical analysis has been extended by MeUerf to the case 
when a quantum is emitted in the collision of two fast charged particles. 
The cross-section for such a process is calculated first by means of the 
correspondence method of Moller and then by means of the quantum 
electrodynamics of Heisenberg and Pauli and Dirac ;§ the same resiilt 
is obtained by both methods. The formula for the case in which one 
of the colliding particles is infinitely heavy conesponds to that derived 
by Bethe and Heitler|| for the radiation emitted in the collision of a 
fast charged particle with an atomic nucleus. 

The methods of quantiun electrodynamics have been emjdoyed by 
Huhneff to investigate the interaction of a particle in the nucleus of an 
atom with an electron in the jBT-shell (a case of some interest in the 
theory of internal conversion of y-rays). Hulme’s results show that for 
bound particles Mailer’s correspondence method gives the correct result 
if we take the retarded potentials due to the transition wliero the first 
particle jumps down, and then consider these as perturbing the second 
particle. For/ree particles, however, we may take either the advanced 
or the retarded. potentials, or we may put the results in a symmetrical 
form by taking the mean of the two, without atloctiiig the result. 

57.4. The relativistic theory of the Auger effvrl 

If a Jv-electron is ejected from an atom, an ouf.er eleelron, e.g. an 
L-electron, can fall into the iL-.shell giving up its (Miergy in one of two 
ways: 

(a) By radiation, a process which gives rise to iJie X-ray emission 
lines. 

(b) By transferring its energy to one of the outer eUuitrons, which is 
thereby ejected from the atom. This pj-oeess is known as tlui 
Auger effect. Experimental investigations have been made of 
the ratio between the number of y-quanta and the number of 
Auger electrons. 

In calculating the probability of the Auger transit ion, one treats the 
process as a transition to a state of equal energy ol’ the svsticun com- 
piised by the two electrons. The formalism is thus e.\a,<!t.ly t.hat. of tlui 
foregoing section, and one uses equation (139). 

t C. MoUfir, Proo. Boy. Soc. A, 152, 481 (1936). 

t W. Heisenberg and W. PauU, Zeits.f. Phyaik, 56, 1 ( 1 <129) ; 59, I (iS ( 1 929). 

§ P. A. M. Dirao, Proe. Boy. Soe. A, 136, 4.')3 (1932). 

II H. A. Bethe and W. Heitler, ibid. 146, 8.6 (19.34). 
tt H. E. Hulme, ibid. 154, 487 (1936). 
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The probability of the internal conversion of the Jf-series radiation 
for gold arising from the interaction of the Li Lj, Lj Ln, and Lj Lm 
shells has been calculated by Massey and Burhopt in this way. Two 
approximations arise in the course of the calculations: 

(i) The problem is treated as one of two electrons only, the perturba- 
tion by these of the wave functions of the other atomic electrons 
being neglected. 

(ii) Screened hydrogen-like wave functions are used for the atomic 
electrons. 

The second approximation is probably quite accurate, since it is 
known that it gives satisfactory results in the discussion of the non- 
relativistic theory of the Auger effect.^ The error in the first approxi- 
mation cannot be estimated until the wave functions of electrons in an 
atom ionized in an inner shell are found (say, by the method of the 
self-consistent field). 

Details of the calculation are as follows: 


Suppose that an electron in the i/-shell falls into an empty X-level 
and that the energy given up raises a second i-electron to a state of 
the continuous spectrum. If we denote by the Dirac wave func- 

tions of the initial and final states of the ejected electron and by Xit Xf 
those of the other electron, we find that if is normalized to represent 
one emitted electron per xinit time the number of transitions per unit 
1-imo is given by i . ^ 

i J H7{-cc^-.cpi(a.a)}T,dT . (146) 

in this eciuatioii and o are the usxial Dirac operators. The equations 
defining a, ^ are analogous to equations (137a), viz. 




Substituting from equations (147) into equation (146) we obtain for 
the probability per unit time of a transition 

= 1^ J •)'>**' I’. (1«) 

where wo have written, for convenience, 

P=-^XfXi, 3 = 
p' = -eTf%, y=^eYfp^a% 

t H. H. W. Mttusey and E. H. S. Burhop, Proc. Hoy. Hoc. A, 153, 681 (1936), 
t E. H. 8. Burhop, ibid. 148, 272 (1936). 



344 


RELATIVISTIC QUANTUM MECHANICS 


§57 


From these definitions it follows immediately that {p,j) are time- 
independent charge density and current vector for the K transition, 
and that are the same quantities for the L-^oo transition 

(oo denoting a state of the continuous spectrum). 



The formula (148) does not take the Pauli oxdusioii principle into 
account. To do this we introduce the quantity | analogous to ( 1 48) 
but with the final states interchanged. Tlie ])ossil)ility of electron 
exchange is then taken into account if we take the total ^n’obability 
of occurrence of the double transition per unit time to be 

(140) 

The application of formulae (148) and (140) to the calculation of the 
probability of the Auger transitions Lj, > K, co; />,, ■> K, oc»; 

ij, Ljjj -^KyOO has been carried out by Massey and Buiiiop for gold. 
The detailed calculations show the relativistic eifects to be of con- 
siderable importance for gold; the iC-serics internal conversion coeffi- 
cient being increased by a factor of two. 'I'he relative intensity of 
the above three transitions is given in the non -relativistic; approxima- 
tion by the ratio 1 : M4: 2-28, wliile the relativistic; theory gives a ratio 
1; 5-6: 6*3. If these conclusions were tested expeihnentally we should 
have some insight into the validity, not only of J)ira(;'s (ujuation for 
the single electron, but also of its approximate extension to tw’o 
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electrons; no experimental confirmation of these results has so far been 
adduced. 

The theoretical values of the internal conversion (ratio of electrons 
to X-ray quanta) coefi&cient are shown by the full line in Tig. 67. The 
values for elements of high atomic number are deduced from the theory 
developed by Massey and Burhop, those for low atomic numbers firom 
the paper by Burhop cited above, and from a paper by Pincherle.f 
There is satisfactory agreement between the theoretical curve and the 
points determined experimentally. 

57.6. The internal convereicm of y-raya 

It is well known that a y-ray emitted from the nucleus of a radio- 
active atom may be absorbed by one of the outer electrons with the 
production of a secondary jS-ray. The intensity of the resultant j8- and 
y-rays may be observed and the proportion of y-rays reabsorbed in the 
atomic system calculated; this ratio is known as the internal conversion 
coefficient. A theoretical estimate of this quantity was first made by 
SwirlesJ and Fowler§ using non-relativistic wave mechanics. Swirles 
replaces the nuclear mechanism emitting the y-ray by an oscillating 
Hertzian dipole, radiating classically. The radiation field set up by 
such an oscillator produces photoelectric transitions in the planetary 
electrons which are then discussed on the SchrOdinger theory. The 
values of the internal conversion coefficient found in this way were 
not in agreement with the experimental values. The process has since 
been treated at length by various authors|| using relativistic quantum 
mechanics and a field of the tyj)e suggested by Swirles. 

Suppose that after a radioactive transformation the product nucleus 
is left in an excited state and then falls to one of lower energy with the 
emission of a y-ray or the ejection of an extranuolear electron. Let 
g dt denote the probability that in a time dt the nucleus makes such a 
transition between two given states with the emission of a y-ray, and 
bjjdt the probability that the same niiclear transition occurs with 
the ejection of an extra-nuclear electron from some X-ray level of 
the atom. Thus coiTesponding to each level K, Li, Lji,... we have the 

t L. Piiicherle, 'Numw GhnentOf 12, 81 (11)35). 

t B. Swirles, Froc. lim/. Soc. A, 116, 491 (1927); 121, 447 (1928). 

§ R. H. Fowler, ibid. 129, 1 (J930). 

II H. R. Hiilmo, ibid. 138, (543 (1932); H. M. Taylor and N. F. Mott, ibid. 138, 
665 (1932); 142, 215 (1933); H. M. llulino, N. F. Mott, J. R. Oppenhoiinor, and 
H. M. Taylor, ibid. 155, 315 (193(5); J. B. Fisk, ibid. 143, 074 (1933); C. B. Ellis 
and N. F. Mott, ibid. 139, 309 (1933); J. B. Fiak and H. M. Taylor, ibid. 146, 178 
(1934); N. Mott, A7in. Jiwi. Henri PoincarSf 4, 207 (1933); Handbiuih dcr Pkysik, 
24, 809 (1933); J. C. Jaeger and H. R. Hulmo, Proo. Bay. Soc. 148, 708 (1935). 
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probabilities 6^, total probability per unit time of the 

ejection of an electron from any shell is 

b = 6jk;+6xi+^Lu+— • 

The internal conversion coefficient is then defined by 


OL = 


b+g^ 


since 6+ j is the total probability per unit time that the transition takes 
place. The internal conversion coefficients for the various levels are 
defined by j 


ajK: = 


etc., and the ratio of the number of observed y-rays to the number of 
X-electrons is 

Q^jg 


1 — (X 


The choice of the name ‘internal conversion coefficient’ is unfoi’tunate 
since we now regard the emission of electrons as due to direct inter- 
action between the nucleus and the atom rather than to the emission 
and subsequent reabsorption of a y-ray. The relativistic theory includes 
the effects of direct interaction as well as those of y-ray emission and 
reabsorption; in fact, no sharp distinction can be made between them. 

In making the calculations, the unperturbed system is taken to be 
an electron under the influence of a central charge Ze. Wc tlicn have 
A = 0, Aq=: Ze/r. (150) 

To determine the perturbing potentials we must make some assumption 
about the field which is to represent the y-ray emitted by the nucleus. 
Suppose the perturbing field is represented by 

Ao = I 


and suppose that % represents the normalized wave function of an 
extranuclear electron for the ground state, and that of a possible 
final state, determined by Dirac’s wave equation (19) with A and Aq 
given by equation (151). Then the probability ])er unit time that an 
electron is ejected because of the field (151) is given by 




(162) 


where ’iy is normalized so that one electron crosses unit area per unit 
time and the summation is taken over all possible final states. The 
functions 'Iq, 'J/ have already been determined (§50.2 above) so that 
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onoo 'ilo and 51 have been prescribed the problem reduces to that of 
calculating the matrix elements occurring in the series (152). 

The number of possible fields (161) is, of course, infinite; the various 
types considered with the corresponding forms of 51, 51© are exhibited 
in Table 11. In this table jB is a constant and q denotes . 

For the dipole radiation the energy radiated by the field is 


_ 2'7rjSV 


(163) 


SO that for dipole radiation and if -conversion we obtain 

7 = S = (164) 

wliero % is the wave function of the if -state. Since both 9Io and |Sl| 
are proportional to J5, the unknown constant B is not involved in this 
expression. Taylor and Mottf showed that the number of quanta 
escaping from the atom differs from dt (the number of quanta ejected 
in the absence of the outer electrons) only by a factor of order of 
magnitude 1/137 wliich may be neglected, and is not {g^—b)dt as was 
previously supposed. The effect of the extranuclear electrons is thus 
to increase the total nuclear transition probability per unit time. 

The evaluation of the matrix elements involved in equation (154) has 
boon carried out using the wave-functions TJ,, which are the exact 
Kolutions of tlie relativistic wave equation for an unscreened nuclear 
field of j)otential Ze/r. The possible sources of en*or are thus: 

(i) the assumption that the dipole, quadripole, or other field used 
is the correct one; 

(ii) the neglect of screening; 

(iii) the use in the integi-ations (152) and (154) of the dipole and 
quadripole forms for the field of the y-ray at all distances from 
the centre of the atom; this is obviously incorrect within the 
nucleus (r < 10"^'^ cm.). 

The second of these errors is probably not important since the energy 
of the ejected electron, even for soft y-rays (--^ 150 kV.) is always much 
greater than the difference betweeii the screened and unscreened 
potential energies anywhere in the atom. The third source should not 
ii\trodiicc an error greater than the small fraction 

radius of nucleus , . --v 

K = , ( 1 *^*^) 

wave-length of y-ray 

unless the field within the nucleus is unexpectedly great. 

H. M. Taylor and N. F. Mott, Proo. R(yy. Soc. A, 142, 216 (1933). 
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Conversion in the K-shell. The results of the ealoulaptions for dipole, 
quadripole, and magnetic dipole radiation are shown in Fig. 68. 
Magnetic quadripole and octopole radiation give considerably higher 
values. Experimental points are shown on the same diagram. 




Conversion in the L-sheM. The internal conversion coefificients for 
quadripole and dipole radiation are identical for very hard r^iation 
{hv -> 00 ). For dipole radiation Hulme has shown that in this limit 

= 0-7: 1 :0-OOS<5:()-044 

and tliat for hv — 7*2 X 1 0® eV. 

= 7*0:1. 
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Fisk has shown that for quadripole radiation this ratio remains 
practically unaltered down to energies of order hv = 2*5 x 10® eV. 

The ratio ocj^Iolj;^^ has been estimated by EUisf for a number of lines 
and found to be roughly in agreement with the theoretical value 7*0. 
Gray and 0 ’Leary J find that for RaD in the ultra-soft region 
0-476x10®) 

-fiSL- = 2-2. 

1— «ii 

For dipole radiation the theoretical value is 1*8 and for quadripole 2-76. 

The experimental determination of the internal conversion coefficient 
is open to appreciable errors, but the data seem to exhibit tlie following 
features: 

(i) The experimental values plotted against hv may be fitted to two 
smooth curves. 

(ii) These two curves have the same general form as the theoretical 
curves for dipole and quadripole radiation, but in the soft y-ray 
region {hv <3. 10®eV.) the theoretical values are more than 50 
per cent, too small. 

A detailed analysis of the experimental results for elements of odd 
mass number shows that for ordinary dipole transitions {^Z = 1) the 
magnetic quadripole terms are weak in comparison with the electric 
dipole terms, the ratio of the intensities being of order k^, where k is 
defined by equation (156). Even for the hardest y-rays this ratio is 
only about 10'^, so that we should expect transitions for which Ai! = 1 
to have almost exactly the theoretical coefficient derived on the assump- 
tion that the field is due to a dipole. In the cfuadripole transitions 
(Al = 0) the intensities of the magnetic dipole and electric quadripole 
terms are of the same order, while the magnetic o(it()})olo terms are 
ii^gligible. The ratio of the intensity of the magnoticj dipolo terms to 
the electric quadripole terms varies roughly as tlie square of the wave- 
length of the y-ray and consequently increases for softer y-rays. Thus 
if the soft y-rays arise from transitions between tlie various states of 
a multiplet level, then the internal conversion coefficient in the region 
of long wave-lengths approximates to the theoretical magnetic dipole 
internal conversion coefficient curve, and in the region of short wave- 
lengths should fall below this, and lie near to the coiTesponding 
theoretical curve for electric quadripole radiation. 

t E. Rutherford, J . Chadwick, 0. D. Ellis, Hadiafions from Radioactlm Substances. 
p. 362 f. 

t J. A. Gray and A. J. O’Leary, Nature, 123, 508 (1920). 
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58. The Dirac equations in spinor form 

We noted in §63.6 that although Dirac’s equation for the electron 
is invariant under a Lorentz transformation, it can only be written in 
a tensor form in an artificial way, because of the fact that all the 
representations of the Lorentz group are not included in the tensor 
formalism. The necessary extension of the tensor calculus — the spinor 
calculus — ^was given by van der Waerden;t with this calculus the equa- 
tions may be written in an automatically covariant form. 

Any pair of quantities (^ 1 ,^ 2 ) which transform according to the 
formulae fa = (166) 

where the coefficients a^j satisfy the condition 


Oil Oja 

®ai ® 2 a 


= 1 , 


(157) 


is called a spinor of the first rank and is denoted by I* (& = 1,2). 
Similarly any two numbers which transform like 


’?! — % — ® 2 i ’?i+®aa ’Ja (168) 

form a spinor which we shall denote by = 1 , 2 ). 

The contravariant spinors of the first rank if are defined by the 
relations ii _ t t 

S — S2> s — — Sl> 
if = 13a, ’3^ = —"nh 

which ensure that the scalar products rfyii. are invariant. 

From these two types of spinors we can build up spinors of higher 
rank. Thus any four quantities transforming like the products 
^ 2^2 form a spinor of the second rank which we shall 
denote by Similarly second rank spinors of the type 13 ;^ can be 
defined. We may also define ‘mixed’ spinors of the second rank as 
quantities transforming bice a product of a ^ and an 73 denoted by 
Analogously we can define spinors of higher rank. The main rules of 
operation of spinor calculus are that it is not necessary to fix the 
relative position of dotted and undotted indices of the same spinor, 
and that the complex conjugate of any spinor equation is obtained by 
replacing all the dotted indices by undotted indices and vice versa. 
Two identities of great use in spinor analysis are 

0 * 6 *' = (169) 

( 160 ) 


t B. van cler Waerden, Q6U. Nadht. 1929, 100. See also O. Iiaporte and Q-. E. Ulilen- 
beck, PhyH. Bev. (2), 37, 1380 (1931). 
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their proof follows at once from the definitions. These rules also hold 
for dotted suflSxes. 

We now introduce a spinor operator defined by the equations 




8xi 


SaJa 




_8J = -8i,=^4. 


a 0aJ4 


Now it is obvious from the transformation equations (41 ) and (43) 
tliat the four scalar wave-functions Tj, Ta, 'Ij, >[4 of the Dirac theory 
form two spinors of the first rank which we shah denote by 'IJ/i and xr 
The analogue of the four-vector (/* = 1 , 2, 3, 4) will now be a mixed 
spinor It follows immediately that the Dirac equations may be 
written in the spinor formf 

»»oCxj— i)f % = 0 , (161) 

(162) 

where we have introduced the abbreviation 




(163) 


(164) 


Eliminating xi from (161) and (162) we obtain 

<c?Xk+pipt% = 0 . 

Now by means of the identities (169) and (160) we have 
and from the definition (163) of we have 

P&xA^^-p\Pax^^ = f 

where is defined by 

Srhc ~ 

Thus the second-order wave equation (164) reduces to the form 

(l«6) 

t The suiriTnation convention is used throughout, i.e. when a siiflix occurs twice the 
sum is taken , *^'1^ ^ ^ P?T. ) 


(166) 
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The left-hand side of this equation is identical with that of the spinor 
form of the Klein-Gordon wave equation. The term on the right-hand . 
side represents the spin correction. 

In the spinor notation the Darwin Lagrangian (56) may be written 
in the form 

where the quantities are defined by equation (165). 

Considering i as a function of Y, x, (f> and their derivatives, and 
forming the Euler-Lagrange equations as before, we obtain the Dirac 
equations in spinor form together with the Maxwell equations with the 
Dirac current. In this way we obtain spinor expressions for the current 
and the charge density. 


59. Relativistic wave equations for particles of spin greater than 
a half 

Relativistic wave equations for particles of any spin have been 
derived by Diracf and by Pauli and Eierz,f on the assumption that 
each of the scalar wave functions satisfies, in the absence of interaction, 
the generalized second-order wave equation. The resulting equations 
connect two irreducible spinors but may be split by a suitable trans- 
formation into two sets. The simplest case in the Dirac scheme (apart 
from the Dirac equations of the electron) is that for a particle with 
twice the electronic spin. In this case we have for a particle of non- 
zero mass in the absence of an electromagnetic field the spinor 
equations 

2 2 = 5rM«X- (168) 


These eciuations relating the field quantities analogous to 

tlie Maxwell-Lorentz equations of the electromagnetic field, an essential 
difference being that all the quantities are here assumed to be complex. 
The transition of these equations from spinor to tensor form has been 
effected by Kemmor§ who showed that there are four possible ways of 
writing the equations (168) in tensor form. They are 

d(f> 


dx, 






Z, dx^ 


(169) 




t P. A. M. Dirac, Proc, Boy. Soc. A, 155, 447 (1036). 

X W. Pauli and Fierz, IJelv. PJvya. Acta, 12, 3, 297 (1939) ; Proc, Roy, Soc, A, 173, 211 
(1939). 

§ N. Koimnor, ibid. 166, 173. 

6072 ^ a 
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(172) 


with. <t>apy = —4>Pay = — 

In all these equations a, jS, y, S run from 1 to 4 and 

K = moC/S. 


It is immediately obvious that equations (169) are equivalent to the 


Edein-Gordon equation 



(174) 


Equations (170) are those proposed earlier by Procaf for Bose-Eiustein 
particles (i.e. particles of spin one). The analogous equations (171) and 
(172) had not been considered prior to Kemmer’s analysis. From these 
equations Kemmer develops four inequivalent possible forms of field 
theory for Bose-Einstein particles. 

It was pointed out by Kemmerf and Dufiin§ tliat the Proca equations 
(170) could be written in the form 


2 



if then we construct a column matrix T* whoso ten elements arc the 


components of the vector <f> and the distinct components of the tensor 
Xotp, the Proca equations assume the form 

(176) 

here the jS^ satisfy the relations 

which are analogous to the relations = 28^^ in the Dirac 

theory. 

t J. Proca, J. Phya, RadAvm (vii), 7, 347 (1936). 

% N. Kemmer, Proc. Roy, Soc, A, 173, 91 (1939). 

§ B. J. Duffin, Phya, Rev, 54, 1114 (1938). 
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The algebra defined by the equation (176) has been examined in 
detail by Kemmer.f Just as in the case of the algebra defined by the 
Dirac a-operators there are 16 linearly independent quantities among 
the four a’s and their multiple products, in the algebra of the )S-operators 
there are 126 independent elements of the algebra formed from the 
multiple products of the four jS’s and the unit matrix. The jS’s may be 
represented by lOx 10 Hermitian matrices. J 

A question which arises naturally out of these investigations is 
whether the behaviour of elementary particles of any integral or half- 
integral spin can always be described by an equation of the type 

= 0, (177) 

where the are the usual differential operators, x is a constant, and 
the quantities oi* are four matrices describing the spin properties of the 
particle. This problem has been investigated by Bhabha,§ who suc- 
ceeded in showing that for particles of spin greater than 1 the equations 
of Dirac, Pauli, and Fierz cannot be written in the form (177). Bhabha 
postulates that the fundamental equations of the elementary particles must 
be first-order equations of the form (177) and that all properties of the particles 
must be derivable from these without the use of any further subsidiary 
conditions. As a result of this assumption it is found that the scalar 
wave functions do not satisfy a second-order wave equation as in the 
theory of Dirac, Pauli, and Fierz, but Bhabha considers his assump- 
tion to be more logical than theirs. He finds that each component of 
the wave function satisfies an equation of order greater than two which 
can be wi-itten in the form of products of the operators of the usual 
second-order equation. A consequence of these equations is that we 
must interpret every particle of spin greater than one as possessing not 
one but several values of the rest mass. These states of liigher rest 
mass are a necessary feature of the theory. It is shown that these 
higher values of the rest mass are simple rational multiples of the lowest 
mass. For example, particles of spin §, if they exist in nature at all, 
would be expected to appear with two values of the rest mass, m and 
37n, the former being the stable rest mass. Particles of spin 2 should 
they exist, would appear with rest masses m, 2m. 

I N. Kenimor, iVoc. Camb. Vhil. iSoc, 39, 189 (1943}; soe also E. Sohrodinger, Proc, 
Hoy. Iriah Acad. 48, A, 136 (1943). 

X N. Kemmor, loc. cit. 

§ H. J. Bhabha, Bev. Mod. Phya. 17, 200 (1946). 
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60. Introduction 

Iir this hook we have employed the methods of wave mechanics as 
developed by SchrOdinger and others. Although these methods are the 
most suitable for the applications of the theory to the simpler problems 
of physios and chemistry they were not the first to be put forward to 
replace the older quantum theory of Bohr and Sommerfeld. The first 
system of equations designed to that end was set up slightly earlier 
by W. Heisenberg and developed by Bom, Jordan, and Dii-ac. Because 
of the fact that the quantities occurring in this system of equations 
obeyed the laws of matrix algebra, the theory became known as ‘matrix 
mechanics’. This formulation of quantum mechanics is mathematically 
equivalent to wave mechanics, but since it is sometimes more con- 
venient to make use of the results in the matrix form wo give here 
a very brief outline of the foundations of matrix mechanics without 
going into the detailed solution of special problems. The i-elation of the 
Heisenberg equations to the SchrSdinger equation is also indicated. 

The theory of matrix mechanics was developed from the phenomeno- 
logical point of view; from the beginning Heisenberg adopted the 
principle that only physical quantities which are actually observable 
should be incorporated in the new theory. Heisenberg proposed to 
build up a theory solely in terms of observable proixuties of atomic 
systems such as the frequencies, intensities, and polarizations of the 
radiations emitted by such systems and omitting concepts of doubtful 
observability such as the positions and velocities of electrons. The 
relation of matrix mechanics to classical mechanics is more direct than 
that of the Schradinger theory because the transition from the classical 
theory to the quantum theory is made here at an earlier stage. The 
transition from classical dynamics to the SchrOdingor wave mechanics 
corresponds to a later stage in the development of the classical theory; 
indeed, Schradinger’s method consists in replacing the Hamilton-,lacobi 
equation of classical theory by a wave equation suitable for the dis- 
cussion of atomic processes. 

We shall begin by recalling some of the results of classical mechanics. 

61. The classical Poisson bracket 

In classical mechanics a dynamical system possessing n degrees of 
freedom is completely specified by the generalized coordinates and 
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the generalized momenta {i = Any other dynamical 

variables of the system, say, F, G,..., can be expressed uniquely as 
functions of these generalized coordinates and momenta. From any 
two such dynamical variables F, O the expression 


may be formed; such a quantity will be called a classical Poisson bracket 
and be denoted by [F, 0]. It follows immediately from the definition 
that o rr o XT 


[F,qi] = 


ujj.au njp 

so that in classical mechanics the diflferentials with respect to the 
variables q^, may be replaced by a Poisson bracket. In particular 
we may write Hamilton’s canonical equations 

. dH ... 

= ^» 'P*= 

dpi dqt 

in the foi-m ii+lH, = 0, = 0. (4) 

The importance of the Poisson bracket in classical mechanics arises 
from the fact that it is invariant xinder a contact transformation. It 
follows at once from the form (4) of Hamilton’s canonical equations 
that they too are invariant under a contact transformation. 

The equations (4) may be generalized for any dynamical variable, F, 
which does not contain the time explicitly; thus 

^/dF . dF A ^ IdF dH dF dH\ 

Many of the most interesting and useful properties of the classical 
Poisson brackets follow immediately from the definition (1), For 
example, tlie equations 

br^Ps] == Ks f 

are readily established. The dynamical variables occurring in classical 
mechanics can usually be expressed as polynomials (or power series) 
in the coordinates q.^ and the momenta p^, so that Poisson brackets 
involving them can be calculated from rules of the type 

[F,G,+ 0,] = [F,G,]+[F,0,l (7) 

[F, G, G,] = [/, 0{\0^+0,[F, 0,1 (8a) 

[F, F„ 0] == [F,, 0]F,+FIF„ G], (8 b) 

all of which follow from the definition (1). 
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62. The quantum Poisson bracket 
We shall now investigate the analogue of the Poisson bracket in 
quantum mechanics. To do this we consider some of the properties 
of the classical Poisson bracket to see which of them may reasonably 
he taken over into the formalism of quantum mechanics. It follows 
immediately from (8 a) that 

and from (86) that the right-hand side reduces to 

[Jl, 0^+F,[F„ G,]Q,+OJiF„ G,]F,+G,F,[F^, GJ. 

Similarly by applying the theorems in the reverse order we can show 
that 


[F^F„ G, G^ = [F„ G,]G,F^+G,[F^, G,]G,+F, G^F^, G^. 

Equating these two values of the Poisson bracket [J?i F^, G^ G^j] we 
obtain the relation 


F,G,-G,F^_F,G,-G,F^ 

- KG,] • 

In classical mechanics this result is trivial since the numerator of each 
fraction vanishes identically; but we have soon that in quantum 
mechanics where the dynamical variables arc in general opei'ators, 
FG—OF is not always zero. In such a theory we miglit then interpret 
equation (9) as meaning that the Poisson bracket \F, G] is proportional 
to the expression FG — GF. The constant of proj)orti()uality in a special 
case was first calculated by Diracf, wlio considered the expression 
FG — OF of the quantum theory and found the cori’osponding formula 
of the classical theory to which it must tend in tlie limit for largo 
quantum numbers. In the classical theory the F and G are functions 
of the generalized coordinates and momenta of a multiply peinodic 
system. Dirac found that for large quantum numbers FG— GF corre- 
sponded to the expression i{t[F, G] of classical mechanics, (lenoralizing 
this result he postulated that the equation 

FG-QF ^.i1i\F,a] (10) 

holds in all circumstances. Equation (10) is the I)asic axiom of the 
quantum mechanics formulated by Dirac and can liavo no Formal proof. 
Its sole justification is that its use leads to results wliich arc consistent 
with the experimental evidence and that it rcdiioes to tlie classical 


equation 


FG= OF 


( 11 ) 


t P. A. M. Dirac, Proc. Roy. Soc. A, 109, (>42 (l'.l2r)). 
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§ 62 

in the limiting case It is assumed that the Poisson bracket- 

[jF, 0] is calculated formally as in classical mechanics and obeys the 
same laws as the classical bracket; equation (10) then supplies informa- 
tion about the difference between the two products FG, GF of the two 
dynamical variables F and G in the quantum theory. 

The quantum Poisson bracket is defined by the relation 

( 12 ) 

it can easily be verified that it has the following properties 

[F,F] = 0, (13) 

[J',c] = 0 (c, scalar), (14) 

as well as the properties (7) and (8). 

63. Angular momentum relations for a single electron 
To illustrate the method of calculation of Poisson brackets in quan- 
tum mechanics we shall evaluate the brackets corresponding to certain 
of the dynamical variables connected with the motion of a single 
electron. If the electron has coordinates {qi,qi,qs) *w).d linear momenta 
(Pi.Pa.Pj), we assume that the relations 

= 0, {qi,Pi'\ = h {i,j = 1, 2,3) (16) 

of classical mechanics hold good in quantum theory. 

In classical mechanics we define the angular momentum m of a single 
electron by the vector equation 

m = qxp, 

so that its components are 

= {q^fz-q^n^qzPi-qiPiAiPi-^lzPi)- 
From the definition of m it follows that 

= \qiPz-qzPi,q^ 

[qv qi\Pz+qi[Pz> '7i]-['72> qi]pi-qlpv <7i]. 
using the rules (7) and (8). If we assume the relations (15), each of the 
Poisson brackets vanishes except = — 1> so that 

[w.3,<7i] == 72- 

Similar calculations lead to the results 

== 0 [mi, 72] = 73 [mi, 73] = - q ^ 

[m2,7i] = -73 [»»a.?2] = 0 [m 2 , 7s] = 

[m3,7i] = 7a [m3,?a] = -7i [m 3 , 73 ] = 0- 


(16) 
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Writmg r* = ql+ql+ql and making use of equations (8) and (16) we 
obtain the result 


K,r2] = ?i[mi,gJ+[mi,gi]gi+g'2[mi,g'2]+[TOi,g2]g2+ 


= 0 , 


+?3[»Wi.33] + [»Wi.?8]<?8 


giving the relations 


[mi,r*] = [ma,r2] = [m8,r2] = 0. (17) 

Now it can easUy be shown from the definition of a Poisson bracket 
in classical mechanics (equation (1) above) that, if [J’, (?] = 0 for any 
two dynamical variables F, Q, then [F,<f>{0)] — 0, where <l>{0) is any 
function of 0. If we assume this result to be carried over into the 
quantum theory we have from (17) 


= bni,^(r)] = [OT3,^(r)] = 0. 
Corresponding to the set (16) we have the set 

= 0 K. 2 ’ 2 ] = Pa K.Pa] =" -Pa ' 

[m^,Pi\ = -Ps [m^,Pa\ = 0 [ma^Pz] -- Ih 

[»»8.J’l] = i’2 K.P2] = -Pi K, /).,! - 0 , 

These identities may be easily proved; for instance, 

[»»3’Pl] = [5'lP2-ff2Pl.PlJ 

= [?t.Pl]P2+yi[P2.Pll-['72.Pl jpl-72|pMPl I 



( 10 ) 


= Pa- 

By a method similar to that employed in eRtablisliing the rolaiiotw (17) 
we can show that 


= [ms, 2)®] 0, (20) 

and hence that 

[»«1. x(p)] == Ha- x(?>)] = [®S. x(p) I - ■ 0, (21) 

where xip) is a function of p- 

For an electron moving under the action of a (ionlral force tlio 
Hamiltonian function, H, may be written in the form 

B --f'+Vir). 

where /<, denotes the mass of the electron. Hence by equations ( I H) and 
(21) we have 


[mi,£r] = [to 2,H] = [m8,H] = 0. 


( 22 ) 
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Furthennore, from the definition of the angular momentum we have 

[wii, mj] = [mi, SaPi-SiPa] 

= [”h> -Ni. ?i>s— ?i[»»i.35s] 

= ?i2>2-?2Pi = ms. 

In this way we establish the relations 

[mi, m 2 ] = m 3 , = [m3,mi] = m 2 , (23) 

from which we may readily deduce 

[mi,m2] = [m2,m2] = [m 3 ,m®] = 0. (24) 

We have established the relations (16) to (24) by means of the formal 
properties of Poisson brackets in classical mechanics. It is also of 
interest to note that they can be established simply if we make the 
assumption, implicit in the Schrodinger theory, that 


H d 
% 


We then have 


m, 


h{ d d\ 


and so, by equation (12), 





The right-hand side reduces to so that the effect of operating on 
the wave-function T by [^3,(71] is equivalent to multiplying it by 
This may bo witten formally as 

K,?i] == {i'2 

in agreement with the relations (16). The other relations can be 
establish od in a similar way. 


64. The angular momentum of a system of electrons 

If the (lynamftal system consists of several electrons, then the angular 
inomcntuni of fle system is taken to be the vector sum of the angular 
momenta of thMndividual electrons. Thus, if there are n particles with 
angular momeMa m^’’^ (i = l,2,...,7i) the total angular momentum of 
the system is (®ned by the vector equation 

M = 2 
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If 1 ^ j, tten it follows at once from the definitions that 

= K).n4^>] = 0 (26) 

for i,j— 1,2,...,%. Now for any particle i 

= i K^#] = = #• 

^«=1 

In this way it may be established that, for i = 1, 2 ,..., n, 

[Jfi, #] = 0 [Jfi, m [M^, ' 

= W.#] = 0 = # • (26) 

[^8.#] = # W.#] = -# [^8.3^'>] = 0 J 

The relations 

Wi,m = 0 = 3)1?) [Jifi,3)i?)] = -3)^*) ' 

[Jfa,p^)] = [Jf2.3)^«] = 0 (27) 

[Jfa.pifl] = 3)^« [Jf8,3)l?)] = -3)^") [Jlfa-ij's')] = 0 > 

(i = 1,2,...,%) corresponding to the set of equations (1ft) can be 
established in a similar fashion. 

Furthermore, 

= f| ml«, i m<i>] = T K«.mi^)]. 

*■ 1=1 i=l ■* 

Now by definition ^,-)j _ 

so that [Ml, Mj] = 2 ^” 3 ' == -^3> 

giving one of the relations of the set 

[Mi,Jf2] = M8, [M^,M,]==M^, [Mg.Mil-M,, (28) 

the others being established in the same way. 

Finally, if M® is defined by 

M* = Ml+Mi+Mi, 
it can be shown from equations (28) that 

[Ml, M2] = [Ma, M2] = [Ms, M®] - (), (2ft) 

also that [M^, H] = [H, M*] = 0 (i = 1 , 2, 2). (2ft a) 

Thus the angular momentum identities hold not only for a single electron 
but also for a system of electrons. 

65. The equations of motion 

We have seen that in classical mechanics the Hamiltonian ecpiations 
of motion (3) may be written, in terms of the classical Poisson brackets, 
in the form (4). We now postulate that in quantum mechanics the 
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equations of motion are of the same form except that now the classical 
Poisson bracket is replaced by the quantum Poisson bracket defined 
by equation (12). In this way we obtain the equations of motion 

= p, = (30) 


( j = 1, 2,...,%) for a system with n degrees of freedom. In addition to 
the equations of motion we require new quantum conditions to replace 

the conditions ^ 

j pjdqj = rijh (31) 


of the Bohr theory of the atom. These are obtained by assuming that 
the Poisson brackets involving the coordinates and the momenta 
have the same values as in the classical theory. Combining the clstssioal 
equations (6) with the definition (12) of a quantum Poisson bracket 
we obtain the quantum conditions 




(32) 


QjPk-Pk^j == ) 

This method of deriving the quantum conditions (32) is due to Dirac;t 
they have also been derived from (31) by a method making use of the 
con’espondence ])rinciple. J 

The variation with time of any dynamical variable which does not 
contain tlie time explicitly is taken to bo defined by the classical 
equation (5) with the Poisson bracket replaced by its quantum analogue 
(12), i.e. . 

jf? = [F, H] = (33) 


For this i-oason any dynamical variable, a, which satisfies the equation 

= 0 (34) 

is called a condant of the motion. For examxfio, equations (22) show 
that the components of the angular momentum of a single electron are 
constants of tlie motion for a central field of force. The Hamiltonian 
is itself a constant of the motion. 


66. Matrix mechanics 

So far we have not specified the nature of the entities p.j satisfying 
the commutation relations (32), though it is obvious from the third of 
these equations that they are not ordinary numbers. We have seen 

t P. A. M. Diraci, Proc. Bmj. Boc, A, 109, 642 (1025). 

J M. Jiom, W. HoiHonborg, aiid P. Jordan, Zc-Us.f. Phys. 35, 557 (1925). 
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previously, however, J that an equation of this type is satisfied if we 
take ^ g 

i dq^ 

and interpret it as meaning that the effect of applying the operator 
®' function of the p’s and q’s is merely that of multiplying 
by m. We can, however, interpret the quantities qj, Pj in quite a different 
way. In the classical theory the coordinate q in any system varying 
periodically with the time with period v can be represented by a Fourier 
series of the type „ 

3=2 

j s — OO 

where, to ensure that the coordinate q is real, the coefficients q{j) must 
satisfy the relations ^ 

for all values of j. In the quantum theory the classical frequencies jv 
are replaced by the spectral frequencies which satisfy the equations 

^nm'^^mk ” ^nkf 


^7nn. ^nttr 

In setting up a matrix formulation of quantum moclianicw, therefore, 
we form, instead of the Fourier series, the matrix of which the elements 

(39) 

The quantities (m\q\n) replace the numbers q{j) of the classical theory. 
The matrix element (39) corresponds to the transition of the system 
from the state m to the state 7i, 

Since v^n = 0 for aU n, it follows that the elements along the leading 
diagonal of this matrix are constant with regard to th(^ time. Further- 
more, if the matrix is to represent a real coordinate, then corresponding 
to (36) we must have 

Matrices with this type of symmetry are called HrrmUiffU] all the 
coordinate matrices of quantum mechanics arc assumed t.o be of this 
type. The matrix with elements {n\q\m)'^ is called the Hermitian con- 
jugate of q and is usually denoted by q^. A Hermitian matrix is thus 
one satisfying the equation ^ 

If we have two coordinate matrices 

31 = \\{m\q^\'n)e^^'^%, 

32 = 

t p. 36 above. 
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then by the law of matrix multiplication their product is 

by equation (36). On the other hand, 

22 3i = 11 ||, 

SO that in general ^ q^q-i- In the case q^q^ = g2?i matrices 
ffi, ?2 said to commute. 

The elements of the matrices q^q^ and q^q^ have the same time factors 
^^irivmnt ag q^ exponential time factors are usually omitted 

from the matrices; it is to be understood that when an element is 
written {m\q\n) it means For the equation (33) to have 

any meaning in matrix mechanics it is necessary to define the differen- 
tiation of a matrix with respect to the time t. We will assume that the 
time derivative q is represented by the matrix 

j = 112-7nv,„„(m|3|»)e2’^''”“'|| (41) 


obtained by differentiating each of the elements of the matrix q with 
respect to t. If the matrix q is constant throughout time, all the 
elements of q must vanish. 

Now by its definition = 0, so that whatever the value of {'n,\q\n) 
the diagonal elements of the matrix q will be zero; but (m # ») is 
not zero, so that the non-diagonal elements of the matrix q can only 


bo zero if 


(mlgl^) = 0 (m 9^: n). 


In other words, the matrix ^ is a diagonal matrix of the form 


/(ll2ll) 0 0 

0 mq\2) 0 

I 0 0 (Z\q\Z) 


j = (»il2l»)8m»' 


Since the Hamiltonian is constant during the motion it must be 
represented by a diagonal matrix 

(il/f|j) = (42) 

It follows immediately that any matrix which commutes with if is a 
diagonal matrix, for if a is such a matrix 

0 = (m\oiH—Hot\n) = 2 
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which is satisfied only if 

{m\ot\n) = 

67. The solution of special problems 

The solution of any problem in matrix mechanics is complete when 
a set of matrices {m\qj\n) has been constructed to represent the 
dynamical variables satisfying the conditions: 

(i) The matrices are of Hermitian type. 

(ii) They are such that the Hamiltonian matrix derived from these 
matrices is diagonal. 

(iii) They satisfy the commutation relations (32). 

The further conditions are summed up in the equations of motion 


satisfied by any dynamical variable F. 

In the condition (iii) S,y is interpreted as the infinite matrix 


hij is known as the Kronecker delta. 

To illustrate the use of the matrix method wo shall discuss two simjde 
problems in which the purpose is to obtain matrix representations of 
constants of the motion in diagonal form, thus obtaining their allowed 
values in quantum mechanics. 


{a) Rigid body rotating abovi a fixed axis 

Consider the motion of a rigid body capable of rotating about a fixed 
axis. If the body is free from external forces its angular inomentuin 
and its total energy H remain unaltered during the motion. Wince the 
angular momentum is a constant of the motion, we may repi’csont it 
by a diagonal matrix /-i t;\ o . .. 

If the angular displacement of the body is denoted by 6, then the 
configuration of the dynamicar system is repeated whenov((r 0 is in- 
creased by 2n7T, where n is any integer. In the equation 

% = [-f’.Pff] = ^iPo F-Ffo), 
we may replace F by and obtain 
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or, in matrix form, 

Using the fact that (j\pe\^) is of the form (43) we find that the sum 
on the right reduces to a simple multiple of (j|c*”®|I) to give the relation 

Pi~Pi = 

showing that = {j+(x)h, 

where j is an integer and a is a constant. To show that a is, in fact, 
zero we need only note that positive and negative values of j in this 
equation relate to opposite senses of rotation, but to the same numerical 
value of the angular momentum; that is, 

(j + Oi)ft = —i—j + cx.)h 
or a = 0. 

Finally p^ = jh, 

a result which can readily be established by the methods of wave 
mechanics. 


(6) TJte harmonic oaciUaior 

Suppose that the coordinate of the particle is specified by a matrix q 
with elements 


The Hamiltonian of a hairaonic oscillator is of the form 


(44) 


H=:^p^+lKqK 

The canonical equations are then 

q = pI[i, p = —Kq. (46) 

Eliminating p from these equations, substituting for q from equation 
(44), and writing k == ^ttVq/x, we obtain 

This equation is satisfied if we take 
{j\a\k)^0 

’'W+l = ~’'0> *'«-! = ’'0- 

Now from the former of equations (46) we have for the matrix p 

ij\p\k) — (47) 

so that 

(jIM— = 27rtV2 

h 
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and by the commutation rule (32) this must equal — Substi- 

tuting m = j, making use of equations (46), and of the result 


we obtain 




(i|a|j+l)0‘+l|a| j)-0'la|j-l)(j-l |a| j) = 

which may be written 


4:77 IJLVq ’ 


477/XVo 

If we assume that [(1 |a|0) is the first non-vani shi ng term of the series 
we obtain 

47TIJLVq 

so that the matrix q has elements 

(j|?li-i) = 7(4—) 

( jl3li+ 1) = J I ■), 

where the jS’s are arbitrary. 

The elements of the matrix f are then deduced from equation (47). 
For the energy levels of the system we have 


{n\H\n) = ^(w|g2+4iTVgg2|/i) 

= 47rV2 

m 

= 47rVo{l(^~ 1 l('^i+ 1 WVi) 1“} 


68. Canonical transformations 

Suppose a dynamical system is completely spocilicd by a set of 
coordinates q^ and momenta which may be represented by Herniitian 
matrices. If now the coordinates are transformed to Qj and the 
momenta to in such a way that the matrices of tlio new coordinates 
and momenta are related to those of the old by the matrix o({uatioiis 

Q^ = Sq^T, P^=Sp^T, 
then [g^, P^] = S{q^ TSp^^p^ TSqj)T. 

Now the old coordinates and momenta satisfy the commutation 
relations (32); it follows from this last equation that the new coordinates 
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■win satisfy relations of this t 37 pe if the matrices 8, T satisfy the 
e(juations j 


i.e. if T is the inverse, 8~^, of 8. Thus the transformation 

Qj = 8q^8-\ ^=8p^8-^ (48) 

preserves the form of the commutation relations (32) and is called a 
canonical transformation; it plays a role in the quantum theory ana- 
logous to that of a contact transformation in classical mechanics. 

The matrix 8 must also be of such a nature that the coordinate Qj 
is real. Writing out equation (48) we have 

{m\Qi\n) = ^ (OT|/Sflfe)(fe|?|Z)(Z|^f-i|?i), 

{n\Qj\m)* = g {n\8\l)*{l\q\k)*{k\8-^m)*. 

The two are equal if and only if , 

(i|/S-i|») = (n\8\l)*, 

i.e. if 8--^ = -St 

or 88^ = 1. (49) 

For the coordinates Qj to be real the matrix 8 of the transformation 
(48) has therefore to be a unitaiy matrix. 

Fuiiiliennore, since 

P| = = 8pi8-'^Sp^8 = 8pf 8-\ 

Pf = PjPf = 8pj8-hSpJ8-^ = 8pf8-\ etc. 
it follows by induction that if F{p,q) is a dynamical variable which is 
a function of pp g,- which can be expanded in powers of pp qp then 
in the new system of coordinates 

FiP,Q) = 8F(p,q)8-\ 

and in particular tlie Hamiltonian transforms according to the rule 
H{P,Q) ^ 8H(p,q)8-\ 


69. Perturbation theory in matrix mechanics 

A perturbation theory can bo developed in matrix mechanics just 
as in wave mechanics, and it is often found in applications to particular 
problems that tlie matrix method gives the required result more quickly 
or in a more elegant form. Suppose that the Hamiltonian function 
of the dynamical system depends on the value of a parameter e whose 
deviation from zero denotes the amount of the perturbation, and that 
this function can be expanded in ascending powers of e in the form 
H{p,q) = Ho(p,g)+ X e‘^H,,{p,q). (50) 

7t = l 

B b 


5072 
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The problem to be solved in matrix mechanics is the determination of 
matrices q which satisfy the commutation relations (32) and which 
axe such tliat H{^,q)=W, (51) 

where PT is a diagonal matrix. We suppose that the motion of the 
unperturbed system (c = 0) has been solved; i.e. we have determined 
matrices satisfying the commutation relations and such that 

■Ho(3^o»3o) ^ (52) 

where WJ is a (known) diagonal matrix. 

We shall conJfine ourselves to a discussion of the case in which 
the dynamical system is uniquely specified by a single coordinate g, 
though the analysis may readily be extended to systems with more 
degrees of freedom. We assume that the matrix W can be expanded 
in the form ^ ^ 

reducing to Wq when e = 0. 

Transform the variables p^, to p, q by means of the equations 
p = SpoS-\ q=Sqo8-\ 

where Sia& unitary matrix. Then, since q^ satisfy the commutation 
relations (32), so also do p, q. Furthermore, 

H(p,q) = 8H{po,qo)S-\ (54) 

so that by equation (51), 

8H(po,qo) = W8. (56) 

Writing S ^ 8^+ 2 (5<>) 

and substituting from (60), (53), and (60) into eciiiation (65) and 
equating powers of «, we have 

W-Wo8, =. 0 X 

{8,W,-W,8,)-[W,8,-8„FI,) ... 0 
(SoH^-W^8a)+{8iH^-WiS,)+{8,Wi-W,8.,) .. 0 


(57) 


remembering that Hq = W^. 

From the first of these equations we have 

|:{(m|;So|fc)(*|WJ,W-(mliro|fe)(A|-S;|«)} 0, 

which reduces to (w|fifol»)(lFo„-TlJ„,) = 0, 

since is a diagonal matrix. If the unperturbed system is non- 
degenerate, unless m = n-, thus (wl<8'olra) is zero if m ^ n, 
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SO that 8q is a diagonal matrix. To determine the diagonal elements 
we must now make use of the fact that S is unitary, i.e. 

whence 


;gs = 1 , 8, Sl+8^ ;SS = 0. So Sl+8^ 8{+S^ Sl = 0. 

( 68 ) 

From the first of the equations (58) we see that (n.|5o|n.) is of the form 
e*“» which can be absorbed into the usual (unwritten) time factor. We 
to may write ^ 

Substituting this value for in the second of equations (57) we 

HSx\n){Wo,-WoJ = (mmn)-(m\H^\n), (60) 

from which it follows that is not a diagonal matrix and also that 

{n\Wi\n) = {n\H^\n). (61) 

Also from equation (60) we have for m ^n 


^Om 


(62) 


To find the diagonal elements (7i|St|w) we make use of the second 
of equations (58); since Sq is a unit matrix this reduces to 

S^+Sl = 0, 

giving (^|5il^)+W^i 1^) = 0, 

i.e. (^ 1^1 W = 0- 

From tlie third of equations (57) we have on substituting for the 
matrix elements of Hq 

+ (w|/S2l^)(l^-l^oJ- 

Putting m ^ n and substituting from equation (62) for (mj/Sili;) we 
obtain an expression for {^n\W^\n). Writing 

W,, == Wo,+ 6(nlWiW + €>lW2l7.) + 0(€3) 

we Iiave finally 

(63) 


which is of the same form as equation (25) of Chapter III. 
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70. Dirac’s generalization of matrix mechanics 
It is well known that eigenvalues of a certain operator may contain 
a continuous sequence of values as well as the discrete ones; for 
example, in the case of the energy this accounts for the existence of 
the continuous spectrum. To account for phenomena of this type in 
matrix mechanics we must extend our matrix calculus to include 
systems in which the elements of the matrices will have indices which 
are continuous in one region and assume only certain discrete values 
in another. The methods developed by Diracf to deal with this problem 
will now be illustrated in a simple case — ^that in whicli the dynamical 
system possesses one degree of freedom; the extension to systems with 
more degrees of freedom is purely formal. 

The first point to be observed is that in any region in which the 
indices vary in a continuous fashion the elements of a matrix (lil/ [^ 2 ) 
are each functions of the two variables and ^ 2 - In this region the 
matrix law of multiplication becomes 

= I i^i\f\^3)dUism), (64) 

the integration being taken over all the values of ^3 in tho continuous 
range. In the case of mixed ranges the product will be the sum of an 
integral and a sum over discrete values. In the continuous case the 
place of the unit matrix is taken by the JDirac h-funcMon which is 
defined by the following relations 

00 

8(a:) = 0 {x ^ 0), J 8(a:) da: -= 1 . ( 05 ) 

— CO 

From this definition the following properties tiiay be derived directly 
or as a result of an integration by parts 


00 


— 00 

(66) 

00 

jfm'{o^-i)di=r(a), 

— 00 

(67) 

00 

JS(a-|)8(j8-^)d^ = 8(,.-iS). 

(««) 


— 00 


From equations (64) and ( 66 ) it follows at once that 

t P. A. M. Dirac, Proc. Roy, Soc. A, 113, 621 (1027). 
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which shows that in the continuous range the elements of the unit 
mstrixare (f.|l|f.) = 

Similarly the elements of the diagonal matrix 

0 0 . . .\ 

Of 0 . . 

0 0 f . . .1 


are (f «If) = |8(^-f ). 

If wc write (fi8|f) = ^8'(^-f), 

. % 

then it f<3lk)ws immediately from the definition (64) that 

(f ai8-i3a|f) = ij {|8(|-f)8'(f-f)-f'8'(^-f )S(f-f)}dr. 

Integrating the second term by parts and the first by the rule (68) 
we have 

(f «j8-i3«if ) = -f 1 8(^-f )8(f-f )df = im-n, 

which may bo written in the form 

aj3— jSot — ifi 

to hIu 3 w that (X and j8 are canonical conjugates. 

The fundamental problem of the generalized matrix mechanics is the 
discovery of a transformation of the coordinate system which leads to 
a diagonal matrix for the Hamiltonian of the system. Suppose, for 
instance, that wo liavo a representation in which the generalized 
coordinates and momenta are of the form 

mn - = f 8'(f-f )• 

iSup2><>8t' change tho coordinates and momenta to (ijIGli?') and 
{r]\P\ri') by a transformation 

q - \ 2> = SPS-^ 

to make tlio Hamiltonian function If a diagonal matrix, say 11^8('»j— ■»]'). 
Then, hy (r)4), ^ 

that is, . 

J (f //(p,(7)lf)cff(f = J 
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The integral on the right-hand side can he evaluated immediately to 
f = w^aisir,). (69) 

Equation (69) is Dirac’s generalized form of the Schrodinger equa- 
tion, f It assumes a simpler form when the Hamiltonian H(q^p) is an 
algebraic function of the variables q\ for from equations for p, q and 
the results ( 66 ) and (67) 


J (Il3lf) = ^(^1^1’?), 


from which it follows by induction that, iif(q,p) is an algebraic function 
of 3 ), q, . / a a\ 

j minmmv) ( 70 ) 

Applying this result to equation (69), writing Tj = 7 iand(f|ASf|i 7 ) =>S„(^), 
we have (/ a fi\ \ 

= (71) 


which is the usual Schrodinger equation. The elements of the trans- 
formation matrix S, which leads to a representation in which the 
Hamiltonian H is a diagonal matrix, are the eigenfunctions /S^,.(^)- 
The elements of the matrix representing any other dynamical variable 
F are given by the formula 


(vW) = J (r?|/Sf-i|r)df f (mq,p)ir)mmv') 

by equation (70), provided, of course, that F is an algebraic function 
of the p and q. Now from the condition (49) we have 

= (f l-Sh)*, 

so that writing 17 = », (II/SItj) = ^„(|) we have 

t P. A. K. Dirac, Qrmntu^n Mechanics, 2rid od., p. 1 16. 
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1. Introduction 

A SET of complex functions T,j{a:) of the real variable x is said to 
be orthogonal in the interval o< ^ a: < if all the functions of the set 
are such that the integral 

j 

ot 

exists for all values of n, and if 

s 

J dx=0 (m # »). 

n. 

The quantities a and jS may be zero, finite, or ±oo. The simplest 
functions of this type defined in the interval — w ^ a; ^ -tt are cosna;, 
sinTKB, where n is an integer. The most important property of ortho- 
gonal functions is that under certain conditions we may expand any 
arbitrary function /(a:) as a series of the type 

n 

analogous to Fourier series. Using the orthogonal property it follows 
immediately that the coefficients o.„ are given by the formula 

- = 

J T„(a:)T*(a:)da; 

a 

If, for all values of n, o 

/ rWl^da: = 1, 

OC 

the functions are said to be normalizedi in this case the formula 
for the cocflicjients becomes 

a 

Orthogonal polynomials are of great importance in quantum me- 
chanics. Tf he theory of such polynomials has been treated in great detail 
by Szego-t No such rigorous treatment wiU be attempted in this 

t G. Szogi), Orthotjmial Polynomial ( American Math. Soc. Coll. Publ. XXIII, New 
York, 1939). 
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appendix; we shall confine ourselves to the derivation of such properties 
of orthogonal polynomials as are useful in the solution of certain 
elementary problems of wave mechanics. 


2. Hermite polynomials and functions 
In quantum mechanics the Hermite polynomials arise in the solution 
of the Schrodinger equation for the linear harmonic oscillator. It was 
shown in § 11 that, in this instance, the wave equation could be reduced 
to the form 

^+(A-2/=^)'F=0. (1) 

We have to determine the values of the parameter A which lead to 
solutions which tend to zero exponentially as y tends to infinity. The 
solution was obtained by making the substitution 

T = (2) 

and it was shown that if A = (3) 

then is a polynomial of the form 

Sn^) = 2 7^ 0)- (4) 

Substituting from equation (4) into the equation 

__ 2 y _+ 2^_0 ( 5 ) 

obtained from p. 51 by putting A = 2 tc+ 1, we obtain tlio recurrence 
relation iv 

for the coefScients of y. Taking to be 2"', we obtain the solution 


= 2 » % 


, n(7t-l)(?t-2)(7t-3) 
4 4.8 


The pol 3 naomial defined by equation (6) is called a HermUe polynxmiul, 
and the corresponding function 

is called a Hermite function. 

From the form (6) of the Hermite polynomial it is readily verified 
directly that 

= (7) 

Differentiating both sides of this equation with respect to y wo obtain 
the recurrence rektion 

H;(y) = 


(8) 
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A second differentiation yields 

(9) 

Now is a solution of equation (6), so that 

Hn{y) = ^yBn{y)—^nEJy). (10) 

An expression for in terms of Hn+siy) H^+iiy) can be 

obtained from equation (8) by replacing n by it is 

Kay) = ‘iyKM-KM- (n) 

Eliminating K(:y), K{y)> and K+iiy) ^0“ equations (8) to (11), we 
obtain the recurrence formula 

^vKay) - KM+^in+i)Kiy)- (i2) 


The first two Hermito polynomials can be determined readily from 
equation (7); tlie remaining ones can then be found by repeated use 
of equation (12). In tliis way we find for the first eleven poljmomials: 

Ho{y)^i, 

Kiy) = ^y> 

Ky) = Atf-2, 

K{y) = 

Kiy) == ]<iy«-48y2+i2, 

//Jy) := :V2//--16(»?/’-fl2()?/, 

Kn) 64//«--‘18()»/4+72(»y2-120. 

//,(//) - J2S(/’-J344?/«+3360y»-1680?/, 

-- 2r)(>(/«-:5r)H4;y«+1344()t/«— 13440J/2+1680, 

JIg{y) =.-= 512//«-!)21();y’+48384?/®— 80640y3+30240y, 

Kiy) 1024yi«_2304()y/8+161280y»—403200y«+302400y2— 30240. 

3. Integrals involving Hermite functions 

To determine the nonnalization factors of the eigenfunction of the 
linear liarmonic oscillator we require to know the value of the integral 

CO 00 

j{w.,n) == j X,.{y)Xn{y)^y = J ^~‘''^Kiy)Kiy)^y- (i^) 

— CO “OO 

The proof that I{m, n) vanishes unless m = n follows at once fi:om the 
fact that the function T„(?/) satisfies the differential equation 

dy^ 


rt+(27i+l)T„ = 0, 
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SO that 


00 00 


which is zero unless m = n. 

In particular, I{n,n-{-2) = 0, so that from equation (12) it follows 
that „ 

J = 2(u+l)7(n,n). (14) 

—oo 

Now the left-hand side of this equation may be written 

— 00 —00 
which gives the recurrence formula 

7(»i-|-lj»i+l) = 2(«-l-l)7(m,»). 


Now 


oo 

7(0,0) = J e~y'dy = Vw, 


so that by induction we arrive at the formula 

I(n,n) = 2”n!V7r. 

Thus the normalized eigenfunctions of the Schrodinger equation 
d?Y . 2m, 


(15) 




\W-\px'^W = 0 




*" (16) 
where ot = 

The matrix element (?i|a;|m) for the harmonic oscillator is, by defini- 
tion, given by the equation 

00 00 

— 00 —00 

Making use of the recurrence formula (12) we find that 
00 

J ye-y'H„(y)HJy)dy = ^I{n,m+l)+nl(m,n—l), 

— 00 

and hence by use of the orthogonality relation that 

(n\x\m) = 0 
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unless m = 72.±1. Putting m = 7i+l and inserting the value of 
/(n+l,7i+l) as given by equation (15), we have finally 


(»i»i»+i)_y(^). (17) 


4. Laguerre polynomials 

Closely related to the Hermite polynomials are the Laguerre poly- 
nomials which may be defined by the equation 

A comparison of equations (7) and (18) shows that the Hermite poly- 
nomials can be reduced to Laguerre polynomials with parameters 
» = Conversely, Laguerre polynomials can, to a certain extent, 
be reduced to Hermite polynomials, by the relationf 

-1 (19) 

The Laguerre polynomials are most easily calculated directly from the 
definition (18); the first ten polynomials are found to be: 

^8(1) = 1. 

L»(|) = l-|, Li(a = -1, 

m) 7= 2-4^-t-P, m) = -4-f-2|, 14(0 = 2, 

L§(|) 7.. Lid) = -18-hl8^-3|2, 

L§(^) -77 18-0^, m) = -6. 

It also follows directly from equation (18) that L%{^) is a solution of 
the ordinary differential equation 

^^+(»i+i-^)|+(*-»)y = 0. (20) 

Now if we Avrito x = g = 


we find that the equation 


dx^ 


dx^ (a; y 


( 21 ) 


occuning in tho theory of the hydrogen atom (equation (18) of Chapter 
II) is transformed to 




( 22 ) 


t A. W. Usponsky, Ann. Math. (2), 28, 593 (1027). 
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which is identical with equation (20) if we choose 
71 ^ 22“|“lj Ic = 2Z-}-5) 

where 8 is a positive integer and a = 2(l-\-s). Thus the solution of 
equation (21) may be written in the form 

g = {2xY+^I^+l{2x). (23) 

GO 

The integral 1%.; = J 

0 

is of importance in wave mechanics; its value is given by the following 
formula due to Schrodinger 

X V _ /24\ 

(*-»-«)! (5’-*+s)K*'-«' -»)!(>'-*'+'«)!’ ^ ’ 
where a is the smaller of the two integers k—n, h'—n'. 

In determining the normalization factors for the eigenfunctions of 
the hydrogen atom we require the value of the integral 

0 

In this instance h—n = ¥—n' = 5—1 and all the terms iii the sum on 
the right-hand side of equation (24) vanish except those for which s 
takes on the values 5—1, 5—2. Equation (24) then yields for the value 
of this integral 




(25) 


5. The Legendre polynomials 

An equation of great importance in mathematical physics is the 
Legendre equation 

in which I is a constant (but not necessarily an integer). If we wish to 
obtain polynomial solutions of this equation of the form 

S' = i K ^ 0), (27) 

5 = 0 

then substituting from equation (27) into equation (26) and equating 
to zero the coefficient of we obtain the relation 

a„[«(?i+l)— Z(l+1)] = 0. 


( 28 ) 
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Since by hypothesis a„ ^ 0, it follows that polynomial solutions of 
equation (26) of the type (27) are only possible if Z is a positive integer. 
Substituting from (27) into (26) and equating coefficients of ju.* we obtain 
the recurrence formula 


®s+2 — 


(s— Z)(a+Z+1) 

{s+l)(s+2) ‘ 


(29) 


for the coefficients a^, whence we derive the polynomial solution 


P. 


(-iy(2n-2s)l 


i,W - ^ 2»s!(m-s)I (71-2 s)! 




(30) 


where the integer a is or Kre— 1) according as n is an even or an 
odd integer. JP„(ja) is called the Legendre polynomial of degree n. 
[From this definition of the Legendre polynomial we deduce the 
Rodrigues formula 


uv) = 2 




(~^)* ^^(nin-Za) 

2'‘s!(w— s)!dja»* 


2''*»i! s! (w — s)! 


= _L. 1)» 

2 '‘»! ’ 


(31) 


6. Integral expression for the Legendre polynomial 

If we iissuino ( laucliy’s theorem in the form 





where /(?) is an analytical function of the complex variable in a certain 
domain It wliicli includes the point C == where the integral is 

taken along a closed contour 0 which includes 5 = wholly 

within the doinaiii It, then by differentiating both sides of the equation 
I times with respect to jjl wo obtain the result 



m 




Substituting the funetion — 1)^ foT/(5) we obtain, by an application 
of liodrigues’ formula, 

2-J c 


. 2-> r (S^-i)^ 



382 PROPERTIES OF ORTHOGONAL FUNCTIONS App. 

Equation (32) is known as Schlaefli’s formula for the Legendre poly- 
nomial. Using the identity 

2-f-i(^a_l)*+i 2-'-! d /52_iy+i 

1+1 dtU-fij 

and noting that if the second term on the right-hand side of this identity 
is integrated round a contour of the type specified at the beg inn i n g of 
this section it gives a zero contribution, we arrive at the relation 

Differentiating both sides of this equation with respect to we obtain 
the recurrence formula 

= (i+i)m- ( 33 ) 

Ih a similar fashion we can establish that 

{l+l)P,M-{^l+^)f^iM+VPi-iW = 0- (34) 

Differentiating this last equation with respect to ja and substituting for 
P'l+iilj) ficom equation (33), we obtain the relation 

/.PKia)-PJ_i(^) = ZJ^(ia). (35) 

Elimination of ftPJ(ju,) from equations (33) and (35) yields the result 

Pi+iW-Pl-iiH-) = (^l+im, (36) 

and finally the elimination of Pj_i from (36) by means of equation 
(33) with I— 1 written for I gives 

{n^—l)Fi(li) = lfiP^ij)—lPi_i{ii,). (37) 

Now the expressions for Poifi) and Pi(/x) can be derived immediately 
from either of equations (30) and (31); they are found to be 1 and ^ 
respectively. The expressions for i^(/x) (n ^ 2) then follow by repeated 
applications of the recurrence formula (34). In this way we obtain for 
the first six Legendre polynomials: 

PM = 1, PM = i(V-3/*), 

PM = PM = i(36i^‘-30/x2+3), 

PM = i(3/*2-l), PM = i(63|n«-70/4»-F 16;x). 

7. The associated Legendre polynomials 
The equation 

which reduces to the Legendre equation (26) when « = 0, also plays 
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an important role in mathematical physics. By obtaining solutions in 
series in the same manner as in the last section it is easily verified that 
polynomial solutions of this equation exist if and only if u and I are 
integers. In the subsequent analysis we shall aHHiimo that this condition 
is fulfilled and also that u ^l. 

If we make the substitution 


y = 

in equation (38), we find that the function 17 (^ 1 ) satisfies the differential 
equation 


and this may be written in the form 



by the use of Leibnitz’s theorem. Now the expression in the bracket 
on the left-hand side of the former of these two equations is simply 
the expression which is equated to zero in Legendre’s equation (26). 
Hence if t, is any solution of the Legendre equation (26), the function 


y = 


(1_^2)J« 


dfi^ 


is a solution of the associated Legendre equation (38). The polynomial 
form of 17 corresponding to $ = i}(/x) leads to the associated Legendre 
function which is thus defined by the relations 

(S9) 

the second of these expressions being a consequence of the Rodrigues 
formula (31). 

As a result of equation (39) the recurrence formulae for the associated 
Legendre functions can be determined immediately from those for the 
Legendre functions. Differentiating equation (34) u times with respect 
to /X and equation (36) u— 1 times and eliminating d^-^Pi{n)ldiJi'*~^ from 
the resulting equations we obtain the relation 


= 


l-\-u 

21+1 


■Pl‘-i(/*)4 


I — w+ 1 
21+1 




(40) 


Similarly if we differentiate (36) u times with respect to /t and then 
multiply by ( 1 — obtain the recurrence formula 




( 41 ) 
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The associated Legendre functions can he deduced from the table 
of Legendre polynomials at the end of § 6 by means of the former of 
the relations (39). In this way we obtain: 

= (!-/**)*, 

PK,,) = -PKf) = 

Pli,,) = i(16^*-3)(l-,)x«)* Plifi) = 

PK/*) = i{35jit»-16A^)(l-/.2)», P|(^) == i(106,.3_ I6){l_/.a), 

Pli^) = 105)a{I-/t2)», PHh.) = 106(1 -/x2)2, 
PIW = 4(315|Lc*-210iaH15)(l-/x*>)*. 

PIW = i(316ia8-106|Lt)(l-/t»), 

PIM = 4(946ja2-106)(l -/.«)», 

PK;*) = 946/t(l-^»)», 

P|(jx) = 946(1-^**)*. 


8. Integrals involving the associated Legendre functions 

1 


If we write If^f = J Pf(fji,)Pf{ii)dfj,, 

-1 

then, by equation (39), 


(42) 


-1 


as a result of V+u integrations by parts. Expanding the second factor 
in the integrand by Leibnitz’s theorem we find 

1.1' - ^s\{i'+u-8y. 

1 

r /jfV+u-s rlli-u +8 


Now the term of highest order in the expansion of 1)'' is so 

^V-irU —8 

that V 1)“ vanishes if 5 ^ V—u, Similarly the second factor 

dfl 

in the integrand vanishes if s < l—u. Since the integral is symmetrical 
there is no loss of generality involved in the assumption that I ^ I', 
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but i£ I <l' the above two relations limiting the values which s is 
capable of assuming are incompatible, so that 

= 0, Z # V. (44) 

If Z = l\ then s = l—u is the only term of the series (43) which gives 
a non-vanishing contribution to the final result. We then have 

Ju - 2a(Z!)2 (Z-tt)!(2«)!j M ; V ; A* 

“ (I— !t)! 2Z-I-1' 

The analysis for proceeds along similar lines; again we find 

that the integral vanishes unless I = V. 

By means of the recurrence formula (40) we have 


1 

/ 

-1 

SO that, hy equation (44), 


-1 


(46) 


unless V = value of the integral follows 

immediately from equation (46). 

kSimilarly the recurrence relation (41) yields the formula 


/ 

-1 


so tliat this integral also vanishes imless 

V = 1±1. 


9. Some expansions involving Legendre functions 
Brom Schlaefli’s integral formula (32) for the Legendre polynomial 
P„(/a) and the definition (39) of the associated Legendre function, we 
see that when m and n are real integers 




1 (w-fm)! 
^ 2 "»! 



(J_^)n-H»+l 


d^, 


(48) 


where the contour G encloses both of the points ^ — 1 and ^ — [i. 
If jot > 0 we may take the contour (7 to be the circle 


00 


5072 
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Integrating round this contour we obtain from (48) the equation 

n\ COB 


^ J {m+ 1 )cos(^-^)}“ ^m4d<l> 


(w+w»)!sin 




(49) 


from which follows immediately the Fourier expansion 
0+V(/**-i)cos(^-^ )}« = PM+^ 2 

’ (60) 

Changing n to — (w+l) we obtain the expansion 
K+V(a*'2-1)cos^}-»-i = P>')+2 2 (-1)“^^^^’ J^(/i')cos W-, 

where, as noted above, we have assumed «. to be an integer. 

Applying Parseval’s theorem for Fourier series to the series (50) and 
(61) we find that the series 

PJ/-)P„(^')+2 2 (-l)»|^P??(/x)W)cos«i^ 

converges to the sum 

JL r 

2v J {/4 '+V(f'‘“-1)cos^}«+i 

— TT 

This integral may be evaluated by means of Cauchy’s theorem. f Its 

value is found to be Writing^u = cosff, 

Iji' = cosd'y and 

cos © = cos & cos 0'+sin S sin 0'cos 
we obtain the result 

P„(cos0) = P„(cos0)PJoos0')+2 2 

■ (52) 

This result is often of value in the solution of problems in quantum 
mechanics. 

Another expansion which is of use in the relativistic theory of the 
Auger effectj and of the interaction of two electrons in the self- 
consistent field method§ is the following: 

= 2 (2»»+l)^^ ^laMpjcosi^l:,), (53) 

t E. W. Hobson, The Theory of Spherical and Ellipsoidal Harmonics, 365-71 (Cam- 
bridge, 1931). 

t H. S. W. Massey and E. H. S. Burhop, Proc, Hoy, Soc. A, 153, 661 (1936). 

§ B. Swirles, ibid. 157, 680 (1936). 
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(64) 


where is the smaUer and rj, the greater of and and 

’?«(*) = j 

Ux) = ^l(hx){iJr.+i{x)+{-irJ-n-i(x)} /■ 

A similar expansion for the real exponential fttnction can also be found; 

= T (66) 

1 * 1 "" *^21 


where and are defined as before. In equations (54) and (55) the 
functions JJ^z), IJ^z), and K^(z) denote the usual Bessel functions in 
the notation adopted by Watson.f 
Partial differentiation of equation (55) with respect to k leads to 
other expansions of importance: 


e-fclrji-rjl 


= T O^nCcOSJ^Tg), 


where 

and 


|ri— 






( 66 ) 

(67) 

( 68 ) 


^n{k>rb> ^a) = 

If formulae for higher powers are needed they may be obtained by 
further partial differentiations with respect to k. These expansions 
facilitate the evaluation of certain compUcated integrals occurring in 
the theory of molecular structure.^ 


10. Surface spherical harmonics 
From the two sets of orthogonal functions Pf {ooa 6) and e*“4 we can 
form a third set of fimctions 

Yi.M) = (-1)“[^ |^]^Pr(oos^)eW(2,r)-t, (60) 

which is an orthogonal set on the surface of the unit sphere, i.e. the 
functions of the set satisfy the integral relation 

rr 27r 

J sin0 I YtuyfM^ = 8r8«u- (61) 

0 0 

t O’. N. Watson, The Theory of Bessel Functions (2nd ed., Oambridge, 1944). 

J 0. A. Coulson, Froc. Ocmb, PhU, Soe, 33, 104 (1937). 

5072 0 c 2 
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The fimctions possess^ the j further property that they are 

solutions of Laplace’s equation in polar coordinates when df dr is taken 
to vanish identically. Furthermore, they satisfy a large number of 
reourrenee relations which may readily be written down from a know- 
ledge of the recurrence relations satisfied by the associated Legendre 
functions Pf(cos^). Some of these results which arise frequently in 
calculations in quantum mechanics are given below for reference. 
Their derivation follows directly from the results of the previous 
sections. 


{L^+iL„)Tt,Jie, <f,) = fi{(l-u)(l+u+ <(,), (63) 

{L,-iLJY^^ie, j>) = 1i{[l+u){l-u+ l)pr4„_i(0. <i>), (64) 

( 65 ) 

= z(z+ iWYue, <i>). (66) 
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